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1. Prefatory Note.

The new method for the absolute determination of acoustical frequencies
described in this paper possesses several useful features. Among these are:
(@) the rapidity with which very accurate results may ‘be obtained by its
use, (b) its practical convenience and simplicity, (¢) the inexpensiveness of
the apparatus required, and (d) its availability for use with any of the
standards of time ordinarily available in a physical laboratory, e, a
“seconds ” or “ half-seconds” pendulum clock, a “half-seconds ” chronometer,
or even merely a good stop-watch. The method is the outcome of an
investigation undertaken at my suggestion by Mr. Dey, and its value has
been proved in an extensive series of tests carried out by him.

The principle on which the method is based is that of the maintenance
of oscillations of sub-synchronous frequency by a periodic field of force,*
and is applied in practice in the following manner :—

A pendulum formed of an iron rod 0'5 cm. diameter hangs vertically from
a simple wire-hook suspension. A brass bob slides on the pendulum and
is capable of being fixed in any desired position. The length of the pen-
dulum is either 35 cm. or 100 cm., so that with the bob in a suitable position,

* For some earlier observations on this class of maintained oscillation, the under-

mentioned references may be cited : C. V. Raman, ‘Phil. Mag.,) January, 1915; C. V.
Raman and Ashutosh Dey, ¢ Phil. Mag.,” August, 1917.
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the free period of oscillation is roughly either one second or two seconds as
desired. Underneath the pendulum is placed symmetrically a vertical bar-
electro-magnet which has an iron core 8 cm. long, 09 cm. diameter, the gap
between the pole and lower end of the rod when in the vertical position
being quite small (1 mm. or less as required). The electro-magnet is
excited by a current rendered intermittent by an electrically maintained
fork. With these arrangements, the rod, when hanging vertically, does not
tend to be displaced from its position of equilibrium by the magnetic forces.
But if the position of the bob be suitable and the pendulum be set in motion
by hand with approximately the right amplitude, its oscillations are found
to be vigorously maintained with a frequency which, in practice, may be
very small compared with the frequency of the fork, but is always an exact
sub-multiple of 1t.

Experiment shows that the maintained oscillations of the pendulum have
a frequency which may be any one of the series of fractions 1/2, 1/3,1/4,
1/5,1/6, etc., up to 1/140 of the frequency of the fork, and the series is
capable of being extended to still smaller ratios for the possible frequency
of maintenance.* The theory and certain special features of the working
of the apparatus are discussed in a note which I have added at the end of
the paper, but it is sufficient for its practical application to remark that
theory and experiment agree in showing that the frequency of the maintained
oscillation of the pendulum is an exact sub-multiple of the frequency of the
fork-interrupter. Consequently, if the latter be known roughly in the first
instance, it can be determined with high precision by finding the time of
oscillation of the pendulum and dividing it by the appropriate number which,
as remarked in the preceding footnote, is generally an even integer.

The rate of the pendulum which is maintained by sub-synchronous
oscillation by the fork-interrupter can be found by comparison with any
available standard of time. If a pendulum clock be available, all that is
necessary is to put the apparatus in front of the clock and visually observe the
coincidences of the two pendulums. If a “half-seconds” chronometer be the
only available standard of time, the sub-synchronous pendulum can be com-
pared with it by causing it electrically or mechanically to give an audible

* The first of these cases in which the frequency of the pendulum is one-half that of
the intermittent current was noticed and described by Lord Rayleigh (*Scientific
Papers,’ vol. 2, p. 193, and ‘Theory of Sound,’ 2nd edition, vol. 1, p. 82). It should be
remarked here that the cases in which the denominator of the fraction giving the
frequency-ratio, is an odd integer, stand in a different category from those in which the
denominator is an even integer, the maintenance being far more energetic in the latter
set of cases than in the former. In fact, when the frequency of the interrupter is fairly
large, maintenance is ordinarily obtained only with a frequency-ratio having an even
integer in the denominator.
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signal once in each swing and noting the coincidences with the half-second
“ticks” of the chronometer by ear. If neither a clock nor a chronometer be
available in the laboratory, it is possible, with the aid of an ordinary “ Omega”
stop-wabch reading to a fifth of a second, to make absolute determinations
which are sufficiently accurate to measure the changes of frequency of the
fork-interrupter due to small variations in the room-temperature. All that
is necessary for this purpose is a simple mechanism enabling the sub-
synchronous pendulum to move the hands on a clock-dial, and thus to
function as a time-keeper which can be rated at intervals against the
stop-watch.*

The absolute frequency of the fork-interrupter being determined, it is
obviously possible to arrange for its simultaneous comparison with a
standard fork or other vibrator whose frequency is required to be ascer-
tained. This may be done either by optical observation, as in Koenig’s
well-known work,} or by counting the beats with the fork-interrupter, or,
if necessary, with a dependent vibrator of higher frequency electrically
controlled by it, as in Lord Rayleigh’s method.} It is obviously advantageous
for this work to have a fork-interrupter, of which the frequency can be
adjusted by sliding weights fixed upon it, and having also the necessary
fittings for optical observation attached to one of its prongs.

In the following sections of the paper, Mr. Dey has described the working
details of the method and the results of some practical tests of its accuracy.

C. V. RAMAN.

II. Some Characteristics of Sub-synchronous Maintenance.

In addition to the experimental details referred to in the prefatory note, it
may be useful to mention a few other points to be noted in practical work.
The successful working of the apparatus depends on the fact that the
magnetic forces acting on the pendulum rod are powerful when it is at or
near its equilibrium position, and become negligible at other points of the
arc of swing, especially if the latter be large. Accordingly, if the frequency
of the interrupter be more than fifty or sixty times that of the pendulum, it

* Still another way in which the sub-synchronous pendulum could be rated is, by
causing it to give electric signals once in each swing, and recording these on a moving
drum or tape for a few seconds at the beginning and at the end of a definite interval of
time, say ten minutes, alongside of the electric signals from a standard clock or chrono-
meter. From some trials at present being made by one of the research scholars
(Mr. B. N. Banerjee), working in this laboratory, it would appear that this procedure,
though somewhat more elaborate than those described in this paper, is also capable of
yielding very accurate results with little labour.

t Koenig, ¢ Annalen der Physik,’ vol. 9 (1880).

1 Lord Rayleigh, ¢ Phil. Trans.,’ Part I, p. 316 (1883).
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is found of advantage to bevel the ends of the pole of the electro-magnet, so
as to concentrate the magnetic field into a narrow region. The interrupter
should operate on a mercury break, across which a condenser is shunted, so
as to suppress sparking and ensure its clean and regular operation.

In order that the oscillations of the pendulum might be maintained, it is
necessary that its natural frequency should lie within a certain range of
values which includes the frequency of maintenance. This is secured by
adjusting the position of the bob on the pendulum rod, the simplest way to
do it being by actual trial, till the oscillation of the pendulum is successfully
maintained. The adjustment having once been made, it is generally
unnecessary to alter it so long as the same fork and pendulum are used. .
The manner in which the amplitude of the forced oscillation of the pendulum
varies with the position of the bob in different parts of the range of
maintenance 1is rather remarkab]e, and will be best understood on a
reference to fig. 1, which shows the maintenance curves of a 35-cm.
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pendulum excited by a fork-interrupter of frequency roughly 24 vibrations
per second. By moving up the bob of the pendulum, its free period for
small oscillations can be adjusted over a considerable series of values, which,
as seen in the figure, include a number of successive regions within which
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the motion can be maintained. With the particular fork nsed, the frequencies
of maintenance obtained with the bob in different positions on the pendulum
are respectively 1/26, 1/24, 1/22, and 1/20, of the frequency of the fork.
It will be seen that, in each of these ranges, the amplitude of swing is
small when the natural period of the pendulum for small oseillations is
greater than the period of the maintained oscillation, but increases continually
to a large value when the free period is decreased to a value below that of
the maintenance, till a stage is reached at which the apparatus refuses to
work.

There is little resemblarice between the sequence of the phenomena shown
in fig. 1 and the ordinary type of resonance curve of a simple vibrator under
the action of a periodic force which shows a maximum amplitude for a-
particular frequency and lesser amplitudes for greater or smaller frequencies.
The theoretical explanation of this feature of the working of the apparatus
is dealt with in a note by Prof. C. V. Raman appended to this paper. For
the present, it is sufficient to remark that, when the apparatus is in order,
the ranges of maintenance are considerable, and, with the bob of the
pendulum anywhere near the right position, it can be got to work almost at
the first trial. Generally, when the pendulum is started, it shows “beats,”
the amplitude of swing varying in a cyclic manner, but these disappear
fairly quickly (leaving a constant oscillation) unless the maintenance is near
the lower extremity of the range where the amplitude of swing is small.
In practice it is found convenient to work with the bob of the pendulum in
such a position that the arc of swing is fairly large. The support from
which the pendulum is suspended does not need to be particularly rigid, but
it should be sufficiently firm to ensure that its movement is not irregular.

That the motion of the pendulum is of the nature of a forced oscillation
whose frequency stands to that of the maintaining force in an exact numerical
ratio is evident from the fact that a steady motion is sustained in the
presence of dissipative forces. It is also definitely proved by the éxperi—
mental results, which show (a) that the times of forced oscillation of the
pendulum with the bob in different positions are strictly commensurable ;
and () that the variation of frequency of the interrupter due to changes in
its temperature (even if as small as a tenth of a degree Centigrade or less)
produces proportional changes in the rate of the pendulum.

ITI. Comparison with Pendulum-clock by Visual Observation of Coincidences.

For finding the time of the maintained oscillation of the pendulum, the
most convenient procedure is to put it in front of the pendulum of a standard
clock and to observe their coincidences visually. The oscillations compared
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are both of constant amplitude, and it is obviously possible to select for
observation points on the two pendulum-rods which have both the same
amplitude of oscillation. The method is then at its best, and it is found easy
to register the instant at which the coincidence occurs to within a small
fraction of the period of oscillation of either pendulum. A high degree of
precision may thus be secured in measurement without unduly prolonging
the interval of time included between the first and the last coincidences
observed.

In the actual work, the bob of the seconds pendulum of the laboratory
clock was a glass cylinder containing mercury, and this furnished a brilliant
reflection of a }-watt lamp placed at a distance from the clock case. A pair
of lenses placed at a suitable distance apart, threw a moving image of this
spot of light on a ground-glass screen, on which also appeared the shadow of
the rod of the sub-synchronous pendulum oscillating through the same range.
The coincidences could thus be seen on the screen by the observer using both
his eyes, and the labour involved in making the observations was insig-
nificantly small. The interval of time between one coincidence and say the
twentieth or thirtieth coincidence following it was registered on a stop-watch.*
The calculation of the frequency of the fork-interrupter from the observations
was quite simple.

A few results will now be quoted to illustrate the convenience and
accuracy of the method. In one series of experiments, a fork-interrupter of
frequency approximately 24 vibrations per second was used, and this
controlled a pendulum whose frequency was 1/46 of its own. The apparatus
was started at 7 AM. on June 29, 1918, and continued working without
intermission till it was disconnected for the night at 10 p.M., that is after
running without a break for 15 hours. The temperature of the fork as shown
by a sensitive thermometer placed between the prongs, rose from about
28:6° C. in the forenoon to 30-1° C. at 3 p.M. and fell to 29° C. at 9.30 p.m.
A series of observations of frequency were made, the routine of each
observation being simply the starting of a stop-watch at a given coincidence
with the pendulum of the laboratory clock and stopping it when the
14th coincidence following occurred. The time-interval (which was a
little over 10 minutes) could be determined by a single observation correct
to the fifth of a second. A single observation was thus sufficient to deter-
mine the frequency of the interrupter correct to about 15 parts in a million ;

+ If two or three good stop-watches had been available, the accuracy of the observa-
tions might have been further improved by independently observing the intervals
between say, the 1lst and 18th coincidences, the 2nd and 19th, the 3rd and 20th
coincidences, and taking the average results.
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61 such observations were made in the course of the day, the thermometer
being read every few minutes. In order to eliminate the effect of the
temperature-lag of the fork as far as possible, the 61 results have been divided
into 12 groups, each group including observations in which the average
temperature indicated did not differ by more than a tenth of a degree.
The temperature readings and time-intervals for 14 coincidences have been
averaged for each group and shown in the first and second columns of
Table I. The third column shows the frequency of the fork-interrupter as
calculated from the periods of coincidence. The fourth column shows the
frequency of the fork calculated from the formula '

Frequency = 24:06814[1— 0-000104 (£ —30°)],

which was shown by a graph to give the best fit with the experimental
results.

Table I
T
L. . | 3. 4. 5.
Mean temperature | Mean time-interval | Frequency of Frequency of
of fork. for 14 | interrupter interrupter Difference.
interrupter. coineidences. | (observed). (calculated).
° C. secs. :
28 66 601 13 i 2407132 24, 07147 —15
2876 601 25 ; ‘07110 ‘07124 —14
28 81 601 -41 ! 07082 ‘07111 —29
29 ‘01 601 -50 ‘07065 ‘07061 + 4
2915 601 61 07047 ‘07026 +21
2922 60180 *07013 *07009 + 4
29 -38 602 ‘05 ‘06968 06969 -1
29 55 602 20 06942 ‘06926 +16
29 -67 602 30 06924 ‘06896 +28
29 72 602 *35 ‘06915 06884 +31
29 -96 602 90 ‘06818 ‘06824 — 6
3011 6038 ‘20 . *06764 06786 —22
Average error (irrespective of sign) .................. 16 or 6% parts in a million

An interrupter of frequency approximately 60 per second was also
successfully used in several series of observations. This maintained the
oscillations of a pendulum having a frequency 1/110 of its own; the interval
between the successive coincidences with the pendulum of the standard clock
was about 22 seconds. 1In illustration of the results, the following series of
observations made on July 1, 1918, may be quoted. The apparatus was
started at 7 A.M. and continued working without intermission for 16 hours,
till 11 p.m. when it was disconnected for the night. In the forenoon, 19
observations were recorded of the interval occupied by 30 consecutive

VOL. XCV.—A. 2U
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coincidences, and in the afternoon and evening, 16 observations were made of
the time occupied by 60 coincidences.

As usual, a thermometer placed between the prongs was read every few
minutes, but as the fork was a massive one, considerable doubt must exist
whether the averages of the readings during each observation really repre-
sented its mean temperature, particularly in those cases in which there was a
rapid rise or fall in the reading. Table II shows the complete series of
16 observations made in the afternoon and in the evening, the mean
temperature during each observation, and the frequency calculated from the
results. Column 5 of the Table gives the frequency calculated from the linear
formula

Frequency = 599829 [1—0-000115 (1 —30°) ],
giving the best fit with the experimental results. Observations numbered 1,
7, 8, and 12 have to be rejected for the reasons mentioned in the footnotes.
Ignoring these, the average of the differences shown in column 6 is seen
to be about 15 parts per million of the calculated frequency. An
uncertainty of a tenth of a degree Centigrade in the temperature would
account for a difference of 11 parts in a million, and it seems very
likely that the deviations shown in column’ 6 are principally due to this
or other cause actually altering the frequency of the fork-interrupter in a

Table 1I.
1. 2. 3. 4. 5. 6.
Serial Mean Time-interval )
No. of temperature of 60 f(l?:)szgid ﬁalc‘?iited Difference.
observation. of fork. coineidences. q T equency.
|
° C. ! secs. )

1 30°20?7% | 1323 ‘9 59 -9850 59 -08157 * +36p%

2 3008 13248 ‘9834 ‘0823 +11

3 3010 1324.°3 *9838 *0822 +16

4 3085 1326 -2 ‘9766 9770 — 4

5 3090 1326 -2 ‘9766 ‘9767 -1

6 3091 1326 *4 9759 9766 -7

7 30°60°P+ 1326 -5 9754 97877+ —33°¢

8 30-25?P % 1324.°5 *9830 ‘9811?77 +19? %

9 29 -90 13243 ‘9838 *9836 + 2
10 29 82 1324 4 ‘9834 ‘9841 -7
11 29 ‘63 1324:°0 9847 9854 -7
12 2959 1322 8?7 § ‘08947 § ‘9857 +37?§
13 29 60 13242 *0842 ‘9856 —-14
14 29 -62 13242 ‘0842 ‘9855 —-13 }
15 29 58 13243 *9838 ‘9858 —-20
16 29 50 1323 ‘5 ‘9868 9864 + 4

# Temperature rose by 04> C.

+ Temperature fell 0-6° C.

1 Temperature rose 0°3° C. and fell again.
§ Observation apparently an error.
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progressive manner. This view is supported by the fact that consecutive
observations in the series as shown bracketed together in column 6 show:a
very close agreement. Tor instance, observations 4, 5, and 6 give results for
the frequency differing from their mean (corrected for temperature) by less
than five parts in a million,

IV. Method of Compaiison by Bar with Half-seconds Chronometer.

In this method the sub-synchronous pendulum used has a frequency of
approximately one per second, and its rate is found by comparison with the
“ticks” of the half-seconds chronometer by ear. The most satisfactory way
of making this comparison has been found to be the following :—A contact-
maker is fixed to the pendulum and cuts across a mercury drop placed at the
lowest point of its swing, thus completing an electric circuit through a
telephone receiver and giving an audible signal once in each half-oscillation.
The “ticks” of the chronometer are led to the ears of the observer through
the listening tubes of an ordinary stethoscope. By putting the telephone
receiver in contact with the listening tubes the signals given by the penduluni
can also be heard at the same time, and their periodic coincidences with the
“ticks” of the chronometer- can be accurately registered on a stop-wateh.
Ordinarily, the interval of time between one coincidence and any of the
succeeding coincidences can be found to within a second, and the accuracy
can be further improved by using two or more stop-watches, as suggested in
a preceding foot-note, and taking the mean of the observations.

The sub-synchronous pendulum having a frequency of roughly one per
second,can be successfully maintained in oscillation by fork-interrupters having
any fréquency up to 140 per second and even more. Observations have been
made in this laboratory using fork-interrupters with frequencies ranging from
24 to 140 per second. It will suffice to quote the following determination of
the frequency of a standard fork, which was made on October 2, 1918. The
frequency of this fork (which was mounted on a resonance-box) was about
128, and this was compared by the method of beats with an electrically
maintained fork also of about the same frequency. The latter maintained a
sub-synchronous pendulum in oscillation, the frequency-ratio being 1/124.

Five successive observations were made of the time-interval (about
five minutes) occupied by 15 coincidences of the “ticks ” of the chronometer
with the sub-synchronous pendulum. The observational data are given
below :—

Time interval for 15 Coincidences.
299-2 2985 3002 2990 2992 seconds.

202
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Temperature of Standard Fork.

30-8 30-82 3090 3085 3085 degrees.
Time-interval for 16 beats of Standard Fork with the Interrupter.
514 510 510 520 514 seconds.

512 510 51:0 51:0 516,

The frequency of the standard fork calculated from these observations is
127-420 127429 127-412 127-419 127421 seconds.

The mean of the observations is 127420 and the average error of an
individual observation is about three parts in 100,000.

V. The Sub-synchronous Pendulum Clock.

Instead of rating the sub-synchronous pendulum by the method of coinei-

dences against a standard clock or chronometer as described in the preceding
sections, it may itself be allowed to function as a clock, the rate being
determined by comparison with any timekeeper whose accuracy can be relied
upon. As the apparatus once set up will run many hours continuously
~without attention, the desired degree of accuracy may be obtained by
sufficiently prolonging ‘the interval of observation. Obviously the most
convenient procedure is to allow the pendulum to count its own swings on a
dial showing ordinary time in hours, minutes, and seconds, and to find the
rate at which this gains or loses on the timekeeper used. With a fork-
interrupter of frequency about 24 per second and a half-seconds pendulum
withsa heavy brass bob, the maintenance of sub-synchronous oscillation is
very energetic, and the pendulum is easily capable of moving a rocking-lever
and ratchet-wheel eontrolling the hands on a 12-inch clock-dial without
interference with the working of the apparatus.®

As an illustration of the method, the following series of observations made
on February 24, 25, and 26, 1918, méy be qﬁoted. One of the two forks
having a frequency about 24 vibrations per second was used, and the sub-
synchronous pendulum-clock (frequency ratio 1/24) ran continuously for
64 hours, except for a few hours each night, when the apparatus was discon-
nected. Each observation made was to find the number of seconds gained or
lost in an “hour” by the clock, and this was determined by comparison with
an “ Omega ” stop-watch reading to a fifth of a second; 45 such observations

# It seems hardly doubtful that with a smaller dial and a weil-poised counting
mechanism running on jewelled bearings, the pendulum could successfully work the
hands of a clock without interfering with its maintenauce by fork-interrupters of much
higher frequencies up to 128 per second. ‘
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in all were made during the three days. The temperature of the fork was
taken at intervals, and the stop-watch (which had a compensated balance-
wheel) was insulated as far as possible against temperature variation by being
kept in a covered box except when it was being actually used. The 45
observations have been divided into seven groups, in each of which the
temperature of the fork was the same to within a degree Centigrade.
Table IIT shows for each group the mean temperature of the fork, the
average gain per “hour” of the sub-synchronous pendulum-clock over the
stop-watch, and the frequency of the fork calculated from the observations.
The fourth column shows the frequency of the fork calculated from the
formula
Frequency = 2413577 [1—0000123 (¢ —28°) ],

giving the best fit with the observations.

Table III.

1. 2. 3. 4. 5.
Gain of sub-
Mean temperature synchronous fr?bi?:ll; zedof anlc:la.cted "
of fork. pendulum-clock int q " J fork. | i requen yfo i, | Difference.
per “ hour.” interrupter-fork. | interrupter-fork.

°C. secs.
2289 225 24 °15094 2415094 0
2340 223 114959 114943 +16
2447 2185 14656 14624 +32
2573 21°2 14217 14251 —34
26 ‘74 208 13946 *13951 — b5
27 50 2046 13720 +13725 — 5

2809 2021 i *13550 13550 0

Average error.........l....ooiiiiiian 13
i Or 5 parts in a million.

The sub-synchronous pendulum-clock may also be readily used to
demonstrate the fact that the frequency of the maintained oscillation of the
pendulum is an exact sub-multiple of the frequency of the fork. This is
shown by the fact that when the bob of the pendulum is shifted, the rate
remains either unaltered or else changes to some other sub-multiple of the
frequency of the fork. For instance, on moving down the bob of the
pendulum, referred to in Table III, a different rate of running was obtained,
the frequency-ratio being 1/26 instead of 1/24. The observed frequency of
the fork at 28:90° C. was found, on the average of three hours’ run, to be
241333, which agrees with the formula given above to within one part in
100,000.
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APPENDIX.
Note on the Theory of Sub-synchronous Maintenance.
By Prof. C. V. RAmAN.

The principal features of interest irequiring explanation in regard to the
behaviour of the sub-synchronous pendulum are: (1) The actual possibility
of the maintenance of the oscillation; (2) the fact that the frequency-ratio
has generally an even number as the denominator; and (3) the manner in
which the amplitude of the maintained oscillation varies in different parts of
the range of maintenance. These will now be considered in the light of
dynamical theory.

The effect of the periodic field due to the electro-magnet is equivalent to a
large increase in the acceleration of gravity over a small part of the arc of
swing of the pendulum. The system having only one degree of freedom, its
equation of motion may be written in the form ‘

O+ k0 +[n2—al?+/(t) . F(6)]6 = 0.

" In this equation, the damping of the pendulum due to dissipative forces is,
as usual, taken to be proportional to the angular velocity. (Strictly
speaking, the law of damping would not be the same at all parts of the arc
of swing, especially when the pendulum-rod is near the vertical position,
owing to the Foucault currents induced in it by the electro-magnet.) The
term — a2 which appears in the coefficient of € is necessary, in view of the
large amplitudes of oscillation actually obtained in practice. The term
J () . F(6) expresses the effect of the periodic field.

It is sufficient for our present purpose to write f'(¢) in the form B+ sin mz,
the higher harmonic components being neglected. With the experimental
arrangements actually adopted, ¥ (6) is appreciable only when 6 is small,
and is practically negligible elsewhere. We may now assume that the
pendulum is maintained in a steady oscillation given by

6 = Ay sin (Pt + e1) +rasin (2pt + e3) + 5 sin (3pt +e3) +, ete.,
and the question to be determined is whether sufficient energy passes from
the periodic field to the pendulum in order to sustain the motion.

The loss of energy due to dissipative forces. varies as

[662dt = Lrpyr2t.

ra, Vs, etic., being treated as negligible. The energy which passes from the

field into the pendulum is proportional to

do . .
(B+nysinmt). F(0) .0 . R—Zdt = Ipy?f (B + v sin mi) sin 2(pt + &) . F(O)d.
Changing the origin of time, this may be written in the form
L2 [B 4y sinm(t—ei[p)]sin 2pt . F(O)dt.
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To effect the integration, we may, as a first approximation assume that F (6)
is equal to a constant & when 6 lies between the limits + ¢, and vanishes
elsewhere. The corresponding limits for the variable ¢ are

t= +1+rm/p,
where T=1[p .sin" /4.

From this, it is readily shown that if m = (2s+ 1)p where s is an integer,
the integral evaluated over any number of complete periods is zero. On the
other hand, if m = 2sp, the integral is finite and increases in proportion to
the time. It follows that, on the assumptions made, maintenance is nof
possible when the frequency-ratio is unity divided by an odd integer, while
if the ratio be unity divided by an even integer, energy may pass from the
field to the pendulum in quantity sufficient to maintain its motion.

The other feature requiring explanation is the manner in which the
amplitude of the maintained oscillation of the pendulum changes when its
free period for small oscillations is altered by moving up the bob.  The
sequénce of phenomena within any one of the ranges of maintenance, as
shown for instance in fig. 1 of the paper, is quite unlike the ordinary type of
resonance of a simple vibrator. This is due, in the first place, to the fact
that in present case, the amplitude of the maintained -oscillation is too large
for the ordinary theory of small oscillations to be applicable. Further, the
tield due to the electro-magnet is appreciable only when the pendulum is
nearly in the vertical position. Consequently, when the arc of swing is
large, the frequency of the forced oscillation does not differ sensibly
from that of the free oscillation. As the bob of the pendulum is moved up,
the natural frequency for small oscillations increases, but this is set off by a
corresponding increase in the arc of swing, so that the free and forced periods
do not differ appreciably at any stage. When the arc of spring is small,
however, which is the case near the lower end of the range of maintenance,
the constant part 8 of the field due to the electro-magnet has an appreciable
effect, which is equivalent to an increase in the frequency of free oscillation.
These considerations fully explain the sequence of phenomena shown in
fig. 1 of the paper.

It may be remarked in conclusion, as has indeed been actually observed
by Mr. Dey, that the successive ranges within which the bob must lie for
maintenance to be possible may possibly overlap in certain cases. The
frequency of the maintained oscillation may then assume one or another of the
possible series of values according to the actual arc of swing with which the
pendulum is started.






