Appendix A

The method of invariant imbedding

In atypical transport problem (classical or quantum), oneis normally interested with
guantities such as the density, the flux, the eigenvalues and the eigenfunctions of the
Hamiltonian inside the medium or the sample. The invariant imbedding method, in
contrast, directly deals with the external emergent quantities such as the reflection
and the transmission of the system, and is ideally suited to Landauer's approach to
electronic transport{172], who related these quantities to the transport properties.
The invariant imbedding method was originally developed by Chandrasekhar in his
work on radiative transfer in stellar atmospheres[2]. The invariant imbedding ap-
proach is, however, mostly applicable to one-dimensiona systems (width < length).
For the general details of the approach, formulation and applications, the reader is
referred to the excellent book by Bellman and Wing[173]. Here we will present the
derivation of the invariant imbedding equations for the convenience of the reader.

We note that both the time-independent Schrodinger equation and the time-
independent wave equation can be written as a Helmholtz equation:

()
Ox?

where k is the wave vector in the medium. For the electronic case, n(z) = -V (z)/FE,

+ k214 n()]¥(x) = 0, (A.1)

(V(z) the potential energy), and in the case of light, n(z) isthefluctuating part of the
relative refractive index. Now consider a plane-wavewith unit amplitude incident on
the 1D samplefrom theright (see Fig. A.la),where R(L) and T'(L) are the reflection
and the transmission coefficients of the sample. The invariant imbedding method is
a 'kind' of a perturbation method where the length of the system is perturbed and
we obtain equations for dR/dL and dT/dL.

The solutions to the Helmholtz equation(A.1) in the free space on the left (¢)
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Figure A.l: Schematic pictures (a) scattering from a 1-D disordered sample, where
a plane wave is incident from the right. (b) showing a sample of length L imbedded
inside a sample of length L + A. the different elementary scattering processes the
contribute to the reflection are shown. Free propagation is shown by arrows and
the scattering processes by the crosses, and (c) The same as in (b), but showing the

elementary processes for transmission
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and the right (¢,) sides of the sample are plane waves.

Ur(z) = exp[—ik(z — L)] T R(L)explik(z - L)] (A.2)
(X)) = T(L)exp(—ikz) (A.3)

with boundary conditions v, (L) = 1+ R(L), v;(0) = T(L), 4. = —ik[l — R(L)] =
—ik[2 — ¢(L)] and ¢} = —ikT(L) = —iky(0), (the prime indicates differentiation
with respect to x) arising from the conditions d continuity of the wave function and
its derivative across the boundary. The Helmholtz equation has a solution in terms
d anintegral equation,

(z; L) = exp|—ik(z — L)] T %(- /@ "o n(@)ekle=2l o1, 1) (A.4)

whose form does not change any further with increase of sample length — the principle
d invariance [2]. Now, we imbed the original sample of length L in asample of length
L+ A and find the relationship between R(L) and R(L + A).

We differentiate the Equation(A.4) with respect to L and obtain

OY(x; L)
oL

= A(L)¢(z; L)+ B(z; L), (A.5)

where A(L) = ikt ik/2 n(L)y(L;L) and B(L) = ik/2 [y dx' e**=*In(z")B(z; L).
Since B(zx; L) satisfies the same integral equation(A.4) as (z; L) but without the
source term, we conclude that B(z; L) = 0. Now, differentiating ¢(L; L) with respect

to L, we get
op(L; L) aw(x;L)l +3w(a¢;L)|
oL 9z *F oL ==
= —ik[2 — (L; L) AL)y(L; L). (A.6)

Using the boundary conditions(L; L) = 1+ R(L), weobtain theinvariant imbedding
equation for the reflection amplitude as

El% — 2%ikR(L) + %n(m 1+ R (A7)

Similiarly, we can carry out the above procedure at the left end of the sample and
obtain the invariant imbedding equation for the transmission as

dZ(LL) =ikT(L) + %"(L) 1+ R(D)]T(L). (A.8)
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The initial conditions can depend on the problem, but are normally taken to be
T(0) =1, and R(0) =0.

Another physically appealing method to derive the above equations is the follow-
ing graphical method. Consider the Eqn.(A.4). The first term corresponds to free
propagation, while the second term is due to scattering and can be further split into
a product o three parts: (i)the scattering amplitude [:k/2 n(z)], (ii)the amplitude
for propagation [e*1#=%'| ~ 1+ ikA] for asmall length A = |z — |, and (iii) the wave
amplitude at x [¢/(x; L)]. Now, consider all the elementary processes to first order in
A, aswe imbed a sample of length L inside a sampleof length L T A (see Fig. A.1b).
We get for the reflection:

R(L+A) = (1+ikA) R(L) (1 +ikA) + %n(L)A

+ %n(L)A R(L) (1+ ikA) + (1 + ikA) R(L) %U(L)
b (Lt ikA) R(L) To(L)A R(L) (1 + k). (A.9)

Retaining only terms to first order in A, we immediately get Equation(A.7) in the
limit A — 0. Similiarly, we have for the transmission (see Fig. A.lc),

T(L+ A) = (1+ikA) T(L) + %n(L)A T(L) + R(L) %n(L)A(L) T(L), (A.10)

and in the limit A — 0 obtain the same invariant imbedding Eqn.(A.8) for the
transmission.

The invariant imbedding equations are an exact transformation of the Helmholtz
equation. The method transforms a boundary value problem into a initial value
problem, which might be easier to solve. It can be readily generalized to the multi-
channel problem and to media which are non-linear[173].
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The Novikov theorem

In stochastic problems, one is typically faced with functionals of random processes.
The Novikov theorem [100] is a very useful theorem for dealing with functionals of
random functions f (t), with a Gaussian distribution. The functions can also be
correlated so that (f (t)) =0 and (f ()f (1)) = F(t,t"), where () indicates averaging
over all the stochastic realizations.

The Novikov theorem statesthat, if R;[f] be an arbitrary functional of f (t), then

the quantity

UORID = [ Fo.0 G

where 6 /6f (t) is the functional derivative with respect to f (t).

V', (B.1)

The proof involves expanding the functional R, in a Taylor expansion

Ri[f] = Ry[0] +ZR (t1,te, tn) fifa -+ fadtidty -« - dt, (B.2)

n=1

where f; = f (t:;) and R, (t1, b2, -+ £,) = 6" Ry[f = 0]/8f1 6f, - - fn. We note that
R{™ (t1,5, -, tn) iS Symmetric in its arguments taken together with its indices.
Due to the Gaussian nature of the fluctuations, we can split the n'™ moment into a
pair-wise product and get

(fafifz - f,) = ;F(ta,ti)(ﬁ o ficifivie L f) (B-3)

Using thisin the expansion for R.{f] and the symmetry of the functional derivatives,
we have for the left hand side of the equation(B.1)

ORI = 3 gy [ dnPen) [ [ B2t ) fa - )ty
(B.4)
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Similiarly using the symmetry of the functional derivatives, it is straightforward to
verify that

é?E[f] Ooln— 1'/ /R(n) (br,t2, - ta)(fo- -~ faddta - dtn,  (B.5)

and hence the theorem is proved.
We note that the theorem further simplifies for a 6-correlated white-noise, i.e.,
for F(t,t') = f26(t — t'), and we have

UORLD = /205

The factor of 1/2 comes from taking only half the weight of the 6-function for t > t'.

) (B.6)
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The "formulae of differentiation”
of Shapiro and L oginov

The "formulae of differentiation™ of Shapiro and Loginov[101] isvery useful for dealing
with functionals of stationary random processes f (t), such as Gaussian, Poisson arid
Markov processes, having an exponential correlation, i.e., (f(t)) = 0and (f (t)f (t')) =
féexp(—Tt — #'|), where () indicates averaging over all the stochastic realizations.
If R:[f] bean arbitrary functional of f (t),the “formula of differentiation” is

d

d
S ORS]D = (f(O) ZRlf]) - T RS (C.1)

The proof again involves expanding the functional R;[f] in afunctional Taylor series
[equation(B.2)]. Again, from the symmetry of the functional derivatives, we note
that the formula of differentiation given by equation(C.1) would hold if,

SR fa) = ~T(fifa o fa) ©2)

This property can be verified to hold in the following cases.

TheExponentially correlated Gaussian process, with (f(t)) = 0 and (f (t)f (1)) =
f2exp(~Tlt - t)).

The Poisson process, when f (t) = ¥, &rg(t — ti), i.e., a series of pulses of form
9(¢), where t; is uniformly distributed in (—oc, 0c) (Poisson distribution) and & is
described by an arbitrary probability distribution P(&;). & and t; are independent
random processes.

The Telegraph process, where f (t)can take on two values f; and f, that alternate
randomly. The average (f (t)) =0, if [ fy T T2 f, = 0, where T'; and T, are the prob-
abilities per unit time of the transitions f, — f, and f; — f, respectively. In this
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case, (f (O)f () = (D1 f2+ yf2)/Texp(~L|t — ¢']), whereI' =T, + T',. Theformula
o differentiation holds in this case. We note that f; = — f, and I'; = ', then the
resulting process is the dichotomic Markov process.
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