CHAPTER 2

THE ASSOCIATION BETWEEN PULSARS AND SUPERNOVA REMNANTS

In this chapter we shall discuss the follow ng question:

Why is the association between pulsars and
supernova remants so poor ?

Al t hough nearly 500 pulsars and 150 supernova remmants are
known, only 1in four cases is there a physical association
between them The small nunber of the observed associations
is wusually attributed to various selection effects, including
beami ng, which work against the detection of pul sars.
However. the synchrotron nebul ae these pul sars are expected to
produce woul d not suffer from these selection effects, and
should therefore be detectable. But the fraction of such
nebul ae among the known supernova remmants is |ess than ~ 10%.
Radhakri shnan and Srinivasan (1980) had suggested that this
may be understood if there are neutron stars in all supernova
remmants, but they are not functioning as pulsars. This
suggestion has been restated nore recently by other authors
(e.g. Blandford, Appl egate and Hernqui st 1983).

We shall, in this chapter, take the point of view that
supernova remants not only contain neutron stars but they
function as pul sars, but nost of these pulsars are wunable to
produce detectable nebul ae. Al though there nay be severa
possi bl e reasons why an active pulsar my not produce a
P!erlonlc ‘nebula |1ke the Crab nebula, we argue that the nost

i kely reason is that:

Most pul sars are born as slowrotators
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CHAPTER 2

ASSOCI ATl ON BETWEEN SUPERNOVA REMNANTS AND PULSARS

2.1 | NTRODUCTI ON AND BACKGROUND

The idea that neutron stars are born in supernovae dates
back to the classic paper by Baade and 2w cky (1934).
Subsequent theoretical studies of stellar evol ution have shown
that the formation of a neutron star is probably the mechani sm
for at |least the supernovae of type II. Young neutron stars
function as pulsars, and supernovae |eave behi nd supernova
remmants. Thus one woul d expect an associ ation between them
Interestingly, independent estinates of the supernova rate,
the rate of formation of pulsars and the birthrate of

supernova remmant s agree reasonably well w th each ot her.

The Supernova Rate

e of the nost reliable ways of estinating the supernova
rate in our Glaxy is by using the Hstorical records. This

has been done by A ark and Stephenson (1977a,b). They obtain
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a rate of about one in ~20 years.

Another nethod that can be enployed is to observe
supernovae occurring in external galaxies simlar to ours in
nor phol ogy and di nensions. A statistical analysis of these
observations can yield the average rate of occurrence of
supernovae per galaxy. e nay then assume that the sane
average supernova rate applies also to our Galaxy. Tanmnann

(1982) obtains a rate of one in~25 years using this nethod.

The study of supernovae occurring in external gal axies
also yields the relative frequency of Type | and Type II
supernovae. |In galaxies like ours, these rates are roughly
equal (Tammann 1982), which inplies a Galactic SNII rate of

one i n- 30-50 yr.

The Pulsar Birthrate

An estimate of @Glactic pulsar birthrate from the
observed sanple of pulsars involves two steps: The first is
to obtain the total nunber of active pulsars in the @Gl axy,
allowing for selection effects such as a m ni numdetectabl e
flux, pul se snearing due to dispersion in the interstellar
nmedium pulsar lumnosity as a function of its period and
magnetic field, beamng factor and so on. The second step is
to obtain the rate of evolution of pulsars using their
neasur ed sl owdown rates. If one assunes that the pulsar
popul ation has reached a steady state, then one can estimate

the rate of pulsar births necessary for naintaining such a
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popul ation. The nost recent estinates of the pulsar birthrate
lie in the range of one in 30-50 yr (Vivekanand and Narayan

1981; Lyne, Manchester and Tayl or 1985; Narayan 1987).

Recently Bl aauw (1985; 1987) has estinated the birthrate
of pulsars by using a slightly different approach. Using the
observed pulsars lying within a distance of ~1 kpc from the
sun, he conputes a "local" birthrate of pul sars by adopting an
average lifetime of 46 mllion years for the pulsars, as
suggested by the nost recent anal ysis (Lyne, Manchester and
Tayl or 1985). The advantage of restricting oneself to this
small region is that one can be reasonably confident that
within it the sanple of pulsars is conplete. B aauw s results

indicate that the "l ocal" birthrate of pul sars should be
33/f pul sars per kpc2 per 4.6 Mr

where f is the "average beamng factor", which gives the
probability of the observer to be within the em ssion cone of
a pulsar. |If one assunes that the cross section of the
emssion cone is circular, then the duty cycles of pulsars
suggest that the average beamng factor f is ~0.2. But
Vi vekanand and Narayan (1981) have argued that for short
period pul sars, the emission cone nay be highly elongated
along the rotation axis, and the average beanming factor nay be
significantly Ilarger. The | ocal birthrate of pul sars
estinmated by Blaauw can be translated into the Galactic
birthrate by scaling to the total area of the @Gl axy.

However, the concentration of pulsars is nore in the inner
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Gal axy than near the Sun. UWsing a correction factor to take
into account this non-uniformty, one obtains a Glactic
pul sar birthrate of one in ~25-50 yr corresponding to the

beam ng factor being in the range f = 0.2-0.4.

The Supernova Remant (SNR) Birthrate

Several attenpts have al so been nade to obtain the rate
of formation of supernova remmants in our Galaxy. To do so,
one assunes that all remmants with a surface brightness | arger
than that of an age calibrator are younger, or that all
remmants snaller in size than that of a given calibrator are
younger . If one can then estimate the age of the calibrator
reliably, then this age t,, divided by the total nunber of
objects N(<t.) that are assumed to be younger than this
remmant, gives the SNR birthrate 7 :

o=t [NC<t) .
The age estimate of a given remmant depends on the assuned
evolutionary nodel. dark and Caswell (1976) assuned that all
SNRs have entered the decel erated "adi abatic" or "Sedov" phase
of evolution, and obtained a birthrate of one in~120 yr.
This estinmate nust however be considered as a lower limt,
since they assuned an interstellar density of ~1 atom/cc.
There are strong reasons to believe that a certain fraction of
the interstellar medium (1SM consists of gas of much | ower
density. Lozinskaya (1979) and H gdon and Lingenfelter (1980)
considered the effect of such a | owdensity conponent of the

| SMand, not surprisingly, obtained a nmuch higher birthrate:
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one in ~ 30 yr.

Srinivasan and Dwar akanath (1982) have argued that if the
historical SNRs are typical, then their observed surface
bri ght nesses suggest a much nore rapid decline of surface
brightness with age than would be predicted by the Sedov
solution. Such a rapid rate of decline would yield smaller
ages for the known remmants and hence a higher birthrate.
Usi ng such an approach they obtained a S\R birthrate of one in

~20 yr.

V¢ see, therefore, that within the errors the supernova
rate, pulsar birthrate and S\R birthrate in the Gal axy agree
reasonably well. Infig. 21 we have shown these three rates
with the uncertainties indicated by the hatched regions. The
nmarked scale gives the lower I|imt for the mass of the
progenitors that these rates inply. However, though the
present samplé of supernova remmants in the GGlaxy contains
~150 objects, and the number of known pul sars exceed 400,
only three cases of physical association between a pul sar and
an S\R have been found (the Orab Nebula, the Vela SNR, and the
SNR MBH 15-52).

This chapter is devoted to a discussion of the poor

associ ati on between pul sars and SN\Rs.
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(a) The integrated birthrate of stars in the | ocal neighbour-~

hood as derived by MIller and Scalo (1979). This can be
used to derive the Iimting mass of progenitors of pulsars,
supernovae or supernova remants given their Galactic birth-
rate and an effective radius for the Gal axy (this is
different from the actual radius in order to account for
the non-uniformty in the distribution of stars in the
Galactic plane). This is indicated on the right.

(b) The lower limt for the mass of the progenitors inplied
by the pulsar birthrate, the frequency of supernovae and

the birthrate of supernova remants. The uncertainties
in these rates are indicated by the hatched regi ons.
R = 20 kpc has been assumned.

eff
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The Standard Approach

The absence of pulsars in supernova remants can, in
principle, be rationalized by invoking several selection

effects such as
a) Beam ng
b) Pul se smearing due to interstellar electrons
c) Lowradio fluxes of pulsars etc

(Manchester and Tayl or 1977). Wile the first factor permts
only a fraction of such associations to be detected because
the pul sar in many cases may not be beaned towards us, the
second and the third factors severely restrict the
detectability of pul sars beyond a di stance of ~2 kpc from the
Sun. Most SNRs are situated at distances larger than this.

Thus one doesn't expect to see many pul sars in SNRs.

But, as Radhakri shnan and Srinivasan (1980 ) have pointed
out, even if absence of pulsars in SNRs nay be accounted for
this way, one should be able to detect the synchrotron nebul ae
(plerions) that such pulsars are expected to produce by
punping relativistic particles and magnetic field into the S\NR
cavity. The emssion fromthe plerion, being isotropic and
unpul sed, would not suffer from the first two selection
effects 'nentioned above. Al so, the radio lumnosity of the
plerion, as we shall see, will be very much larger than the
radio lumnosity of a typical pulsar, and the third sel ection

effect is not likely to be serious. According to this
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argunment, if there is a pulsar in a supernova remant, then

its presence can be inferred by the centrally concentrated

emssion it wll produce. This wll result ina hybrid
nmorphology for the remmant - a shell wth a centra
concentration. Infact if the central pulsar is like the Grab

pul sar, then the surface brightness of the central emssion
will be conparable or even greater than that of the shel

conponent . But observations show that the overwhel mng
majority of SNRs have a shell norphology wth hollow
interiors. Faced with this difficulty Radhakrishnan and
Srinivasan (1980 ) noted that shells with hollowinteriors
woul d be consistent with the presence of a central neutron
star if for some reason it did not function as a pul sar, that
is, it did not produce a strong relativistic wind wth a

frozen in magnetic field

Such an extrene assunption rmay not however be necessary
to explain the observed norphology of SNRs. In this chapter
we explore the alternative that even though there may be a
pul sar inside an SNR, for one or nore reasons it is not able
to produce a plerion of sufficient central brightness. In
order to understand these reasons one has first to examne the
theory of evolution of pul sar-produced nebulae. In the next
section we review very briefly the theory due to Pacini and
Salvati (1973) for the secular evolution of the radio
lumnosity of a plerion and isolate the nmost inportant and

sensitive paraneters.
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In section 23 we estimate the lifetime of plerions as a
function of the initial rotation period and magnetic field of
the energising pulsar; this is done for two different nodels
of nebular expansion. In section 2.3.3, we consider the case
where the supernova ejecta is accelerated by the pressure of
the relativistic wnd fromthe pul sar, as we knowto be the
case for the O ab nebula. In section 223.4 we consider the
alternative possibility that pulsars are born in rapidy
expandi ng shells, the kinetic energy of the ejecta being
derived from the original supernova blast wave. Ve find, in
bot h cases, that to explain the rarity of plerions anong the
SNR sanple, it is required that nost pul sars are born either
with long spin periods (>> 20 ms) or with rather | ow magnetic

fields (<< 10" Gauss), or both.

2.2 EVOLUTION r PULSAR- PRCDUCED NEBULAE

The evol ution of the magnetic field, particle content and
lumnosity of an expandi ng nebul a produced and nai ntai ned by a
central pul sar has been di scussed by Pacini and Sal vati (1973)
in their pioneering paper. W summarize bel ow their approach
and the main results. Mre details wll be discussed in

appendi x 2.42 to this chapter

I nput Physics And Formal i sm

The relativistic particles and rmagnetic fields
responsible for the plerion emssion are injected by the

central pulsar at the expense of its rotational energy.
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The rate of loss of rotational energy of the pulsar evolves

with time as:
. LO
- Ekot = LPSR(t) = (1 N 't/’tjo)oc (2.1)

where L,is the initial energy loss rate
Ty is the initial spindown tinescale, and
o is an exponent which is connected to the Braking
index n as = (n+l)/(n-1). (n is defined through
the slowdown law (Lec QO : (L (t) - angul ar
frequency of rotation of the pul sar)
For a pure nagnetic dipol e radiator the braking i ndex n shoul d
be equal to 3. Anmong the observed pul sars, the braking index
has been neasured for the Orab pulsar and PSR 1509-58, for
which the values are 2.6 (Groth 1975) and 2.8 (Manchester,
Durdi n and Newt on 1985) respectively.

e assunes that a fraction QP of the energy released is
injected in the formof relativistic particles, and a fraction
emgoes into the magnetic field of the nebul a; éP + €m\<l-
The injected energy spectrumof particles is assunmed to be a

flat power |aw upto a nmaxi mum ener gy Em“, i.e.,

-1, o
T(e,t) =KMWE  (E<Epmax s A¢2) (2.2)
i's the nunber of particles injected per unit tinme per unit

energy interval. The exponent A has a value of 1.6 for the

Orab nebula. The nornalisation factor K (t)is obtained from
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Emax qux

(e 7cew dE =k®(e""E= ¢ L @29

o o)
The evol ution of magnetic energy content is obtained using

si npl e t her nodynam cs:
iy_?.. L L We AV €. L. (¥ (2.4)
At 3V dt PSR

where v(t) is the volume of the cavity and Wy () is the

magneti c energy content.

2
Si nce WB k) = B \//BT[' , the solution of (2.4) yields the
magnetic field B(t) in the cavity.

Once the nagnetic field is known, the evol ution of energy

E(t) of an individual particle can be obtained from

t 2
I \ - g B (t)
— ——— = dt (2.5)
ER  ER; ! J. R :

where E; is the initial energy of the particle injected at
time t; . R;{ and Rare the radii of the cavity at tines t
and t respectively. Hjy. (2.5) takes into account effects of
both radiative and expansion |osses of particle energy. c,

is a constant related to the synchrotron radiation process.

The nunber of accunul ated particles at an energy E at a

timet is then obtainedfrom
o
N (E,t) = J‘T(E“t) O At (2.6)

where E; as a function of E, t and £ is given by eq. (2.5).
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Finally, the spectral |umnosity Lv(t) at a frequency ¥

at time t is calculated fromthe usual rel ation

(Jc)_ -—-——“>/2N [( /?t:l (2.7)

wher e c, and c, are constants related to the synchrotron

2
pr ocess.
Results
Pacini and Salvati isolated three najor phases of

evol ution of a plerionic nebul a:

1. The initial phase (phase I) lasts for a short period after
the supernova expl osi on during whi ch the expansion of the
cavity is negligible. If 19 is the expansion velocity of
the cavity and R, its initial radius, then phase | refers

to times t <« R,/v.

2. Phase II follows phase | and lasts till the initial
spindown timescale ‘T, of the central pulsar. For the
Orab pul sar, the val ue of ’[jo i s— 300 yr. During this
phase the pulsar output LPSR can be considered to be
roughly constant at its initial val ue Lo. Most of the
magnetic flux of the nebula is generated during this
phase. As the nebula expands, the nebular |umnosity,

after an initial increase, slowy decreases with tine.
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3. At tines t» ’Yﬁo the pul sar out put decr eases
significantly. As the nebula continues to expand, the
nebul ar lumnosity decreases rapidly with tine. This is

referred to as Phase III,

¥*

Pacini and Salvati (1973) have presented expressions
for the time dependent spectral lumnosity of a plerion at
different frequency intervals. It can be seen from these
expressions (also given in appendix 2.A2) that the spectral
lumnosity of a nebula at a given age depends on its expansion
velocity, and the initial luminosity (L ) and spindown
timescale (T,) of the pulsar. These fornulae can be
rewitteninterns of the initial spin period and the magnetic
field strength of the pul sar (appendix 2.A2). To illustrate a
t ypi cal dependence of the plerion lumnosity on these
paraneters, we reproduce bel owthe expression for the radio
spectral lumnosity in phase I1I:

(3-54)2 _2(4-2) ~3(1+D4 24 =)z
L, < By P v t v (2.8)
In (2.8), B, is the surface nagnetic field of the pul sar, P,
its initial period and v the expansion velocity of the nebul a.

As was nentioned before, 4 =1.6 for the Oab nebula, and if

¥ The treatnent of Pacini and Salvati (1973) assunes a
constant velocity of expansion for the plerionin all hases
of its evolution. If, however, the pressure of the
relativistic material causes significant acceleration of the
expansion, as in the case of the CGab nebula, then their
results are to be slightly nodified. VW& have described these
nmodi fications in aBpendl X 2.A1 and 2.A2. At late stages of
evolution of the nebula interaction with the interstellar
medi um becones inportant, and the expansion is decel erat ed.
Evolution of plerions taking this deceleration into account
will be discussed in chapter 5
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one uses this val ue, the above formula can be rewitten as

-2.5 0.8 _).95 -32 _0.3
L,< B, R vt Vo

It can be seen from the above expression that the
dependence of the spectral lumnosity on the pul sar paraneters
and the velocity of expansion is quite strong. To understand
the observed properties of the plerion popul ati on, one nust
therefore allowfor a distributioninthe initial parameters
of the pulsars powering the nebulae, and also take into
account different possible velocities of expansion. In the
next section we shall attenpt to obtain constraints on the
di stribution of pulsar paraneters fromthe observed nunber ' of

pul sar - produced nebul ae and their |umnosities.

2.3 LIFETI MES OF PLERIONS AND THEI R | MPLI CATI ONS

As we sawin the last section, the lumnosity of a

pl erion depends on
@ the period of the pul sar
e its magnetic field, and
® the expansion velocity of the boundary

Nebul ae of the sane age may have very different lumnosities
depending on these paraneters. In what follows we shall
assune that every pul sar produces a plerionic nebula. The
detectability of such a nebula, however, will depend on its

lum nosity, which in turn will be determned by the nagnetic
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field and rotation period of the pulsar, as well as the

expansi on velocity of the nebul a.

The time for which such a nebula wll remain nore
lumnous than a stipulated limt of detectability will be
called the "lifetime" of the plerion. CJdearly, the lifetine

will be a function of the paraneters nentioned above.

We shall now estimate the nunber of plerions one expects
to see in the Gal axy above a certain lumnosity limt, given a
certain distribution of initial rotation periods and magnetic
fields of pulsars. This can be obtained by multiplying the
average lifetime by the birthrate of plerions. The birthrate
of plerionsis equal to the birthrate of pul sars, since every

pul sar is assumed to produce a plerionic nebula. Therefore,

No. of plerions = (lifetime)x(pulsar birthrate) ,

This estinmate of expected nunber of detectable plerions has to
be made for different cases of expansion velocities. Finally,
by conparing the expected nunber with the observed nunber of
such plerions, we shall attenpt to put constraints on the
field-period distribution of pul sars at bi rth. For

conveni ence this procedure is summarized in the Box bel ow
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> Assune

an expansion velocity (or a nodel of expansion)
of the SN ejecta

® a pulsar birthrate

® a distributionof the initial period and the
magnetic fiel ds.

» Estimate the nunber of plerions above a given
lumnosity limt.
» Conpare with the observed nunber

» Change the assuned distribution of pulsar paraneters
till the predicted nunber is consistent wth
observati ons.

231 The Paraneters 0 The Pulsars
» Surface Magnetic Field

The distribution of the surface magnetic fields of
pul sars, as derived fromtheir observed periods and sl owdown
rates (B A PP), extends from 1011 ¢ to 10"™%6. However ,
there are reasons to believe that the distribution of pul sar
fields at birth is nmuch narrower (Radhakrishnan  1982).
Pul sars with B<102 G are presunably several mllion years old,
and consequently their fields would have decayed. [f many
pul sars are in fact bornwith fields |ess than 10'%6 then it
is very hard to understand why no pul sar has been found with a
field less than that of the Crab, and with period | ess than

~ 150 ns (see fig. 22). Wth such lowfields, it wll take
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Fig. 2.2.: The distribution of rotation periods and derived magnetic
fields of about 300 observed pul sars.
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consi derable tine for their periods to |l engthen to 150 ns, and
consequently the chance of detection is significant. LThe
binary pulsar 1913+16 and the three recently discovered
mllisecond pul sars are believed to have lowfields and short
rotation periods due to their evolution in binary systens -
see chapter 9; Radhakrishnan and Srinivasan (1982); van den
Heuvel (1984); Radhakrishnan and Srinivasan (1984)1.
Fol  owi ng Radhakri shnan (1982) we shall assume that the
magnetic fields of pulsars at birth lie in the range
10'2 -10' gauss. For sinplicity we shall further assune that
the distribution of mnmagnetic fields in this interval is
uniforminlog B, i.e. the probability is equal for equal

| ogarithmc intervals.

B |nitial Spin Period

According to conventional belief, pulsars should be
spinning with a period P~a few nlliseconds at birth.
However, in the only case where we have a reliable estimate,
namely for the Cab pulsar, the initial period was ~16 ns.
Therefore we shall, to start with, allowthe initial periods

of pulsars to lie anywhere between 1 to 20 ns wth equal

probability.

P Pulsar Birthrate

The estinate of expected nunber of plerions will require
pul sar birthrate as an input. As nentioned before, estimated

values of pulsar birthrate lie in the range of one in
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~30-50 yr. For the sake of definiteness, we shall assunme a

pul sar birthrate of one in 40 yr.

2.3.2 Model s For The Expansi on & The Nebul ar Boundary

In the standard nodel of a supernova, the envel ope of the
star is accelerated to a high velocity ~10% km/s by a shock
wave. The kinetic energy of the ejecta is typically
~ 10 ergs. In type II explosions, the nass ejected is
sonewhat nore than in a type | explosion, and therefore the
velocities are correspondingly smaller. 1In section 234 we
shal | exam ne the consequences of an active pulsar in such a

rapi dly expandi ng cavity.

In the above scenario the pulsar does not have any
dynamical role to play. e can envisage an alternative
scenario in whichit is the relativistic wnd of a pulsar that
accel erates the nebular boundary. The QGab nebula is an
exanpl e of this scenario. It has been well established that
the kinetic energy of expansion of the filanentary shell, as
wel | as the accel eration experienced by it in the past, can be
understood in terns of the energy being derived fromthe
stored rotational energy of the newy born pulsar. The
pressure of the relativistic "wind" fromthe pul sar and the
magnetic field frozen into it accelerated it to the present
vel oci ty. Let E, =I_O_§/2 be the initial stored rotational
energy of the pulsar. Here | is the nonent of inertia of the
neutron star and Qg  is the initial angular frequency of

rotation. Wthinthe initial characteristic slowdown tine
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’to =Po/zf->o , the pulsar would have rel eased approxi nately
half this energy inthe form of relativistic particles and
magnetic field. The kinetic energy of the ejecta will be a
fraction of the energy thus rel eased. If Mej is the nass
accelerated, then the velocity inparted to it by the pul sar

can be estinmated from

L M. 2 1
?_Mejw ~ % Eq

N .

B M/E

i f Mej Is roughly the same in all cases. Detail ed dynam cs of
this acceleration process is described by Maceroni, Sal vati
and Pacini (1974), Reynolds and Chevalier (1984) and in
appendi x 2.Al. In the next subsection we shall discuss the
evolution of plerion lumnosity assumng that all plerions are

pul sar-accel erated in the above nanner.

2.3.3 Pul sar-driven Nebul ae

The evol ution of synchrotron nebulae whose boundaries
have been accelerated by the pul sar have been di scussed by
Maceroni, Salvati and Pacini (1974), and Reynolds and
Chevalier (1984). A detailed discussion of our working nodel
is presented in appendi x 2.A1 and 2.A2. In the initial phase,
{:(fto, the velocity of expansion increases as t'h'. After
t - ’Eo the pulsar energy output drops, and as a result
accel eration becomes negligible. In this phase the nebul a

expands with a constant velocity U°C1/CPOM;32>' till
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decel eration sets in due to interaction with the interstellar
medi um In what follows, however, we shall ignore the
decel eration caused by the ISMinteraction, so as to obtain
nore conservative limts on pulsar paraneters, as wll be
clear fromthe foll ow ng di scussion. Ve shall assume that the
nass ej ected N@d inall cases is roughly the same, and scale
the expansi on velocity in phase III ( t')‘T% ) with respect to
the Oab nebula, in inverse proportion to the initial rotation

peri od:
- -1
W =1700 km 51 (P, /16ms)

Infig. 2.3 we have conpared the evolution of radio | umnosity
of different nebulae with central pulsars having different
fields and initial periods. It can be seen from the figure
that nebulae of the sane age can have wdely different
| um nosi ti es dependi ng upon the characteristics of the centra
pul sar. The sane infornmationis displayed in a nore conci se
forminfig. 24 VW have plotted contours of constant
lumnosity for a given age in the B P, plane. Al pulsars
with initial characteristics whichlie on a given contour wll
produce nebulae of the sane lumnosity at a given age. In
fig. 2.4a, the different contours correspond to different
lumnosities but the same age, whereas in fig. 2.4b, different

contours correspond to different ages for the sane |umnosity.

Qne has nowto set a lumnosity limt such that if a
nebul a has a lumnosity higher than that, it is unlikely to be

m ssed anywhere in the Galaxy. The flux fromthe Gab nebul a
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Fig. 2.3: The evolution of the radio spectral lumnosity of pulsar-driven SNRs, in units of the present

luminosity of the Crab nebula. (a) The evolutionary tracks of two such nebul ae powered by
pulsars with the sane initial period as that of the Crab pulsar, but with different nagnetic

fields, are conpared with the evolution of the Crab nebula. In (b), the pulsars are assuned
to have the same magnetic field but different initial periods.
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Contours of constant luminosity of pulsar-driven nebulae are shown in the By-P  plane; here
. . ‘ . A . o

B is the surface magnetic field and Py, is the initial period of the pulsars. Al pul sars

born on a given contour will have the sane lumnosity at a specified age. (a) The three

contours correspond to three different luminosities (nmeasured in the units of the present |um -

nosity of the Crab) and an age of 1000 yr. (b) The contours correspond to different ages,

but the same lunminosity, viz., the present lum nosity of the Crab nebul a.
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will be 10 Jy at 1 GHz if placed at a distance of 20 kpc. The
flux froma source with 1/710th the lumnosity of the Gab wll
be 1 Jy at the sane distance. It seens reasonabl e to suppose
that many sources with flux greater than 1 Jy are unlikely to
have been mssed in surveys at frequencies around 1 GHz. It
nust be kept in mnd that the plerions are likely to be nore
or less uniformy distributed in the inner Gal axy and that
thisflux limt corresponding to L=0.1L._ refers to an
extreme distance of 20 kpc. Therefore in what foll ows we

shal | take 0.1L as the lumnosity cut-off above which one

Crab
should, in principle, be able to detect all sources in the
Galaxy. Infig. 2.5, we have plotted several contours all

corresponding to the above nentioned lumnosity, nanely

0.1L . The I abels on themrepresent the duration for which

ab’
the nebul ae are nmore |umnous than the specified value, or in
other words, their lifetimes. |If is the nmean interva
bet ween pul sar births, then the nunber N of nebul ae that one

expects to see above the threshold |umnosity is given by

N(>) = —}t— a(-l:f(t)al,’c . (2.9)

Here f(t)dt is the probability that a nebula wll have a
lifetime between t and t+dt. As we discussed above, the
lifetime of the nebul a depends on the initial paraneters of
the pul sar. The hatched area in the figure indicates the
regi on where we assune the pulsars to be born with uniform

probabi lity.
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Contours of different lifetimes above a lumnosity limt
of 0.1L Cr ab for pulsar-driven nebul ae. In estimting
the expected number of plerions with lumnosities greater

than the above value, we have assumed that pulsars are

born anywhere in the shaded region.
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Table 21 : Perionic and Gonbi nati on supernova remants in our Gal axy (contd. )

Fl ub(s) Luminosity b (sd?)
Sour ce Nane at 1GHz DOstance (d) at 1GHz Type2 Ref.  Renarks

GHactic  Qnher Jy kpe Jy-kpc 2

G327.4+0.4 Kes 27 33(S+P) 67 1188(s+P) C 2,6 PHerionic conponent
not clearly seen
in Radio, but X-rays
have been det ect ed.

G328.4+0.2 MSH 15-57 15 20? 6000? P? 2

Notes to Table 2 1:

&p stands for plerions and Cfor shell-plerion conbination objects.

b1n the case of conbination remmants, P refers to the plerionic conponent
and S to the shell conponent.

CCaswell et al (1975 give a distance of 15 kpc, although they do not rule out a larger distance of
4.6 kpc. They regard the latter estinate as unreliabl e wthout independent confirnmation. The I-D
relationfor Galactic SNRs given by MIIs(1983) yields a distance ~22 kpc. Hence we assune a
di stance of -2 kpc to this object.

Ref er ences:
1. Helfand and Becker (1985) 4. Becker and Hel fand (1985)
2 \éiler (1983, 1985 ) 5 Caswell et al(l 975)

3 Geen (1987) and references therein 6. Lanb and Markert (1981)
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The integral in (2.9) is evaluated by calculating
lifetimes on a 100 X 200 grid of log B vs P over the hatched
portion of the diagram and then conputing the average. Thi s
yields the "average lifetine" of plerions. Miltiplying this
nunber by the pulsar birthrate (3 1/7=(40yr)~' ) one obtains
the expected nunber N(>) of plerions above the stipul ated

lumnosity limt.

W find that given the above distribution of the initial
paraneters of the pulsars, there shoul d be ~~37 nebul ae whose
luminosities are greater than 1/10th that of the Crab nebul a,
or in other words, whose fluxes would be greater than 1 Jy at
1 GHz even if placed at a distance of 20 kpc. However, from
the list of known plerionic and conbinati on remmants presented
intable 2.1, it can be seen that there are at nost three
established plerionic nebulae wth lumnosities above
O'chrab' The new y di scovered plerion G 0.9+0.1 nay be an
addition to the list if it is at a distance |arger than 10 kpc
(Hel fand and Becker 1985). There is, of course, a renote
possibility that the sanple is grossly inconplete, but this is
extrenely unlikely in viewof the fact that continued search
with the VLA for such objects has so far yielded only one
candi date (nanely, G 0.9+0.1) which may have its lunmnosity
above this value (Helfand et.al. 1984, Hel fand and Becker
1985, Becker and Helfand 1985). The pulsar birthrate, which
directly determnes the expected nunber of plerions, could
al so be a source of error. It is, however, unlikely to be

wong by a factor of nine!
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The only acceptable resolution seens to be that only a
smal | fraction of pulsars are born inside the hatched region

infig. 25 There are three possibilities:

1. It may be that the majority of pulsars have fields |arger
than 10'3? gauss. As can be seen fromfigs. 2.3 and 2.4
the plerions produced by such high field pulsars wll be
very shor -lived. But such high fields for the majority

of pulsars is inconsistent with pul sar data (see fig. 2.2)

2 Aternatively, nost pulsars have initial fields much |ess
t han 10'2 gauss. These wll not produce any bright
pl eri ons. But there is a  difficulty wth this
alternative. The observed popul ati on of pul sars does not
contai n short period pulsars (P< 100 ms) with fields |ess
t han lO12 gauss. It is tenpting to suggest that perhaps
the radio lumnosity of such low field pulsars nay be
small, but this is not consistent with the fact that one
sees pulsars not only with such lowfields, but also |ong
peri ods (fitg. 2.2). ne can get out of this difficulty by
saying that the magnetic fields of young neutron stars are
so low that they do not function as pulsars at all. But
in order to be consistent with the pulsar birthrate, their
fields nust grow to the canonical value in due course.
The next chapter is devoted entirely to a discussion of
this interesting possibility. It would be appropriate to
nmention now that the' conclusion we shall arrive at in
chapter 3 is that even if the magnetic fields of pulsars

are built after their birth, one 'cannot escape from
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concluding that the nost Ilikely explanation is the

foll owi ng possibility:

3. The majority of pulsars are born spinning rather slowy,
with initial periods longer than 20 mlliseconds. In
fact, for the predicted nunber of plerions to be
consi st ent with the observed nunber, this "zone of
avoi dance" in the initial period nmust extend to about 150
ns, i.e., the majority of pulsars nust have their initial

peri ods greater than this.

The Uni queness O The Crab Nebul a

Inthe literature dealing with supernova remants, the
CGab nebula is often regarded as a "prototype". This stens
fromthe fact that the Oab pulsar is regarded as a typical
young pul sar. After all, it was conjectured even before
pul sars were discovered that young neutron stars nmust be
spinning very rapidly. The discovery of a rapid pulsar in the
O ab nebul a seened to confirmthis expectation. But this nust
be regarded as fortuitous because if each newy born pulsar is
li ke the Orab pul sar, then they nust all produce very bright
nebul ae. But there is only one Oab nebula in the Galaxy!
A ven the presently believed pulsar birthrate, this sinple
fact alone requires us to admt a wide distributionin initial

periods and fields of pulsars.
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Areference to figs. 23 and 24 shows that only when the
pulsar's initial period lies in the range 10-20 ml|i seconds,
and its field around 10”’-10”"5 gauss, wll the plerion be
very bright, and |ong-lived. The uniqueness of the Gab
nebul a must be understood in terns of its pulsar having just

t hese characteristics.

234 Pulsars Inside Rapi dly Expandi ng Shel | s

As was nentioned before, according to the standard
picture, the kinetic energy of expansion of the supernova
ejecta is not derived fromthe stored rotational energy of the
central pulsar but rather froma shock wave driven by the core
bounce during the formation of the neutron star (Arnett,
1980). The wvelocity of the shell is determned by the
strength of the shock wave and the nass in the envelope, and
is expected to be -~ 10,000 kms™'. It is obvious that a
pul sar in the centre of such a rapidly expanding shell will
produce a rmuch weaker plerion. VW shall now estinate the
nunber of plerions expected above our lumnosity limt. At
first sight it appears that even if all the pul sars are born
spi nning fast, one nay not end up predicting too nany plerions
above our lumnosity limt. But we shall see that this is not

SQ

Assum ng the sane range for the initial parameters of the
pul sars as before (the hatched region infig. 2.5), and al so
the sane birthrate, we shall now estimate the nunber of

plerions with lumnosities greater than 0.1L. ., if the
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Contours as in Fig. 25 for plerions produced by pulsars

inside standard shell SNRs expanding with a velocity 10
km/s. The estimate of the expected number of such plerions
has been carried out by allowing the initial parameters

of pulsars to be distributed uniformy in the hatched region.
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cavity is expanding with a velocity 10" km/s.

Infig. 2.6, we have plotted contours of different
lifetinmes corresponding to the lumnosity limt mentioned
above. Follow ng the procedure outlined in detail in section
2.3.3, we arrive at the follow ng conclusion. There should be
at least 15 plerions with lumnosities greater than 0.1L .
inside rapidly expanding shells. This nunber will be even
greater if the velocity of the shell is snaller than the

4 |

assuned value of 10" kms ' and/or if one takes into account

t he decel erati on of the shell.

Al though this nunber is less than the 37 predicted in the
pul sar-driven scenario, the discrepancy w th observationsis
even nore glaring. Fromtable 21 we see that there are only
three centrally filled remmants above our lumnosity limt.
g these, the Oab clearly does not belong to the scenario in
di scussion. This leaves G 328.4+40.2 and G 74.9+1.2. W shall
now argue that even these two do not correspond to the present

scenario of a pulsar inside a fast noving shock. Wen the
shock sweeps up sufficient interstellar matter, one expects a

pronounced radio and thermal X-ray shell. However, none of
the three remmants nentioned above show any |inb-brightening
in the radio or an X-ray shell (Weiler, 1983; Becker, Hel fand
and Szynkow ak, 1982). (e mght argue that the radio shell
is not pronounced because of very high central surface
bri ght ness due to the plerion. VW shall return to this
question in chapter 5  But one certainly expects to see an

X-ray shell since the X-ray plerion will have a fairly snall
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spatial extent conpared to the dianeter of the shell. The
new y discovered remant, G0.9-0.1, if situated at a di stance
larger than ~~10 kpc, may be the only exanple of a plerion
with 1 GHz lumnosity larger than 0.1L and with a shel

(rab ’
around it.

If pulsars are not born in standard supernova expl osions
(type | or type II), then one could perhaps argue that the
scenari o under discussionis not a relevant one. But there is
no reason to support such a "non-standard" birth for the
majority of neutron stars. In fact, a pulsar has been

detected inside a standard shell remmant (MSH 15-52).

Thus one is forced once again to the sane conclusion as
in the previous scenario, nanely, that the initial periods of

the majority of pulsars nust be nuch greater than ~s 20 ns. *

2.4 wHAT KIND (- PULSARS MAY BE PRESENT IN THE H STCR CAL
SHELL SNRS?

According to the prevalent viewhistorical shells such as
Kepler, Tycho and SNR 1006 nay be the remants of Type |
Supernovae which |eave no conpact remants (dark and
St ephenson, 1977a; Trimble, 1983). | ndeed, the absence of
poi nt thermal X-ray sources in themnay be consistent with the
above picture. In what foll ows, however, we shall assune that

there are pul sars present and ask what kind of initial periods

* Strictly speaking, there are again three alternatives as
mentioned in section 2.3.3, but for the reasons stated there
we favour this concl usion.



Tabl e 22 H storical shells considered
_ Aver age Lplerion*
DO stance  Angul ar _ Vel ocity of
d D anet er S ze Age expansi On L
Sour ce kpc arcmn pc yr kni's Crab Ref .

S\ 185 2.5 39 28 1800 7800 <0.016 1,2

SNR 1006 1.3 34 12.8 980 6500 <0.002 1,3
RCW 1032 3.3 9.4 9 740 6000 <0.014 1,47
Kepl er 35 3.2 33 380 4300 £0.012 1,5,6,7
Tycho 3 7.9 6.9 410 8400 <0.026 1,8,9,10
Notes to Table 22
"Lumnosity attributed to a possible central plerion

8This is not a Hstorical SS |
since a point X-ray source has been detected in it.

renmant .

-t relation given by Srinivasan and Dwnar akanath (1982).

Ref er ences:

Caswel |

apwNE

d ark and Caswel |
Caswel |, dark and Crawford (1975)
MIlne (1971)

(1976)

et al (1980)

Danzi ger and Goss .(1980)

COONO

all
Mat sui

(1975)
et al (1984)

Duin and Strom(1975)

Corenstein, Seward and Tucker

Strom Goss and Shaver (1982)

Neverthel ess it is an inportant one for our discussion
V¢ have estimated its age using the

(1983)
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and fields they would have had? In none of these shells is
there significant emssion from the centre. From the
publ i shed naps, one can get an actual estimate of the central
emssion only for the case of Kepler. The  bright ness
tenperature in the central regionis less than 2 K, while the
linb has an average brightness tenperature ~10 K Central
emssion at such a lowlevel is consistent with an optically
thin shell whose thickness is, say, 1/5 the radius. But by
attributing all of it to a possible central plerion, one can
get an upper limt to its lumnosity. Fromthis we can put
bounds on the paraneters of a central pulsar. In the case of
the other remmants, since no central emssion is detected, one
can get limts on the pulsar paraneters by postulating a
central plerion with a surface brightness 1/5th the average
value for the remnant. Since we know the ages of these
remants, we can estinate their average expansion velocities.
The fl uxes and di stances used are sumarised in Table 222 In
fig. 27, we have plotted for each of these remmants contours
corresponding to S (plerion) = 1/52 (average). The neani ng
of these contours is the follow ng. Consider the one |abelled
"Kepler". If there is an active pulsar inits centre, then it
could not have had an initial period and a field in the regi on
encl osed by the contour. W have al so included RCW103, since
thereis a point X-ray source inside it. Its age was
estimated to be 740 years using the 2 -t relation given by
Srinivasan and Dwaar akanath (1982). It should be renarked that
for all the remants except Kepler the limt on the excl uded

region for the pulsar is very weak, one has been generous in
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Fig. 2.7: Possible pulsars inside the Historical shell remnants. The contours correspond to surface

brightness of an assumed central plerion equal to 1/5th the average surface brightness of
the SNR; the appropriate ages and exgansion velocities inferred from their sizes were used.
If pulsars in these shells were born inside the region enclosed by the contours, then the
plerions produced by them should have been easily detected. The arrows on the contours indi-
cate that the excluded region is likely to be much larger. Also shown is the histogram of
pulsar fields at birth. Although pulsars in these remnants could have been born anywhere
outside the region enclosed by the contours, the histogram suggests that the majority of
them must be born with initial periods greater than 36~70 ms.
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admtting a central plerion with as large a surface bright ness
as 1/5§(average). A nore realistic value for the central
surface brightness wll increase the excluded region
consi derably, bringing themcloser to the contour for Kepler.
V¢ see from fig. 27 that if there are pulsars in these
remmants, they nust all have fields significantly greater than
102 Gauss or lie to the ri ght of the contours. Although one
is dealingwith a very snmall sanple of historical remnants, it
is striking that the conclusionis quantitatively simlar in
each case. Hence this nay be statistically significant and
suggest that pulsars in all the shells nust have been born
out si de such an excluded region. 1In a prescient paper, Pacini
(1972) arrived at the remarkable conclusion that the
hol | owness of the historical shells is consistent wth the

presence of very high field pulsars in them (2\10”’ Gauss) .

This may indeed be so in specific cases. But this cannot
apply to the najority of shells for the followi ng reason. In
fig. 27 we have shown a histogram of the distribution of
pul sar fields at birth. This has been derived fromfig. 13 of
Radhakri shnan (1982). It is seen that very few pulsars have
fields greater than 10‘3 Gauss. This would inply that for the
majority of pulsars in shells the period at birth nust have
been longer than 35-70 ns. V& wish to regard this as a | ower
limt for the initial periods since the anal ysis was done not
on the basis of neasured fluxes fromtheir centres, but on the
basis of wupper limts on them Since the shell SNRs

constitute nore than 80% of the sanple of SNRs, the above
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conclusion applies to the ngjority of all pulsars. V¢ shall
return to the question of evolution of norphol ogy and surface

bri ghtness of shell remmants containing pul sars in chapters 5

and 6.

25 RESULTS FROM PULSAR STATI STI CS

An indication of slowinitial rotation of pulsars was
first obtained froma statistical analysis of pul sar data by
Vi vekanand and Narayan (1981). Fromthe observed periods and
period derivatives of pulsars, they were able to conpute the
average "current" of pulsars in different period-intervals.
The current of pulsars J(P) is defined to be the nunber of
pul sars crossing from periods shorter than P to | onger than P
per unit tinme. In a steady state, J(P) nmeasures the birthrate
mnus deathrate of pulsars with period less than P. They
found that the value of J(P) reaches a peak at periods > 0.7s,
i npl yi ng that many pul sars are born with such long periods. A
nore recent analysis of pulsar data by Narayan (1987), with
nore pul sars and incorporating all known selection effects
against detectability of short-period pulsars, clearly shows

this effect to be present.

A different statistical analysis, assum ng di pol e braking
law for pulsars, has recently been performed by Chevalier and
Emmering (1986). They, too, reached the conclusion that

initial periods of pulsars nust be larger than ~ 150 ns.
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Qur result is conpletely consistent with the above, and
nmay be considered an independent confirmation of the same. It
Is interesting that independent anal yses of pul sar and plerion
statistics, from very different starting points, lead to

siml ar concl usi ons.

2.6 OONCLUSI ONS

The considerations that we have put forward in this

chapter lead to the follow ng concl usi ons:

1 If all plerions are like the GOab nebula, then given a
pulsar birthrate of one in ~ 40 yr, one should see nore
than 35 radio plerions with lumnosities greater than
NOIL._ s if their periods at birth are not nore than

roo
20 ns. There are only four plerions nore |umnous than
this. This seens to suggest that either the majority of
pul sars are born spinning slowy (P, > 150 ms), or that

pul sar-driven supernova renmants are extremely rare.

2 The Oab nebula nust be a very rare object even anong
pul sar-driven plerions. nly in the rare case when the
initial period of the pulsar is ~20 ns and its magnetic
field ~ 10'2 gauss will the plerion be as bright and as
l ong-lived as the Oab nebula. The particular nature of
the O ab nebul a shoul d be understood in terns of the Orab

pul sar having just these characteristics.
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3. If the energy of expansion of the plerionis not derived
from the stored rotational energy of the pulsar, then it
nust come fromthe supernova shock wave. In this case,
one expects the nebular boundary to be expandingwith a
velocity ~10% ks, (ne expects to see nore than 15 SNRs
wi th hybrid norphol ogy with the central radio plerion nore
| um nous than 0.1 Lrats if all pulsars are born spinning
as rapidly as the Oab pulsar or faster. Anong the known
conbi nation remants, at nost one fits this description.
Fromthis, we conclude that pul sars inside shell SNRs rust
have initial periods substantially larger than that of the

O ab pul sar.

4. \% have estimated the characteristics of pulsars in the
historical shells from (generous) limts on the surface
bright ness of associated plerions (fig. 2.7). In all
cases, the bounds are simlar, forcing us to the
conclusionthat pulsars in shell SNRs are born wth
periods greater than 35-70 ns. This provides strong
support for the conclusion arrived at by VW vekanand . and
Narayan (1981) froman anal ysis of the periods and period
derivatives of pulsars that the najority of them nake

their "appearence" with periods >100 ns.

Very recently, pul sar surveys have been conducted with
inproved sensitivity for detection of short period pul sars
(Stokes et.al. 1986; Aifton and Lyne 1986). The results show

beyond doubt a distinct deficit of pulsars with periods |ess



Page 2-32

than ~ 100 nmlliseconds. According to Stokes et.al. (1986),
the high lumnosities of Oab and Vela - |ike pul sars woul d
allowthemto be seen throughout a substantial portion of the
Gl axy. In the volume of the Gal axy surveyed by them nornal
pul sars with periods | ess than ~100 mlliseconds conprise at
nost 1% or so of the popul ation of active pulsars. The only
viabl e explanation of this deficit is that pulsars are born

with rotation periods |onger than 100 ml|iseconds.

The conclusion that spin periods of pulsars at birth
should be not a few mlliseconds, but a few hundred
m | liseconds has thus been reached in three i ndependent ways -
anal ysis of pulsar statistics (Vivekanand and Narayan 1981,
Narayan 1987), from paucity of bright plerions (above;
Srinivasan, Bhattacharya and Dwarakanath 1984) and fromthe
results of newy conducted pulsar surveys. This certainly
strengthens the result and leaves little room for an

alternati ve.
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APPENDIX 2.Al

Expansi on of a pul sar-driven nebul a

The expansi on of supernova ejecta under the dynam cal
influence of a pul sar has been di scussed by Gstriker and Qunn
(1971); Maceroni, Salvati and Pacini (1974) and Reynolds and
Chevalier (1984). W describe here the behaviour of a sinple

nodel follow ng these authors.

V¢ assune that the' nebul aconsists of the follow ng three

conponent s.

(1) An expanding thin spherical shell of supernova
ejecta of total mass M . This shell has a radius R{(t)
and forns the boundary of the nebula. The nmass swept up from

t he anbi ent nmedi umis negl ect ed.

(ii) A mxture of relativistic particles and nagnetic
field in the cavity bounded by the shell. The pressure of
this relativistic fluid is responsible for the expansion of
the shell. VW shall consider this pressure to be the only

force acting on the shell *,

(iii) A central pul sar which continuously generates the

relativistic material and deposits it into the nebul a.

+# This assunption 1s valid 1n the internediate age of the
nebula. At later stages of evolution the nmass swept up from
the interstellar mediumwoul d nodify the dynamcs, and in the
very early stages the gravitational attraction of the central
neutron star nmay play an inportant role (see Maceroni, Salvati
and Pacini (1974) for a detail ed di scussion).
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Under these conditions, the equation of notion of the

shell can be witten as:

2
4R A Rz- (2.A1.1)
. — = 4w R P
€ dt rel
wher e k) ‘Cf) is the pressure of the relativistic fluid.
re
The above pressure FJ can be obtained from sinple
vel
t her modynani cs:
4 U,
el cL\/
N bve\ - L-A (2.A1.2)
a4t At

wher e leel(t)is the total energy of the relativistic fluid in
the cavity, V&) is the volunme of the cavity, L (%) is
the rate of deposition of energy by the pul sar and _/\_(t) S

the radiative lumnosity of the nebul a.

Inthe following we shall assune that all the energy
infjected in the form of relativistic particlesis lost in
radiation* . Thus in (2.A1.2) the quantity at the right hand
side equals the rate of deposition of energy in the cavity in

the formof magnetic field.

Assum ng that the sl owdown | awof the pulsar is of the

form

N

% This assunption is justified in viewof the flat energ

spectrumof particles in pulsar produced nebul ae. In suc

energy distributions, major contribution to the total energy
cones fromthe high energy end, where radiation | osses of the
particl e energi es are severe.
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one gets a spindown lumnosity for the pul sar

L‘o (2.A1.3)
L) = -
Cls+ t/7)
where =( | For a pure dipole nodel . =3 and
& =2. o is called the initial spindown tinescale of the
pul sar .

If a fraction 'é}n of this energy goes into the
magnetic field then, as nentioned above,
X

LB - A= €, L, /(|+J°/To>_ (2.31.4)

W shal | consider two asynptotic limts of (2.A1.4):

t << T, |- A = €. L, . (2.A1.5)
-0
t>>’to: L”-/\-= émLo <{/T°>. (2.A1.6)

Using the rel ations

.., (&) LT -3
=1 retr ', = XU e2(t) (2.a1.7)

we can nowrewite (2.A1.2) as

%(PYE(R“) = <L"/\.>R . (2.A1.8)
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Conbi ning (2.A1.1) and (2.A1.8) one gets

e o8 st

Mej (2RR+RR) = L - A (2.A1.9)

where dot denotes the tinme derivative.

Integrating with the boundary condition RCt:O) =0

.t
M ('_2 R* Rﬁ) _ (CL—_A_)cHT (2.A1.10)

ej\

at t4< T , (2.A1.5) and (2.A1.10) give

Mej (lié"_+ eR) = € Lt (2.A1.11)
(2.A1.11) has a sol ution
V2.
R&) = <8f5¢MLo -t3/2: (2.A1.12)
€]

This is the expansion |awfor the nebula in the early phase,
(1‘: <4 "L’o) . when the pulsar output is roughly constant. At
£5> T, the pulsar output drops substantially and the

accel eration becomes negligible. The shell coasts with an

uni formvel ocity

(2.A1.13)

Y~ R(T,) .
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If we define a velocity v t hr ough

Va2
3 ( 8€m Lo ) ~ e (2.A1.14)
Yy 0
2\ 15 Mej

gv;

[

then the expansi on of the nebula is well approximated by the

pi ecewi se conti nuous expressi ons

R®) = (U/TO'h')fg/z for t<T, | (2.21.15)

2| RG&)

*

vt Lon t> T |. 2-a1.10)
g

I n our nodels of pulsar-driven supernova remants we have

adopt ed t he expansi on | aws obt ai ned above.

“
4
In the dipol e model of the pulsar, Lge< B*/Ft} , and
T o fo /g2 : where By is th ticfieldof the pul
S B*’ ere Dy is the magnetic fieldo e pul sar
and Tz its initial rotation period. From (2.A1.14) we then

find that the termnal velocity of the nebula is
Y
proportional to (LO”C‘,}Q&(% .

a
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APPENDI X 2.A2

Spectral evolution of a pulsar produced nebul a

Spectral evolution of a uniformy expanding plerion has
been di scussed by Pacini and Salvati (1973). |In this appendi x
we briefly review their work, and then discuss the
nodi fi cati ons necessary to all owfor the accel erated expansi on

in the early phase of a pul sar-driven nebul a.

The relativistic particles and the magnetic field in a
plerion come at the expense of the rotational energy of the
pul sar. The pulsar |oses energy at a rate

L

. o
L &) = %
SR Cra /)

wher e fto is the initial spindown tinescale of the pulsar.

(2.A2.1)

!
m
In

p

The exponent ¢ takes a value equal to 2 for a pure dipole
nodel . The neasured val ues of & are 23 for the rab pul sar

and 21 for PSR 1509-58. In our nodel s we assune ¢t =2.3.

A fraction €m of this energy is injected in the form of
magnetic fields and a fraction ép in the formof particles;
€m+6P$1. In our nodels we have adopted the values

* b =0.5, as did Pacini and Salvati (1973).
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Pacini and Salvati (1973) identified three distinct

phases in the evol ution of the nebul a:

Phase I: In this initial phase the nebula has not
expanded rmuch beyond the original size of the envel ope. The
adi abatic | osses of the particle and the field energies are
negligible, and during this phase the magnetic field of the
nebul a reaches its peak. This phase, however, lasts for a
very short tinme and so we shall not discuss this phase in

detail.

Phase II: This phase follows phase | and lasts till
1 =’Uo. The pulsar lumnosity {“Psg can be consi dered
roughly constant during this phase:

LPsR = Lo (2.22.2)

(small t linmt of 2.32.1).

Phase I11: This phase corresponds to times t >”T; . In
this phase the lumnosity of the pul sar is approxi mated by the

expr essi on

L = L, ('t/fco)—% (2.A2.3)

PSR
(l arge t linit of 2.a2.1)

V¢ shall first consider the case of uniformexpansi on of

the nebula with a velocity V.,
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2.R.1 Evolution O Mgnetic Field

The evol ution of nebul ar magnetic field can be cal cul at ed

fromthe thernodynamc rel ation

A Wg v
T + -é‘%—‘ %\[}_c[ = L’Ps@ (2.A2.4)

wher e WB is the magnetic energy content of the nebula and V

is its volune. WB /3V gi ves the magnetic pressure. Using

e bl K3. (2.A2.4) can be rewitten as
oy (RWg) = €, Lpgp R
or, t
'
Wp (£) = RU o Lpeg (RGN AL
Witing WB_ V""B “R3, V\here B is the nebul ar nagnetic
3

field, we find

t
2 o 6 , , / '
B = L) [em LPsRGC YRt (2.a2.5)
o

V¢ shall use this expression to evaluate the nebul ar nagnetic
field in the different phases. Since we are considering a
case of uniform expansion, and al so tinmes nuch beyond phase |,

we may wite R(h)—.’\}t’ , and (2.A2.5) reduces to

B(t) = E€m ¢ . vy (2.A2.6)
PPEYY] fL%R&).t.
- -0

wher e ém has been assuned to be independent of tine.
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Phase II
I n phase II LPSR(‘{)‘;LO’ and
B*(t) = 3émbo
193t

36 Lo -t-i (2.22.7)
193

Le [B&) = (

It should be noted that although the nagnetic field B
decreases with tine, the magnetic flux (eC BQL ) increases.
Thus. nost of the magnetic flux of the nebula is generated

during this phase.

Please turn over
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Phase III

The nagnetic field in phase III can be obtained from

B(e) = Lim [thi.o‘t'dt'+ ftLo (-’E—t )—oct/ott}
o To o

T
_ 3%6ml,To o2 (_Jc__)z""]
(x-2)79%t* o T

> ,
o 3%EmbeTo o Ly and w2 .

x-2) vt

r
2.1 72
3% €, LOTOJ {:"2 (2.A2.8)

L. e BE) = [ PRCLETY

It can be seen that since nost of the magnetic flux is
. . . -2
generated in phase II, the nagnetic field evolves as R in

phase III, typical of expansion w th conserved fl ux.

2.A2.2 Particle Energy D stribution

Havi ng found the behavi our of the field, we now need to
know the nunber of relativistic particles as a function of

energy to calculate the synchrotron lumnosity of the nebul a.

The pulsar is assuned to iniect a power |aw spectrum of

particles upto a naxi num energy Ermox., HWe wite
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-
T(E,t) = K®E (€ Emax) (2.22.9)

as the nunber of particles injected per wunit time per unit
energy interval around E at tinet. The energy index A is
found to be less than 2 in all pul sar-produced nebul ae. The
coefficient K(t) is obtained fromthe nornalization condition

Emax

[ETEAIAE = €pLpge (1) - (2.32.10)
(o}

Ohce injected, the energy of a particle changes with tine
due to synchrotron and adiabatic |osses. The evolution of

particle energy is governed by the equation
_dE _ o BR*EY 4 R E (2.A2.11)
At : R

where the first termin the right hand side corresponds to

radiation loss, and the second termgives the adi abatic | oss

\ 2

gauss is a constant connected

with the Synchrotron process *.

-3 - -
rate. €, =2.37x10 ~erg’'s

It isclear from 2A211 that the particles with |ow
energies mainly undergo expansion | osses, while for particles
with high energies synchrotron |osses are doninant. The
dividing line between these two regines is called the "break

ener gy" Eb’ defined through

* We assume that the distribution of pitch angle of particles
are isotropic around the local direction of the magnetic field
at any point.
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2 .2 -
- R

1
¢, B* (R/R)

or, Eb:'

mith R()=VL, ve can wite

{
b= (2.A2.12)

¢ B*t

W shall treat the particles with E>Eb and E<L E,
separately, and consider only radiation | osses for the former
and adi abatic losses for the latter. Strictly speaking, there
will be a class of particles for which synchrotron | osses are
inportant in the beginning, but later they | ose energy nainly
due to expansion. However, it <can be: shown that such
particles do not nake a significant contribution to the
particle distribution except for a small regi on near E . We
shall therefore ignore the presence of particles wth such

i nt er medi at e energi es.

The energy E at a time ¥ of a particle that was

injected with energy £; at time t; can then be obtained

from

Please turn over'
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E= Ej %—:— for ECE, (2.A2.13)
and
’é“ —'ET ‘(B dt  for E2E, (2.22.10)
t;
Once the relation between E,+ and &E; ,t; are

est abl i shed, the energy distribution of the accumulated

particles is determned from
N (e, t) = f 5 [E“*c (+,E, )] %‘o\E

...... (2.A2.15a)

or equi val ently from

N (E4) = [;r[js (g, t,+))h aEI at:

...... (2.A2.15Db)

VW shall nowdetermne the particle energy distribution in
di fferent phases of evol ution of the nebul a.
Phase II

From (2.A2.10) and (2.A2.2), the coefficient K (+) of

the injection rate is found to be

k) = (2-1) €1, Emo\>< . (2.A2.16)
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The break energy Eb evol ves as

e
Eb= ',_ -V t . (2.A2.17)
C|8 t 3C'GMLO
For E<E, , (2.A2.13) gives
E
‘l:{ = 't 'E‘; )
il.e ?___{{ - _.t..
DE E:
and hence
Ex

| -2 Lt .
NCEE) = @€ L Enae t ) Bi 4B
: E

wher e E* is the maxi mumenergy of the particles at injection
which nmake appearance at energy E at tinme £t , having
under gone only adi abatic losses. Since d4>0, the lower limt
of the integrati on dom nates and we find

-2

(2-Ve, L, E t A

N (E,4) = - max __ E (2.A2.18)

CE<E,)

on the other hand, for £ Eb’

Lol o= 3Zémbes (1 1)
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2
2%, STRRN
which gives —_— =
2E %€, L, E*

for E>>E,D ,E ®T , and
. 34"
2t 9

—~

2E 3¢, L ¢ E”

Using this in (2.A2.15), we find
Emax

A-2 2
(2-) € L B,y Vi1 fE._ .
Bém Lo C1 Ez E

N (E,¢) =
As A>1 , the lower linit domnates, and we find

(2-1) €, E,:;:‘ 153t~ (44D

N(E,t) = E (2.A2.19)
3A-1D) €, ¢4
CE>E).
Phase III
In phase 111, K(t)is given by
d-2 [t %
ke = @elen (£) - amaw

The break energy evol ves as

(-2 v3¢s

b - zr 2 (2.A2.21)

¢,2*t  3«xe ¢, L, T
A E <‘Eb , the particle distribution wll consist of two
kinds of particles: (1) the old particles, which were

injected in phase II; and (2) the fresh particles injected in

phase III.
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Let E,(T,) be the break energy at t="T, . The nunber
of particles with energies higher than E_ (To)at t="T, is so
smal | that they do not make any significant contribution to
the particle distribution in phase III. So we shall ignore
" these particles in the old population. The particle spectrum

below E,,(T,) at t=T, was, from (2.A2.18),
b

-2
@D loErpoe To -

A

No (E>q:o> =

These particles suffer adiabatic | osses in phase IIT and are
found bel ow t he energy

E(r) BT
b~ % + 3C,Em Lot (2.A2.22)

1

E. (D)

Bel owthis energy, the spectrumof the old particles at tine
t would be
dE.,

NCE$) =N, (E,,To) T

wher e E,c: E';E is the energy a particle with energy E . at
0
time t would have had at time T, . Thus, the relic

particle spectrumat time T >T, is described by

-2
(2-Mep LBy "‘.tl_qg"d (2.A2.23)

(e<E,).

Now, the spectrumof fresh particlesin this energy interval
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is obtai ned as fol | ows:

Since particles suffer only adi abatic | osses,

t 2E; t

E.=E+ and 1. =
v ?E

Then, from (2.A2.15) and (2.A2.20)
t
d-2 g-q =1 o [ A%
NCEY) = €L Et  E T, fti Aty .
T

[]

Since ¢¢ >"{ , the lower limt dom‘nates, and we get

g% T"'-{;'—"{ E‘A . (2.A2.24)

0 maox (o}

24
NEE = 2 6L

Therefore, wthin our approximations the old particles
(2.A2.23) and the fresh particles (2.A2.24) make al nost equal

contribution, and their spectra are identical.

At energies E>E, (t) given by (2.a2.21), all particles

suffer radi ation | osses and
2
L Bw el T '[: _L:I
F TR T waws 3Ly E

gi vi ng 'ti?‘t , and

>t @) t; L (x-2) " 1t

PE T 3xe, L To EX  B«€mebed E-
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thus
Emax

A-2 -2 3,4
(% -2) (2.—‘1)%, Emax Tooc vat t-% JE.—dd E: .
3 €,,% ¢ 1 t

N (E)"\:) =
£

As N>1 , the lower lint doninates, and

; 2 4%
(x-z)(z—r{)GPE,:atv?’”C: B E—éw)
3(4-1 €, %,

(2.A2.25)

N(E, L) =
(E>E,) .

Bet ween Eb and Ec there' are two kinds of fresh particles:

(i) Those whi ch have al ways suffered adi abatic | osses -

these particles woul d have been injected with an energy £; < Eys
2193343
€ ___[(«o N3 E>t ] Y and
*= L 3x¢,6,L,TZ
(i1) Those whi ch have first suffered synchrotron | osses,

and then adi abatic | osses. They woul d have been injected with
energy between E* and Emax . However, it can be shown
t hat the particles of the first category domnate the
spectrum and hence the spectrumof particlesin this energy

interval is gi venl by
Ex

A-2 o -0 % -1-1
N (E,t) = (1—*0€P LoEhuy Vo T E fE:' 4 €,
E
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since %X >A | the upper limt dom nates, i.e
of =
N (€ + 2-7 | x-2 (o-1/4 (4-&+4)/4 _ d-2
) = e L
-1 Be, ¢, Sp b Emax
3(#-4)/4 (ot +d)]2 - -3 — (X434
x 13 T, L 4)/4E (x+34)/4
(E.<ELE,) -
...... (2.A2.26)
As the break energy Eb continues to increase, it wll at

sone time t* reach the maxi numinjected energy Emax. A

’c‘)l’*, the evolution of all particles are fully adiabatic,

t*

and at energies E >t £ the absence of injection above

max v -
E- Emax nodi fi es the spectrum. In the range ECEZ Emax’ t he

particle spectrumis given by

_Emax

- % _A-
N(E ‘t) (2 1)€P Lo Emax ,t t J E;loc 1 ‘O(‘E‘L
E

The upper limt contributes, and we get

\ ol
N(E,%) = r é L, E ”(,‘o t E (2.A2.27)
(E<ELE, 40) -
At energi es bel ow E , (2.A2.26) still holds.

However, if the tine t* at whi ch Eb Ccrosses Emax is

reached before t= ’rjo , i.e in phase II, then the evol ution

of particle spectrumin phase 1II is fully adiabatic, and

. o . ~ T
contains only two distinct sections. Below E = Emax —_E— ’
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7~
the spectrum is given by (2.A2.24) and above E by
(2.A2.27).

2.A2.3 Radiation Spectrum

Once the particle distributionand the magnetic field in
the nebula are known, the radiation spectrum can be conputed

from

/2 Ya.
L, (%) =-%_C1 (%) N [<'E%§> >t] (2.A2.28)

whi ch results from t he so-cal | ed "nmonochromat i ¢
approxi nation", nanely that an el ectron of energy E radiates
: : 2 :

its entire synchrotron power at a frequency Y= ¢,BE™. This

gi ves nore than adequat e accuracy for our purpose.

W summari ze bel ow the spectral lumnosities obtained
using (2.A2.28) and the expressions for particle distribution

and nagnetic fiel ds derived above.
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Phase II
At a frequency YyVvh = CQ_B Ebz

L, &)= S—at

(d-3)/2 G+ /4 cqv5)/4 - 42

mox

. '!?—3(‘+d)/4 t(|—'1)lz v(\~d)/2.

...... (2.A2.29)

and at a frequency v>ub

H-2)/4 , _ i ) ]
L,y =4, 302 o g A

q-1 = p-m max
3(2-N/4  (d+2)/4 ~1 A
k4 L’o ) 'tl VAN ./2

...... (2.A2.30)
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Phase ITI (+9)/4

(-2 3oce o (2-1) ¢ EA-2
L, () =73 Lo, A -A) “p moax

(+5)/4  (3d+)jz -3 @+0)/4
T 9

0 0

A N Q=)=

x L

—2
x t

/)

o vevz », (o) (To/t)

...... (2.A2.31)
(4-%-74)'6
() = 1 2= 3°°€'w\> (A+A-%)/4  (+ 31-12)/8
Ly T2 o o -2 C Ca

A-2 (74 - 3o<+20)/16 -3 (74-3c+4
épErm\x L, v ol )

(7d+5<+4)[/8  — (d+34)/2
X Yo

(4-«-34)/8
Y )

...... (2.A2.32)
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and
L X -2 ) (4 )2  d-2
_‘:
L S 2 o(__| (3066 Ehax
G+2)/4 --3-01-2) A+2-2)/2
L, 15 4 /to( +
-6 -4
% ‘El v,d/z_
for vy, .
...... (2.A2.33)
-— = 2 .
A t>t , the spectrum at a frequency V>UECZBE is
gi ven by
(1 + )4
L, =1, 2-4 [ 3% bm ¢ (-3)/2
Y 2" oA % -2 p &1 2
(2+5)/4 .3 -
x L T (ot 1) ,tO(HBoc)/a. E:a:
x £72% ., -z .
...... (2.A2.34)

If Eb ("Co) >/ Eh’\ax' the radiation spectrum in phase III

contains only two segnents, given by (2.A2.31) for
2 . ~
o\ » and by (2.A2.34) for V>V .
V<V EC BEMax(t)

2./MR.4 Accel eret ed Expansion

We shall now incorporate the acceleration of t he

expansion in phase II for a pulsar-driven nebula. According
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to the dynamcal results derived in appendix 2.A1, we can

wite the nebular radius as a function of tinme as

""/2. 3/2_
R = vrto t i n phase 1I
ond R =t in phase III
Al
where _ = 3 _B.f_ﬂl’rﬂ.-?). Me_'} being the mass in the

€jecta.

I n phase III, since R(t) has the sane formas in the
case of a wuniformy expanding nebula, no nodification is
necessary in the expressions for magnetic field, particle
distribution and spectral lumnosity as long as the velocity
gi ven by the above expressionis used to evaluate them But
the expressions for phase II need nodification. The magnetic

field in phase II is obtained by rewiting (2.A2.5) as

g t 32
BZC‘{:)ZW émLOJ ¢odt
qQ

whi ch yi el ds

Ve 3/4 -7/
b = (5 S

(2.A2.35)
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The break enerqgy Eb in this case is given by

| 3
E = > .~ 2 ¢
b C|B CR/R) chB
3 ; 5/2
= 5 ‘{: 32 (2.A2.36)
B€,Cy Lo T,
At E<Eb , particles suffer only adiabatic |osses, and their
energi es evol ve as
2.3 2,3
l:_z‘t = E’i 't,i
2/3 . -
. = E‘) '3“:1 - 2
'I'h.erefore t‘u. t (—E: , and ,S—é:— -3 CEE"')VB
Usi ng these, and (2.A2.15), one finds 1
2 (2-1) -2 ~
N(E) = I € Ema’x L,tE (2.A2.37)
for E<Eb'
aa E>E,
‘ -~ 5
L1202 Gmle 4 ¥ [y '2]
E"E 5' 5 w3 ° 1
whi ch yi el ds
T2
D4y 51534
.=t and LIPS
v 2 E 12 L2 g™
C1€'hq o’to
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Usi ng these, we find

_ 35 24 €, N-2 -3z 3{:’-?/2._-61“)
NCE'#)— 12 §- e Emax To U E

‘FO'T' E>Eb .
...... (2.A2.38)
Radi ati on spectrum in phase II can now be calculated

using the above expressions for nagnetic field and particle

spectrum W list belowthe results.

|+
2-A 12€m\ 3 (d-3)/2 _ ~-2
(-——-5 m) €, CiC r

L, &) = 3 -] 2

max

) Locd+5')/4 e 3C14+4)/4 ~ 3(1+4)/8

) 1tcl-w)la g (-4)lz

o

For V<Vb ...... (2.A2.39)
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and g2
- 12.¢,, \ 5~ “1-2)2 -
L(.t’):_'...g'_.l,/ m\q -2
i ' 2 '{"' K > / éP C’- Ehmx
(z+/4  3(4-2)/8 - )8
% Lo ,to (4-2) '\936 2)/4t?(2. )!
X \)—q/z

...... (2.A2.40)

2.A2.5 Dependence Spect ral Lumnosity On Pul sar

Paraneters: Scaling Laws

The expressions for spectral |lumnosities obtained above
can be rewitten in terns of the nagnetic field B* and

initial rotation period % of the central pul sar, using the

fol | owi ng dependences.

L, By /g’

T o R/ B

and in the case of pulsar-accelerated nebula, the termnal

vel ocity

VD o< 1/P° I (see appendi x 2.Al).

W summari ze bel ow the scaling relations thus obtained.
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Phase II
A _Uniform expansion:

- _3 (1-4)/2
(A+35)]2 ("’*5)1} ; (H+0) ¢ !

L, (&) < By R
< ) G-¥l2
(v(vb)
...... (2.A2.41)
and
(W+2)2 —(+2) 3 o ) 31 _~
(v>v)
...... (2.A2.42) .

B Accelerated expansion:

Lv (4 o« B*(7—-'1)/4 E) 1-7) /2 t(l—"l'i)/B 5 C'—'ﬂ/L

(V<)

...... (2.A2.43)
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and
(o-)/4 (- 7 (a-
L () < B, P 1o)]2 L3 (2-4) - 4 /2.
(»>v,)
...... (2.A2.44)
Phase III

A No acceleration in phase II
(3-54)/2 _2(4-2) _3 (144) 24 )2
4 t Y

L, (£) < B, P 15
(v<v )

...... (2.A2.45)

L, (%) oC 8:1“74_'3“)/8 rilc'x' —1)15;‘ ,}g (74-300 +4)

s (4+34) /2 " (4- o-34) /8

(\{(\)41/667' ;))

...... (2.A2.46)
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(4=~ -bot)/2 -2) -3
L, (D« B, p 22 -3 G-2)

2-o=-"
x t \)"'d/z

(v>v, ;5 tcty,)

...... (2.A2.47)

and

Cv>gjf>tx)'
...... (2.A2.48)

B Wth acceleration in phase II

In this case the terminal velocity 2 of the nebula is
determ ned by ﬁ; , and the above relations can be rewitten

as

(3-54)12  (i-13)/4 _ -
L) B, P L 21 v( 1)l=

...... (2.A2.49)
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(12- 74-130)/8 (214423 - 52)/16
Ly, (£) < B* Po

- -0, -34)/8
.t (o +34)/2 vM )

('vc<\) A'I)b ov—{)>

...... (2.A2.50)
(6-1- 34 + Bk -
L, ()< B, 4el/2 POC + Beem20ia
x_t_z—o(—'l v._"l/z
(v>v, t<ty)
...... (2.A2.51)
and
| (3-5x)/2 (M -13)/4 -2 (i-o0)]2
L—v G£) o< EZ* 1% f ‘3)

(v>V; £>ty).

...... (2.A2.52)
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