Chapter 5

Second post-Newtonian gravitational radiation
reaction for two-body systems

5.1 Introduction

Asdiscussed in earlier chapters, the detection of gravitational waves from inspiraling
compact binaries require extremely high phasing accuracy. Thisimplies very accu-
rate description of the evolution o the binary orbit. The orbital evolution, in reality
has to be determined by local equations of motion that include damping terms due
to the emission of gravitational radiation to infinity. Obtaining from first principles,
approximate solutions of Einstein equations that incorporate into the "near-zone"
gravitational fields, the back reaction from radiation to infinity, is a complicated
and subtle exercise, involving near-zone iteration o Einstein's field equations upto
the order required. In the absence dof this difficult computation that provides the
complete solution, a related question that provides a partial answer isthefollowing.
To what extent do the expressions of energy and angular momentum fluxes and the
assumption of energy and angular momentum balance constrain the equations of
motion? As discussed in detail in the introduction such heuristic methods based
on the balance procedures have proved useful in earlier instances. For instance, as
in [105] one can derive the the radiation reaction terms in the equations o motion
sufficient to balance the energy radiated to the far-zone assuming 'energy balance'.

Schematically, the method is based on the following arguments. The far-zone en-
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ergy flux at the Newtonian order reads (%) = E ~ (Ii(f))z. Integrating twice
by parts and moving the total time derivatives to the left hand side for a redef-
inition of E, one obtains E ~ [; I ~ mv' (z7I))). As E ~ mv.a, one can
read off the appropriate radiation reaction terms in the acceleration a, related to
the fifth time derivative of the quadrupole moment. Recently lyer and Will (IW)
proposed a ‘refined balance procedure' to obtain the reactive terms in the equations
of motion for binaries in general orbits. This 'refined balance procedure’ which is
extendable to higher PN orders, depends on the balance of both energy and angular
momentum [33, 34]. The procedure leads to general expressions for the radiation
reaction acceleration and the part in the reactive acceleration which is not fixed
by the procedure corresponds to a residual gauge freedom inherent in the method.
They also obtained, for the first time 3.5 PN terms (1PN radiation reaction) in the
equations of motion of a binary using the 1PN accurate radiation reaction tensor
potential obtained by Blanchet [31, 32]. The consistency of the above result with
the reactive acceleration to 1PN obtained using the refined balance procedure was
also established in [34]. This provided a valuable non-trivial check on the validity of
the 1PN reaction potentials and the overall consistency of the direct methods based
on iteration of the near-field equations and heuristic methods based on energy and

angular momentum balance.

In this chapter we deduce the gravitational radiation reaction to 2PN order
beyond the quadrupole approximation - 4.5PN terms in the equation of motion —
using the refined balance method of lyer and Will. We employ for our calculation
the instantaneous 2PN accurate expressions for the energy and angular momentum
fluxes obtained in chapter 2. We explore critically the features of their construction
and illustrate them by contrast to other possible variants. Asin the earlier orders,
there exist arbitrary terms in the 4.5PN reactive terms too, which along the lines

of [33, 34], are shown to be associated with the possible residual 'gauge’ choice at
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the 4.5PN order. The limiting cases of circular orbits and radial infall are aso
discussed. The equations of motion are valid for general binary orbits and for a
class of coordinate gauges. We also show that the far-zone flux formulae and the
balance equations admit more general solutions than the one explored by lyer and
Will if one relaxes the requirement that the reactive acceleration be a power series
in the individual masses of the binary or, equivaently, that it be nonlinear in the
total mass. Most of the results presented in this chapter have been published in Ref.
[45].

To summarize: Starting from 2PN accurate energy and angular momentum
fluxes for compact binaries of arbitrary mass ratio moving in quasi-general orbits
[44, 43], we obtain the 4.5PN reactive terms in the equations of motion by an
extension of the IW method. Schematically, the equations of motion for spinless

bodies of arbitrary mass ratio are

‘(ft’z‘ ~ _G:?x[1+0(5)+0(e2)+0(e2'5)+O(63)+O(63'5)+O(64)+0(64'5)+. A,
(5.1)

a

where x and r = |x| denote the separation vector and distance between the bodies,
and m = m; T my, denotes the total mass. The quantity € is a small expansion
parameter that satisfies e ~ (v/c)?> ~ Gm/(rc?), where v and r are the orbital ve-
locity and separation of the binary system. The symbols O(e) and O(€?) represent
post-Newtonian (PN), post-post-Newtonian (2PN) corrections and so on. Gravita-
tional radiation reaction first appears at O(e*°) beyond Newtonian gravitation, or at
2.5PN order. We call this the "Newtonian" radiation reaction. "Post-Newtonian"
radiation reaction terms, at O(e3®), were obtained by lyer and Will [33, 34] and
Blanchet [31, 32]. Here we obtain the 2PN radiation reaction, at O(e*?).

In the present chapter, for the ease of presentation we will work with the geo-
metrical units: G = c = 1. This chapter is organized as follow. In section 5.2, we

describe the lyer-Will (IW) method to obtain the 2PN reactive terms. Section 5.3
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examines the question of redundant equations and explores 'variants' of the origi-
nal IW scheme that differ in their choice of the ambiguities in energy and angular
momentum. Section 5.4 discusses the question of the undetermined parameters and
arbitrarinessin the choice of the gauge, in particular at 4.5PN order. Section 5.5 is
devoted to the particular cases of quasi-circular orbits and head-on infall. In Sec-
tion 5.6 for mathematical completeness, we prove that the far-zone flux formulae
and the balance equations admit more general solutions if one relaxes the require-
ment that the reactive acceleration be a power series in individual masses m; and

m4. Section 5.7 contains some concluding remarks.

5.2 The IW method for reactive terms in the equations of
motion

5.2.1 The Procedure

We consider only two-body systems containing objects which are sufficiently small
that finite-size effects, such as spin-orbit, spin-spin, or tidal interactions can be
ignored. The dynamics of such systems is well studied and the two-body equations

of motion - conveniently cast into a relative one-body equation of motion - is given
by :

1 2 2.5 3 3.5 4 4 45
a=ay+ aéle + aéP)N + agm) + agF?N + agRR) + az(iP)N + a’(I‘a)iI + +a§RR) +O0(€°), (5.2)

where the subscripts denote the nature of the term, post-Newtonian (PN), post-post-
Newtonian (2PN), Newtonian radiation reaction (RR), post-Newtonian radiation
reaction (1RR), 2PN radiation reaction (2RR), tail radiation reaction and so on; and
the superscripts denote the order in e. For our purpose we need to know explicitly the
acceleration terms through 2PN order and these are available in [104, 38, 130]. We

have already displayed them as Egs.(2.23) and reproduce these here with G = c =1,
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ay = —gn, (5.3a)
3
al) = —:”—2{n [—2(2 + n)—:? + (1 + 3n)0® - 5"7;2] —2(2- n)fv} , (5.3b)
3 2 15
ald, = —T—Z{n[—(m +297) (T> + (3 - 4n)v + =np(1 - 3n)i*
T 4 r 8
1
—-3577(3 — 4n)v*? — =n(13 - 477)3%2 — (24 250+ an)Tﬁ]
2 2 T T
1
~5iv [n(ls +dn)® = (4+ 1y +8n%) > — 39(3 + 27))7*2] } . (5.3¢)

where p = mymy/m is the reduced mass, with n = p/m, and n = x/r. The
n.5PN reactive accelerations are determined by following the "What else can it be?
procedure employed in IW which we summarize here. One writes down a general
form for the Newtonian (e2°), 1PN (e3%) and 2PN (e*5) radiation-reaction terms
in the equations of motion for two bodies, ignoring tidal and spin effects. For the

relative acceleration a = a; — ay, one assumes the provisiona form

2T —gn(m/r2)(m/7")['(A2.s +Ass + Ass)in+ (Bos + Bys + Bus)v].  (54)

The form of Eq.(5.4) is dictated by the fact that it must be a correction to the
Newtonian acceleration (i.e., be proportional to m/r?), must vanish in the test
body limit when gravitational radiation vanishes (i.e., be proportional to n), must
be dissipative, or odd in velocities (i.e., contain the factors 7, n and v linearly) and
finally, must be related to the emission of gravitational radiation or be nonlinear in
Newton's constant G (i.e., contain another factor m/r). The last condition may be
more precisely stated by requiring that the reactive acceleration be a power series
in the individual masses m;, and m. [150]. For spinless, structureless bodies, the
acceleration must liein the orbital plane (:.e., depend only on the vectors n and v).
The prefactor 8/5 is chosen for convenience. To make the leading term of O(e*)
beyond Newtonian order, A;5 and B, s must be of O(e). For this structureless two-

body system the only variablesin the problem of thisorder arev?, m/r, and 2. Thus
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A, 5 and B, 5 can each be a linear combination of these three terms; to those terms
we assign six "Newtonian radiation reaction” parameters. Proceeding similarly,
Ass and Bss must be of O(c?), hence must each be a linear combination of the six
terms v4, vim/r, v272, #?m/r, 4, and (m/r)?. To these we assign 12 “1PN R R
parameters. And finally, A4s and Bys must be of O(c®),each alinear combination of
the 10 terms v®, v472, vim/r, v¥4, v3(m/r)?, v¥ 2 (m/r), 78, #4(m/r), #¥(m/r)? and
(m/r)® to which we assign 20 “2PN R R parameters. The 6 Newtonian RR and 12
post-Newtonian RR parameters were first determined in IW [33, 34]. This solution
has been checked and reproduced in the preliminary part of this investigation and
constitutes an input to supplement the conservative acceleration terms in Eq.(5.4)
for the present study. Our aim is to evaluate these 20 parameters appearing in A4 s
and B, that will determine the 2PN radiation reaction. It is worth pointing out
that in the calculation we are setting up, the terms in the equations of motion of
O(c®) and O(e*) beyond Newtonian order do not play any role. The former is non-
dissipative but not yet computed; the latter on the other hand includes dissipative
parts due to the 'tail" effects [151, 152, 56, 128] which have been separately balanced
by the tail luminosity in the works of Blanchet and Damour [151, 32]. However all
the radiation reaction results will remain as 'partial results' in the saga of equations
of motion until a complete treatment & la Chandrasekhar [100] and Damour [93] is

available through 3PN order and later through 4PN order.

Through 2PN order, the equations of motion can be derived from a generalized
Lagrangian that depends not only on positions and velocities but also on acceler-
ations. To this order, that is in the absence of radiation reaction, the Lagrangian

leads to a conserved energy and angular momentum given by [104, 38, 24]

E = Ex+ Epn + Eopn , (55&)

J = JIn+Jpn+ Jopn, (5.5b)
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where
1, m
Ey = M(E = 7) ; (5.6a)
3 1 m 1 m 1 /m\?2
E — (1-3 4 - 27" Tt 2 - (_)
PN u{s( "+ 53+ i LG : (5.6b)
5 2.6 , 1 T 4
FEopn = “{Té(l —Tn+ 13 )v° + 5(21 —23n — 2Ty )?v
1 m 3 m 1 m\3
el 1_1 _2'2__ . IAAT: (_)
+477( 5n) Ui 87)(1 3n) 7 4(2 + 157) .
1 2 1 2
+=(14 - 557 + 47) (T) 0% + = (4 + 697 + 1207) (T) r'2} ,
8 r 8 T
(5.6¢)
Jv = Ly, (5.6d)
1
Jpn = LN{§U2(1"37I)+(3+77)?} , (5.6e)
1 1
Ten = L{5(7 =100 —97) 202 - Zn(2 + 59) =
2 T 2 T
1 o (M2 3 2\, 4
+Z(14—4117+417 ) (7> +§(1—7n+13n Ju }, (5.6f)

and where Ly = px X v.

Through 2PN order, the orbital energy and angular momentum per unit reduced
mass, E = E/u = 1v® — m/r +0(e?) + O(¢®), I = x x V[l + O(e) +O(e?)],
are constant, and correspond to asymptotically measured quantities. However, the
radiation reaction terms lead to non-vanishing expressions for dE/dt and dJ/dt
containing the 20 undetermined parameters. Following IW, starting from the 2PN-
conserved expressions for E and J we calculate dE/dt and dJ/dt using the 2PN
two-body equations of motion [104, 38, 130] supplemented by the radiation-reaction
terms of Eq.(5.4). In the balance approach, this time variation of the ‘conserved
guantities is equated to the negative of the flux of energy and angular momentum
carried by the gravitational wavesto the far-zone. Thusin addition to the EOM and
conserved quantities we need the 2PN accurate expressions for the far-zone fluxes
of energy and angular momentum for a system of two particles moving on general

guasi-general orbits. We have computed the instantaneous 2PN corrections to the
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far-zone fluxes in chapter 2 using the BDI formalism. We quote below the Egs.(2.57)
and (2.61) for the 2PN accurate instantaneous contributions to the far-zone fluxes

but with G =c=1and per unit reduced mass:

d€ . ) ) ]
(—‘) = Env+E&pn+ E1spN + Eapn, (5.7a)
dt far—zone

(%)f = Ly [jN + Jipn + J1spN + jsz] , (5.7b)

where

. 8 m?
Ev = -n= @<4v2—%fﬂ>, (5.8a)

: 1
Eipn = —n——|=—(785 — 852n)v* —4—(1487 1292n)v?r?

5'r3 r [84
40 m 1

-—(17 - 2— — 6207)7
21( n)v + 28(687 6 On)r

2 4 m\ 2

367 — 151)i2 — 4 (2 .
Epn = < —2-"1[ L (1692 — 5497n + 443072)08

N = 50 126 7 7

1
—Z—(mg — 102787 + 6292n%)v*?

1
~ 554446 — 5237 + 13937%)v"

1
+4—(2018 — 152077 + 7572n%)v*/*

1
+ 57 (4987 — 85137 + 2165%)0%% ’—:‘—

m 2
281473 + 81828 + 4
2568 + 7+ 43680°)v (r)

1
~13g (2601 — 202347 + 840477°)7°

1
189(33510 60971n + 14290n)7*

2
756(106319 + 97987 + 537672)7? <’”)
.

(253 — 10267 + 56?) (T)B] , (5.8¢)

In = =g 0% — 372 + 2T) : (5.8d)

1

1
27 (307 ~ 548n)v* — (74 — 27Tn)0?

Jipn = —77“—— [
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1
—— (58 + 9577)112? + 21—8(95 — 3607)

21
1 om 1 m\?2
+E(372 + 197n)7 —- E(745 - 27) (-;) ] : (5.8e)
. 8 mmy[ 1
Jpn = U m(2665—12355n+12894n2)v6
1
—1—65(2246 — 12653n + 15637n%)v*r?
— (165 — 4 2t
+504( 65 — 4917 + 40227°)v .
1
+1_6§(3575 — 168057 + 15680n%)v**
1 m
—(21 _ 2y,,2.27""
+504( 853 — 21603n + 2551n°)v?F .
1 2y, 2 ()
55 2(10651 — 101797 + 3428n°)v (7)
5
—1—8(39 — 1637 + 97n%)r®
_ (22312 — 413981 + 96957%)4 ™
504 g T
1 m\ 2
—— (8436 — 2 2)72 (—)
+252( 51027 + 4587n%)F -
1 m\3
——(170362 2 (—) ] . :
+2268(17 362 + 704617 + 13861?) - (5.8f)

In the above expressions Ly = Ly/p and thetail termsare not listed. It isimportant
toemphasize that the'tail' contribution to the reaction forceissuch that the balance
equation for energy is verified for the tail luminosity [151, 32]. This corresponds to
the 'tail' acceleration at 4PN. With this part independently accounted for, in our
analysis we focus on the 'instantaneous' terms without loss of generality. It isworth
recalling that the 'balance' one sets up in the abovetreatment is aways modulo total
timederivativesaof the variables involved. Thisiscrucia torealizeand in IW thiswas
systematically accounted for by noting that at orders of approximation beyond those
at which they are strictly conserved (and thus well-defined), E and J are ambiguous
upto such terms. Consequently, we have the freedom to add to £ and J arbitrary
terms of order €25, 3%, and ¢*® beyond the Newtonian expressions without affecting
their conservation at 2PN order. There are three such terms of the appropriate

general form at O(e2%) in each of £ and J, respectively, 6 each at O(e>%) and 10 each
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at O(e*%), resulting in 6 additional Newtonian RR parameters, 12 additional 1PN
RR parameters and 20 additional 2PN RR parameters, respectively. As discussed
in detail in the following section, these numbers are very much tied up with the
‘functional form' we assume for the ambiguous terms and in this section we follow
IW in close detail. Equating time derivatives of the resulting generalized energy
and angular momentum expressions E* and J* (rather than only the conserved
expressions) to the negative of the far-zone flux formulae and comparing them term
by term one seeks to determine the extent to which one can deduce the 4.5PN

reactive acceleration terms by the refined balance approach.

5.2.2 The 2PN RR computation and results

The above procedure is implemented order by order. All the computations were
done with MAPLE [134] and independently checked by MATHEMATICA [153]. At
the leading order, when the flux is given by the quadrupole equation, one deduces
the 'Newtonian RR’ or 2.5PN term in the acceleration. In this case, in addition
to the 6 unknowns in the reactive acceleration, one has 3 unknowns each for the
possible 2.5PN ambiguities in the E* and J*. As demonstrated in W, the balance
equations yield 12 constraints on these 12 Newtonian RR parameters. Of the 12
constraints, only 10 are linearly independent, and thus finally one obtains 10 linear
inhomogeneous equations for 12 Newtonian radiation reaction variables. Solving
these equations one obtains explicit forms for Az, Bys and Ess, Jos in terms of
two 2.5PN arbitrary parameters. To get the 3.5PN reactive terms, one adopts the
above solution and extends the calculation to O(e*®) after introducing Ess and
Js 5 with 12 additional 1PN RR parameters. At 3.5PN there are 20 constraints on
the 24 post-Newtonian radiation reaction parameters; of the 20 only 18 are linearly
independent; the solution to this system yields explicit formsfor Ass, B35 and Ess,

Js.s in terms of six 3.5PN arbitrary parameters. Since we need these results for the
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present computation, we reproduce them from IW {154].

Ags = 3(1+az)v®+ %(23 + 68, — 9%)? — Sasr?, (5.9a)
Bis= (24607 + (2~ 5) 7 - 31+ B, (5.90)
As= ot + S0 ot £ g, (%)2 . (5.9¢)
Bss = gvt+ ggvz% + g3v?rt + gyg? + 957 + g6 (%)2 , (5.9d)
where
fi= 515(117 +132n) — ga3(1 —3n) +3& — 3ps, (5.10a)
fo= —3413(297 _ 310n) — 36,(1 — dp) — ga3(7 +13n)
~2€, — 3& + 3&5 + 3ps (5.10b)
fy = %(19 —72m) + gagu — 3) — 56, + 54 + 5ps, (5.10¢)
fum = 55(687 ~ 3630) — 60+ s0s(54 + 17n) — 26— 56 — 665, (5.10d)
fs= =T&, (5.10e)
fo = -%(1533 +4987) — (14 + 9n) + 3a3(7 + 4n) — 283 — 3&,  (5.10f)
= =3(1-3n) - 3601~ -&, (5.108)
g = -51(139 + 768n) — %ﬁ2(5 +17n) + & - &, (5.10h)
g3 = 2i8(369 — 6247) + 2(352 + 2a3)(1 — 3n) + 3& — 3ps, (5.10i)
g = $(295 — 335m) + %ﬂ2(38 — 11n) — 3as(1 — 37) + 26, + 4& + 3ps ,
(5.10)
9= 55(19 - 72n) - Sag(1 - 37) + 5ps, (5.10k)
go= 5 (634—667) +5y(7Han) g, 5100

The quantities as, fq, &1, 2, &, &4, & and ps are parameters that represent the

unconstrained degrees of freedom that correspond to gauge transformations. In

addition to the reactive terms listed above, one of the coefficients that determine
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the 2.5PN ambiguity in £ and J and three of the coefficients that determine the
corresponding 3.5PN ambiguity are nonvanishing. We list these also since they are

needed for setting up the 4.5PN computation:

ap=  —(2+05), ‘ (5.11a)
4

6= 57 (1—4n), (5.11b)

P3 = &+ 81_4 (307 — 54877) , (5.11c¢)

pe= & — %(271 — 214n). (5.11d)

We now adopt the 2.5PN and 3.5PN solutions given by Egs.(5.9), (5.10) and
(5.11). Following the IW strategy, we assume the 4.5PN terms in the equations d

motion to be of the form

. m ) m\?
A4.5 = hl’UG =+ h2U4T2 =+ h3U4— + h4’U2T4 + h5’l)2 (—)
T T

2 3
hev'i? o+ hyi + s+ hor® (?) + hio (-:?) | (5.12a)

2
Bys = kp®+ k2047‘2 + k3v4ﬂ + kotrt + k5v2 <T)
Tr T
2 3
R R (T) + ko (T) . (5.12b)
r T

We also assume for the ambiguity in E,5 and J,5 the restrictions and functional
forms adopted in IW and also require that J remain a pseudo-vector. The 'general-
ized' "energy" and "angular momentum” through 4.5PN are thus given as sums of
the conserved parts Egs.(5.6), the 'most general’ 2.5PN and 3.5PN contributions -
i.e., with coefficients determined by the Newtonian RR and 1PN RR calculations,
and arbitrary 4.5PN terms. We use E+ and J* to distinguish these quantities from

the conserved energy and angular momentum. We get (per unit reduced mass)

E* EN + EPN + E?PN + Ez.s + Es.s + E4.5

~ ~ - 8 2 .
= En + Epn + Eopy + 577 (?) 7"[(2 + /32)1]2 - a3r2]

8 (M\? .1, 4 2,2 2 24 2m 4 m\?
—57 <—r_> 7‘[51’0 &+ GuT -+ G+ & — o (1 - 4n) (7) ]
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8 2

m\? m . m
—E" (7) f[wws + Yo' + vt — + Yav’ it + Ps0? (7>

oM . 4™ 5 (M2 m\?3
—H/16v27”27 + 1/)77”6 + ¢8T4? + 7,/)97“2 (‘T—) + Y10 (‘T—) ] )

J* = jN+jPN+j2PN+32.5+j3.5+j4.5
- - ~ 8 - m, m
= Jy +Jpny +Jopn + gT]LN?T (ﬂZT)

8 m

~ m.[1 m
_° el _ 4 2% 270
5nLN rr[84(307 548n + 84&;)v " + ps7 .

1 2
— 55 (271 - 214n — 426)) (-2—1) ]
8 - )
—ETILN'?—T'{XW(S + x2v4r'2 + X3v4? + x4v2r4

m\? oM .
+X5U2 <7> + X6U27'2-T— + )(77‘6

m

am . m 2 3
+xs™t = + xor? (—) + X10 (—) } : (5.13)
T T T

We now compute the 4.5PN termsin dE*/dt and dJ*/dt using the identities

1 dv?
5-% = v-a, (514&)
d(—xc-;—v) = xxa, (5.14b)

v2+r-a— 72

~3:
Il

) (5.14c)

-
where a is given by Egs.(5.2), (5.3), (5.4), (5.9), (5.10) and (5.12). To compute
E* and J* to O(e*5), one needs to evaluate (Ex,Jn), (Epn, Jipn) and (Espn,
Jopn) by using ato O(e*®), O(€39) and O(e2%), respectively. On the other hand,
for time derivatives of the 'ambiguity parts, (Ess, J45), (Ess, J35) and (Eas, Jo5),
the relevant accelerations are the 'conservative' accelerations to order Newtonian,

post-Newtonian and second post-Newtonian, respectively. Schematically, we get,

3 2
e T2 (120 - 1) + T (785 - 8520t

dt 15 '3 Lr 28
+2(—1487 + 13927)v%72 + 160(—17 + n)?vg

+3(687 — 6207)7* + 8(367 — 1517)?%2

2 15
+16(1 — 47) (?) J } +3 RE‘“’]J?,-[“]] , (5.15a)
i=1
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dJ* 8 - m[m(, o, .M .2) m{l 4
— _Spi M m_ Tl [(307 — 548
dt SHLNTQ[T (% +2 T 37) F r 184 [( m

+6 (=74 + 277n) v2? — 4(58 + 957,)5:—112

+3(95 — 360n)7* + 2(372 + 1977,)?;«2

m\? ST
+2(~745 + 2n) (7) ]} +3 skl ] (5.15b)

=1

where

@) @@ @] o

and R and S!**! consist of combinations of the parameters h; and k; from Aqs
and Bys, ¥i, x; combined with functions of n from E, s and Jus, &1, &2, &3, €4, &, Ps
combined with functions of n from 1PN corrections of 3.5PN terms and a3 and 3,
combined with functions o n from 2PN corrections of 2.5PN terms. We equate
dE*/dt and dJ*/dt thus obtained to the negative of the 2PN far-zone fluxes given
by Egs.(5.8). This results in 30 constraints on the 40 parameters h;, k;, ¥; and X;.
Two d these constraints being redundant, of the 30 constraints only 28 are linearly
independent. The system of 28 linear inhomogeneous equations for 40 variables is
therefore upder-determined to the extent of 12 arbitrary parameters, and we choose
these to be ¥, ... 19, X6, X8 and xo. With this choice, the coefficients in Eq.(5.12)

determining the 4.5PN reactive acceleration are given by

hy = —%8—(121 — 2278n + 40127%) — gag(l — 97+ 21n?%) — 2(52 —ps)(1 = 3n)
+3v2 — 3Xs (5.17a)

hy = %(329 — 1487n + 1244n°) + ga3(1 — 99+ 217°) + 2(52 — & — ps)(1 = 3n)
=592 + 394 + dX6 — OXs, (5.17b)

hs = ﬁ(?@'gfz — 87429 + 11218n°) + gagu — 970+ 25n°) + iﬂ2(3 — 3 — 197%)
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3
+361(1 = d) = (& — p)(7 +130) — J6s(1 — 3n)
=291 — 3thy + 3P + 3x6 — X9,

5 7
—(39 — 163y + 979%) + —64(1 —3n) — s + TP + Txs,

(5.17c¢)

(5.17d)

(56.17¢)

(5.17f)

(5.17g)

(5.17h)

(5.17i)

(5.17})

(5.17k)

(5.171)

T
hs = 252 525(37089 — 640057 + 112977%) + 9a3(2 + 137 + 27?)
+Zﬂ2(48 = 121 = 5477°) + £1(14 4 97) + 3(&2 — ps) (7 + 4m)
3
+3&3(1 — 4n) - —55(7 + 13n) — 21p3 — 3ehg + 319 + 3xo,
1
he = —35 4 —— (45475 — 2195357 + 431217°) — 703(14 — 4037 + 7%
5
—§ﬂ2n(7 — 13n) + 6n&, + 552(68 - 9n) - 564(7 +137)
1
+3¢5(1 — 3n) — '2'P5(62 + 199) — 44)5 — 51by — 616
+3Ys + 2x6 + 5xs + 69,
h7 = _9%[)7 ’
1 33
hg = 252(5002 365897 + 44967?%) — 52an(233 - 637) + - Ban(1 = 3n)
+3néz + —€4(82 + 23n) + 51ps — 24 — Tih7 — 81fg
1 1
hg = = 6(181371 — 3424797 + 425987?%) — 503(117 + 1097 + 6n°)
—Zﬁ2(28 + 2457 + 200%) + 201 + (262 + 564) (7 + 417) + Tnés
1
+—§5(60 + 21n) + 3nps — 29hs — 595 — Tihy,
1
Ry = 756(265265 + 2622307 + 150727°) — §a3(102 + 1770 + 169?)
+Zﬁ2(2oo + 3257 + 40n%) + £3(14 + 9n) + 3&5(7 + 4n) — 295 — 3¢,
3 S
k= g+ —n—110") + S6(1 - 3n) - ¥,
1
ko = ——(499 — 26567 — 1467?) — §a3(1 —3n—3n%) — 9,82(1 —n—117%)
168 2 8
3
—‘(351 —2&2 — ps)(1 — 3n) + 3¢ — 3xe,
1
ks=  ——(81 — 9127n — 144825?) — —ﬁ2(3 + 1219+ %) + 61(5 + 177)

504
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+§2-§3(1 ~3n) + 1 — ¢s, (5.17m)
ky = 8—54-(329 — 1487n + 1244n°) + ga3(1 — 31— 31%)

~ (262~ 26+ p5)(1 — 30) + 5% — 5 (5.17n)
ks = —%2(1107 8057 — 508n%) + iﬂz(IG + 2551 + 22n%) — £,(7 + 3n)

+—fa(5 +17n) + ¥3 — ¢s, | (5.170)
ke = 534(1797 + 54816n — 224637%) + gag(l + 30 + 57%)

1
_Zﬁ2(42 — 4857 + 173n?) — 551(56 — 497)

=3(&+ 28— &)(1 - 3n) + gP5(7 + 11n)

+4tp; - 493 + 3xs — 3x9 (5.17p)
k; = —%(39 — 1630 + 97n%) — 7&,(1 — 3n) + Txs, (5.17q)
ks = 5(1) 4(39808 92788n + 24563n%) + %ag(m ~ 1057 + 597?)

—§5277(69 +13n) — 3né; — (28 + 5&4 + 6&5)(1 — 3n)

—%P5(62 +31n) + 2x6 + 5xs + 6X9, (5.17r)
ko = 5% 2(8319 768370 + 118099°) + 3a3(3 — 13 — %)

1
_Zﬁ2(194 + 2157 + 247%) — (21 + 3p5) (7 + 3n) — 5‘53(44 - 9n)
—365(1 - 377) + 23 + oYs + 3X9 ) (5178)
1 2
555 (425413 + 1116367 — 691217) — 555(53 + 1037 + 4n?)
—53(7 + 377) + ’(ﬁs . (517t)

At the 4.5PN order, 4 parameters determining F, 5 and 34_5 are non-vanishing and

are given by
Yo = g5 (362 - 15487+ 4007°) |
1
Xs = w1+ m (2665 — 123557 + 128947%)
1
Xs = ¥s3+ Bgn - (524 — 44830 + 36757°) |
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1

-5 (775 — 39397 + 29427°) . (5.18)

7
X0 = Y5 -— 55277 +

A final minor remark iswith regard to the two possible ways one may implement the
requirement that the ambiguity in J* be a pseudovector. One may either choose it
proportional to Ly asin the treatment above or to the conserved angular momentum
J. At 2.5PN order both choices are identical. At the 3.5PN order, the two choices
lead to an identical system of linear equations barring a translation in the values of

ps and pg by an amount given by the coefficientsd vZ and m/r in Jipy:

a 1
p3—pP3 = p3+ 5(1 - 3n) B2,

pe—ps = pe+ (3+n)ph. (5.19)
Since p3 and pg are not among the arbitrary parameters determining the solution, the
solution determining the reactive terms and &g is unchanged. Only the expressions

for p3 and pg are changed to

1 1
s = &+ (307—548n) + - (1-3n) B,
1
fo = G- (271 2140)+(3+1) 5. (5.20)

At 4.5PN order, however, the situation isdifferent. Indeed, as before, the two choices
lead to an identical system of linear equations barring a translation in the values of

the five parameters xs, Xs, Xs, Xo and xio.

- 1 1
X3—X3 = Xs+§(l—9n+21n2)ﬂz—5(1—377)51

1 2
-7 (307 - 14697 + 1644n?) |
_ 1 1
Xs—Xs = X5+§(1+677—3712)ﬂ2—(3+77)§1 —5(1=3n)&
1 L,
-5 (325 — 1557 — 5957%)
. 1
X6—Xe = X6—§(1—377)P5,

N 1
Xo—Xo = X9—§(2+577)77/32— (3+1)ps,

_ 1
X10—X10 = X0 — 1 (22+65m) B2 — 3+ 1) &3
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1
— -2 — 14987n? .
+551 (5691 — 25970 — 1 98n?) (5.21)

Consequently, in terms of the above 'shifted' variables, the solutionsfor the reactive
accelerations are identical. As xs and x9 are among the independent parameters
that determine the reactive acceleration, in terms of ys and xg the two choices
yield equivalent but different looking solutions for the 4.5PN reactive terms in the
equations of motion.

Of the two choices, the second choice is more convenient for calculations by
hand since dJ/dt = 0 to O(e?), but has no special advantage when the calculation

Is done on a computer.

5.3 Redundant equations and related variant schemes

It was noticed in IW that both at the 2.5PN and at the 3.5PN order, the 'balance
procedure’ leads to two redundant constraint equations [34]. Here, at 4.5PN or-
der, we once again obtain two redundant constraint equations. In this section, we
examine critically the origin of these redundant equations.

In implementing the 'refined balance procedure’ for the general orbits, IW [34]
balance the 'energy flux' and 'angular momentum flux’ completely independently
of each other. However, for circular orbits, these fluxes are not independent but
related [140] via

()=

where J is defined by the equation

dJ .
@l - L
( dt >far —zone nJ

The general balance should reflect this limit and we find that for Newtonian RR
a linear combination of the 6 equations representing energy balance and another

linear combination of the 6 equations representing angular momentum balance are
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indeed identical and given by:
e;+e—4=0. (5.22)
Similarly at 3.5PN we have

1
g1+ g2+ 95 — (3= ) Ba + g7 (2027 - 252n) = 0, (5.23)

and finally at 4.5PN order the 'degenerate’ equation is

1
ki +ks+ks+ko+3B-—n(&+&)+ 2(90 + 131 + 61°) 5>

1
~153g (835771 + 297117 — 8100073 = 0. (5.24)

Thus we can trace the existence o one o the redundant equations in the IW pro-
cedure to the fact that for circular orbits the energy and angular momentum fluxes

are not independent but proportional to each other.

The mystery of the other redundant equation was not so easy to resolve but af-
ter a careful examination of the system o equations and 'experiments' in modifying
the system, we could finally track it back to its source. The observation that this
redundant equation relates the coefficients of the polynomial representing the am-
biguity in J led us to examine the functional form that |'W proposed as the starting
ansatz for the calculation. A comparison o the functional formsfor the ambiguity
in E and J Egs.(5.13) reveals that indeed IW assume a more general possibility for
J than required. The ambiguity in angular momentum leads to terms more general
than required by the far-zone flux formula and time derivative of the leading term
using the reactive acceleration. The absence of such termsin the far-zone flux then
yields only the trivial solution for these additional variables in J, and the second
redundant equation is just a homogeneous linear combination of these trivial solu-
tions. Thus the second redundant equation in the IW scheme is due to the fact that

the IW scheme - extended here to 4.5PN order - is not a ‘'minimal’ one.
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To verify this 'conjecture’ we experimented with alternatives for the functional
form that one assumes as the starting expression for the ambiguity in £ and J
- the 2.5PN, 3.5PN and 4.5PN order terms. In the first instance, we replace the
IW scheme - labelled for clarity of reference by IW21 - by the 'minimal’ variant
in Eq.(5.13) - labelled by IW22. The notation IW21 indicates e.g., that (m/r)?
is pulled out in E while only (m/r)" is pulled out in J. As explained above, the
minimal choice for J* is obtained by pulling out the factor (8/5)nL y (m/r)2* from
arbitrary terms in J*, rather than the factor (8/5)nLy(m/r)7 asin the IW scheme
for J*. This reduces by one the order of the polynomial in v2, #2, and m/r that
constitutes the arbitrariness, and consequently implies a reduction in the number of
variables that characterize the ambiguity in J to onefor J,5, threein J35 and six in
34.5. Thus in the IW22 scheme, at the 2.5PN level we have 6 variables in the reac-
tive acceleration, 3 variables determining the energy ambiguity £, 5 and 1 variable
determining the ambiguity in J5 i.e., 10 variables in all. The balance equations
lead to 9 equations - 6 from energy and 3 from angular momentum - of which 8
are linearly independent. In other words, there is only one redundant equation. The
linear system of 8 equations for 10 variables is then the same as before and leads
to the IW21 solution in terms of 2 arbitrary parameters. (The two extra variables
in IW21 areidentically zero.) Similarly, at the 3.5PN level we have 12 variables in
the reactive acceleration, 6 variables determining the energy ambiguity Ess and 3
variables determining the ambiguity in Jss, i.e., 21 variables in all. The balance
equations lead to 16 equations — 10 from energy and 6 from angular momentum
— of which 15 are linearly independent, leaving only one redundant equation. The
linear system of 15 equations for 21 variables is then the same as before and leads
to the IW21 solution in terms of 6 arbitrary parameters. (The three extra variables
in IW21 are identically zero.) Finally, at the 4.5PN level, we have 20 variables in

the reactive acceleration, 10 variables determining the energy ambiguity £,5 and 6
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variables determining the ambiguity in Jys, é.e., 36 variables in all. The balance
equations lead to 25 - 15 from energy and 10 from angular momentum - equations
of which 24 are linearly independent, again leaving only one redundant equation.
The linear system o 24 equations for 36 variables is the same as before and leads
to the solution obtained in the previous section in terms of 12 arbitrary parame-
ters. (Thefour extravariablesin the IW21 scheme are identically zero.) The IW22
(minimal) scheme thus confirms the conjecture that the occurrence of the second
redundant equation is special to the IW scheme (IW21) and is related to the choice
they make for the functional form of theJ ambiguity by pulling out only one factor
d nonlinearity m/r rather than itssquare — the minimal choice. To double check the
above explanation, we performed another experiment by examining a variant that
would generate an increased number of redundant or degenerate equations. This
scheme denoted by IW11 differsfrom IW21 in that the ambiguity in E* is assumed
to have (8/5)n(m/r)r as the common factor, i.e., by pulling out only one order of
nonlinearity m/r rather than its square as in IW21; the polynomial representing
the ambiguity in E is consequently of one order more than in IW21. In this case,
at 2.5PN order one has 6 + 6+ 3 = 15 variables and 10+ 6 = 16 equations of
which & are redundant. The 13 equations for 15 variables thus yield the required
solution in terms of 2 arbitrary parameters and similarly for higher orders. One
may also explore the most general of choicesin which only (8/5)n is pulled outside
and the ambiguity is the highest order polynomial consistent with the order of the
approximation. We studied one such scheme (IWOO) in the Newtonian RR case. For

convenience, the various experiments are summarized in Table 5.1.

To conclude: at 2.5PN, 3.5PN and 4.5PN ordersall variants of IW examined in
this subsection with different forms of the ambiguitiesin E and J - minimal (IW22)

or IWII - lead to identical reactive accelerationsincluding their gauge arbitrariness.

At this juncture one may wonder about the issues of the 'uniqueness and ‘am-
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Table 5.1: Comparison of four Alternative Schemes: IW21, IW22 (Minimal), | W1
and IWOO. N denotes the order of approximation, NV the number of variables,
NC the number of constraints coming from balance equations, ND the number of
degenerate equations, NI the number of independent equations and NA the number
of arbitrary parameters determining the solution. In the NV column, at*b+c
means a variables of reactive acceleration, b in energy ambiguity and c in angular
momentum ambiguity.

N NV NC ND NI NA
IW21: IW Scheme

25PN  6+3+3 12 2 10 2

35PN 1246+6 20 2 18 6

45PN 20+10+10 30 2 28 12

IW22: Minimal Scheme

25PN  6+3 +1 9 1 8 2

35PN 1246+3 16 1 15 6

4.5PN 20+10+6 25 1 24 12
I WII Scheme

25PN  6+6+3 16 3 13 2

35PN 1241046 225 3 2 6

45PN 20+15+10 36 3 33 12
IWOO Scheme

2.5PN  6+10+6 25 5 20 2

biguities’ of the schemes discussed earlier. In this regard, we would like to make
the following general remarks. For general orbits, in addition to the balance of en-
ergy one must take into account the balance of angular momentum. Thus, schemes
involving only energy balance are not relevant except in special cases like 'circular
orbits' and 'radial infall’ (see section 5.5). Can one have schemes where one imple-
ments both energy and angular momentum balance but does not take into account
the possible ambiguitiesin E and J? One can show that even at the 2.5PN level this
system of equations is inconsistent! Further, is the ambiguity necessary both in E
and J ? If one examines a scheme with both energy and angular momentum balance
taking account of the ambiguity only in E one does obtain a consistent solution upto
4.5PN order but with only half the number of arbitrary parameters as in the IW

scheme. The reduced 'gauge’ freedom is not adequate to treat as special cases the
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Burke-Thorne gauge at the 2.5PN leve or the Blanchet choice at the 3.5PN level.
And finally, in a scheme with both energy and angular momentum balance taking
account of the ambiguity only in J one obtains a consistent solution at 2.5PN order

containing no arbitrary parameters at all. No solution is possible at higher orders.

On general considerations, the reactive acceleration should be a power seriesin
the individual massesm; and m, or equivalently, it should be nonlinear in the total
mass m as assumed in earlier sections. It is interesting to investigate whether the
functional forms o the far-zone fluxes and the balance procedure necessarily lead
to such 'physical’ solutions alone or whether they are consistent with more general
possibilities. In section 5.6, for mathematical completeness [155] we investigate this
question in detail and prove that the flux formulas and balance equations do not
constrain the reactive acceleration to their 'physical’ forms alone but allow for a

more general form for the reactive acceleration.

5.4 Arbitrariness in reactive terms and gauge choice

It is well known that the formulas for the energy and angular momentum fluxes
in the far-zone are gauge invariant, i.e., independent of the changes in the coordi-
nate system that leave the spacetime asymptotically flat. On the other hand, the
expressions for the reactive force are 'gauge dependent’ and consequently e.g., the
Chandrasekhar form isdifferent from the Burke-Thorne or Damour-Deruelle forms.
In IW it was shown that the Burke-Thorne gauge corresponds to the values G, = 4
and a3 = 5, while the Damour-Deruelle choice corresponds to 5, = —1 and a3 = 0.
It can also be shown that the ADM choice corresponds to g, = 2 and a3 = 3 [156].
It wasfurther shown that the reactive acceleration implied by Blanchet's first princi-
ples determination of the 1PN radiation reaction indeed corresponds to a particular
choice of the arbitrary parameters in the IW solution. One of the satisfactory as-

pects of IW was the demonstration that the part of the reactive acceleration not



Chapter 5 182

determined by the balance requirement was precisely related to the possible ambigu-
ity in the choice of the gauge at that order. (Theflux isequal to the time variation
of the conserved quantities only upto total time derivatives; this ambiguity may be

absorbed in a 'change’ in the relative separation vector as discussed below.)

Following IW, we seek to establish the correspondence between the arbitrary
parameters contained in the radiation reaction terms and the residual gauge freedom
in the construction. The residual gauge freedom arises from the fact that the far-
zone fluxes Egs.(5.7), (5.8) are independent of changes in the coordinate system
that leave the spacetime asymptotically flat. These coordinate changes will induce
a change in x which is the difference between the centers of mass of the two bodies
x;(t) and x,(t) at coordinate time t. Following IW, we choose the transformation
to be of the form x — x’ = x + éx, where Sx can depend only on the two vectors X
and v,

0X = (125 + t3.5 + fa5)rX + (925+ B5+ ga5)rv. (5.25)

In order that dx/x be O(€%%), O(e33) and O(e*3), faos and gos must be O(e?),
fss and gss must be 0(c®) and fis5 and gs5 must be O(c*). As for the other
variables, the f's and g's will also be polynomials in the variables m/r, v? and 72.
As pointed out in [34], we do not independently take into account changes in the
coordinate time t since the v-dependent term in dx includes this contribution via
x(t T St) ~ x(t) T vit.

In [34] it was proved that to cancel the dependence on the two 2.5PN arbitrary

parameters and the six 3.5PN arbitrary parameters, Sx should be chosen such that

fos = 18—5n (%)2 oz, (5.26a)
g25 = %n (—?)2 (203 — 3062), (5.26b)
fas = gn (T—:—)z [va? + Py (%’f—) + P237'~2] , (5.26¢)
we = (D) ot son(D) cau]. o
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where Pp,’s and Qs are given by

183

1 2 1
Py = 3 [52 + 354 — pPs — 5013(1 - 377)] ) (5.27a)
1 3 3 1
Pn = —¢ [52 &= 58 —ps — 5l + gas(4 + 1177)} ; (5.27b)
1
Py = 554 5 (5.27¢)
2 8 1
Qn = [51 talt ot 5(3ﬁ2 — 2a3)(1 - 377)] ; (5.27d)
1 3 63
Qn = ~5 [651 + 5 — 383 + 5y — 555 + ps — ?5277 - 5013(4 - 55n)| ,
(5.27¢)
1712
Qaz = 3 [354 +ps —az(l - 377)] - (5.27f)
We provisionally choose the 4.5PN part of SX to be of the form
2 2
fis = ‘8‘77 (E) [1341114 + P42U2m + Pyv?i? + Py (m)
b} T T T
+Pis () + Pt (5.28a)
8 /m\2 . 2
g5 = 577 (7) [Q411)4 + Q42027—:‘ + Qa3 + Qua (?)
+Qas (?) 2 + Q46r'4] . (5.28b)

The change in the 2PN eguations of motion Egs.(5.3) produced by this change of

variable Eq.(5.25) can be determined using the known form of éx upto 3.5PN order

Egs.(5.26), (5.27), the provisional form chosen above for the 4.5PN terms Eq.(5.28)

and the transformations given below:

x—x = x4+ 6x,
vav = v-+—(5v—dx+d(Sx
- T dt o dt’
. [ n-6x]
r—=r = rll+ ,
-
x/ X 0x pn
= T T )
déx

2,12 2
- = 2v -

v v v +lv dt}’
.y 1[, déx
T = —[rF+0x - V+X—— —

r dt

(n-ox)r| .

(5.29)
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The gauge change generates reactive terms and the requirement that this change

should cancel the dependence of the radiation-reaction terms on arbitrary parame-

ters dictates that

P41=

P42=

Q41 =

Q42 =

Q43 =

Q44 =

— ag(1 = 90+ 217) — (56, + 26, — 3ps)(1 — 31)

24 30
+%z/)2 + %w + iggw - %Xs - %XS (5.30a)
— (3 + 1)+ 36m — L6+ (3~ 230)
+%§4(19 — 7Ty — %55(1 —3n) - %ps@ — 227)
—%1/’2 - 14—51/)4 + %7’[)6 - %1/)7 + ‘]:%7/)8 + %Xa + 14_5X8 - ng (5.30b)
—1—1064(1 —3n) + ‘;“1/)4 + 34—51/17 - %Xs (5.30c)

1 1 1
%043(13 + 120+ 167°) + 552(1 +12n—2n%) + Ta(fl - 2&)n

1 1 1

‘*‘%(52 +&)(9 + 31n) - 2—055(7 +13n) - %p5(9 + 28n)
2 2 1 2 1 1

+T51/J2 + BW - m@bs + T5-¢7 — Ews + giﬁg

2 2

1
~15X6 T T5X8 + 10%° (5.30d)

1, 1 1 1 1
13087 — 7P2n(1 = 3n) + g2 — B&(l +7n) — 3PsN

1 2 1 1
BT GV tgbst 58 (5.30e)
1
= (5.30)
1

5(205 = 38)(1 — 1 = 117) ~ = (1561 + 106, + 86)(1 — 3n)

2 8 16
+y + 51/)2 + B% + g’@b? (5.30g)

1 1 1
—5;(108 ~ 3317 + 1977%) + 2P2(48 — 1217+ 63n%) + 561(9 ~ 28n)

1 1 1
+7562(49 — 1420) = 2(665 + 36 — 205)(1 - 3n) + =£4(231 — 6331)

5 1 47 1 22 1 1 1
— 201 — 24y + s — oty + s — oty + 2t — = — — .
1 3¢2 + 21/)3 301/14 + 4¢6 15¢7 + 6¢8 §X6 ~ o8 (5.30h)
1 1
6043(1 —3n-37%) - 6(252 + 2&4 + ps)(1 — 3n)
2 16 1 2 .
+E¢4 + mi/)? + 3Xe + 15 X8 (5.30i)

1 1 1
%a3(32 + 730 + 254n°) — %52(51 + 1570 + 258n°) — 5651(10 - 3077)
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1 1 1 1
—£(19 - _ = — —£,(19 — 2797) — —
3052(19 2791) 3053(15 + 59n) 3054( n) 6055(9 + 91n)

1 4 6 1 6 1 7
+%P5(9 +28n) + §¢1 + glbz - 571)3 + 51/)4 + §¢5 - %"/}6
6 7 2 2 2 1 .
+5¢7 - —30% + —-1511)9 +EXe t EXs ~ pXe (5.305)
Qu = 1 (24 — 297 — 91 2)—§ﬁ 2+§§ +l§(2+ )+1 (6 — 13n)
5= 5703 n—91n g P+ e+ 15622 +n) + =6 n
1 3 1 1 1 1 7 1
——€5(1 = 30) — Zpsn — — s — —r + — s — X6 — —xs + ~Xo (5.
465( 377) 4/)577 101/)4 51/)7 + 121/13 6X6 30X8 + 4X9 (5 30k)
1 2 1
= —Z&(1-30)+ b+ X, 300
Qa6 554( 3n) + 35¢7 +2Xs (5.301)

The above computation shows that as at the 3.5PN order the (12 parameter) ar-
bitrariness in the 4.5PN radiation reaction formulas reflects the residual freedom
that is available to one in the choice of a 4.2PN accurate 'gauge’. Every particular
4.5PN accurate radiation reaction formula should correspond to a particular choice

d these 12 parameters.

5.5 Particular cases: quasi-circular orbits and head-on infall

In this section we specialise our solutions valid for general orbits to the particular
case of quasi-circular orbits and.radial infall and verify that they indeed reproduce
the simpler reactive solutions one would obtain if one formulated the problem &b
initio appropriate to these two special cases. We first consider the quasi-circular
limit that is of immediate relevance to sources for the ground based interferometric
gravitational wave detectors. In this particular case, the reactive acceleration may be
deduced using only the energy balance. Using the reactive acceleration we compute
the 4.5PN contribution to 7 and w. We also discuss the complementary case o the
radial infall of two compact objects of arbitrary mass ratio and determine the 4.5PN
contribution to the radial infall velocity for the two special cases: radial infall from

infinity and radial infall with finite initial separation.
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5.5.1 Quasi-circular inspiral

Using our general reactive solution we can compute the physically relevant quantities
7 and w for quasi-circular inspiral, where r and w are the orbital separation and
the orbital angular frequency in harmonic coordinates, respectively. As would be
expected, these results are independent of the arbitrary parameters that are present
in the reactive solution. We obtain the radiation reaction contribution to a upto
4.5PN for quasi-circular inspiral by setting 7 = 0+ O(¢2®) and using

v2:?[1—(3—n)?+(6+é%7’+n2) (?)Q] : (5.31)

in Egs.(5.4), (5.9), (5.12) and (5.17). We get

_ 32gmbv [1 (3431 S)m

aRR = T 336 1) 7
794369 26095 7 ,\ /m\>2
( 18144 2016 " 2" ) (7) ] ' (532)

It is worth noting that for quasi-circular inspiral the energy flux determines the
reactive acceleration without any gauge ambiguity. All the arbitrary termsin energy
are proportional to 7 and hence play no role in this instance. Inverting Eq.(5.31),
we get

? = [1 +(B3-nw?t %(48 - 89n + 4172)114] : (5.33)

Differentiating Eq.(5.33) w.r.t t and noting that the a that appears is the total

acceleration (conservativet reactive) we get, after some rearrangement

) e (T
A 336 4/ 1
303455 40981n 72\ /m\2
LRNEONE 34
+(18144+ 2016 | 2 (r)] (5:34)

Using Eq.(5.34) and the expression for angular velocity (w = v/r)

wzzg[l—(3—n)?+(6+%+n2) (?—)2] (5.35)
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We may express w as

w _ % (mw)%[l_(m )%(Z‘lﬁjLE )
2 5 w9336 " 1"
(34103 13661 59

18122 * 2016 " T 18" ) (mw)

(21N

] . (5.36)

The results Eqgs.(5.34) and (5.36) are in agreement with [18] as expected and
required, suggesting that the reactive terms obtained here could be used to evolve

orbits in the more general case aso [157] .

5.5.2 Head-on infall

Recently Simone, Poisson and Will [139] have obtained to 2PN accuracy the grav-
itational wave energy flux produced during head-on infall and starting from these
formulas one can deduce ab initio the reactive acceleration in this limit adapting |W
to the radial infall case. As required, these results match exactly with expressions
obtained by applying radial infall limits to the general orbit solutions and we sum-
marize the relevant formulas in this limit in what follows. Equations representing
the head-on infall can be obtained from the general orbit expressions by imposing
the restrictions, X = zn, v = zi, r = z and v = 7 = 2. For radia infall the

conserved energy Eq.(5.6) to 2PN order then becomes

22 3(1-3np)zt (B+2n)v2 +?
E(z) = u{-z——’)’-’r 3 + 2 +“2—
5(1-Tn+13n%) 28 3(7—8n— 16n2)yz*
+ +
16 8
2\ 232 3
(9+7n +4817 )¥*# (2+145n)’y } ’ (5.37)

where v = m/z. Unlike the quasi-circular inspiral, for head-on infall we can distin-
guish between two different cases. Following [139] we denote them by (A) and (B),
respectively, and list the expressions relevant for our computations. In case (A), the

radial infall proceeds from rest at infinite initial separation, E(z) = E(c0) =0, and
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inverting EqQ.(5.37) we get

z:-{zl_" [1—5 (1—g)+72 (13—8%7%5772)”1/2. (5.38)

In case (B),the radial infall proceeds from rest at finite initial separation z,, which
implies

E(z) = E(z) = —p {% - %O + ’;0 (1 + 1—2—?)} . (5.39)

We obtain asin case (A), an expression for z given by

¢ = —{2(7—y0)[1—57<1— )+70<1_92n)

81 173
+? (13——4-’14-5n2> - 70(5—T"+13 )

5 3 .
-2}

where vo = m/z,. We first compute the 4.5PN contribution to # for case (B),the
radial infall from finite initial separation. We use the radial infall restriction along
with Eq.(5.40) in Egs.(5.4), (5.9), (5.12) and (5.17) to obtain 4.5PN termsin Z as

;o= 8’77 (27 - 270 {;(—41 +21¢)7 + (8 — 4¢1)70
[( (18054 — 13231n) — —(438 331n)C1 + 18, + 943)
( L (5510 — 8849) + i(402 _ 6435)¢; — 266, — 6(3) o
( 1267 — (18 — 637)C, + 8C2) 73]
!

(30549820 — 542 15776427
( 1814430 9820 — 542333767 + 1577642717%)

32(27156 49816n + 150577%)(,

1
—5(766 — 527n)Ga — (546 — 4170)Gq +22G + 44Gs + 11(6) 3

(3024(6314916 — 207661907 + 866324977)

1
_16(17052 — 561987 + 238117%)(;

+(680 — 7591)¢2 + 4(546 855m)(3 — 34(s — 1045 — 866)7 Yo

1
+(—§—0—1—6(1521308 79382327 + 5800187n7)
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+§1§(12372 — 64104n + 466417%)(,

-%(682 — 1315n)¢; — %(54 — 189n)Cs +12¢, + 76g5)w§

+(%(348 — 20167 + 333972)(2 — ¢1) + (44 — 162n) s — 16<5) 73] } .
(5.41)

To obtain the 2PN reactive termsfor case (A), the radial infall from infinity, we use

in Egs.(5.4), (5.9), (5.12) and (5.17) the radial infall restriction and Eq.(5.38). The

expression thus obtained is the same as obtained by putting v, = 0 in Eq.(5.41).

The ¢ ’s in Eq.(5.41) are given by

G = az3—po,
G = & +&+8&,
(3 = &+6&s,

G = Y3+ + s,
Cs = 1+ + g+,
G = 5+ y. (5.42)

We have also computed the 2PN reactive termsfor cases (A) and (B) abinitio using

the IW method adapted to radia infall. In this case, only energy balance is needed

asJ = 0 for head-on infall. The result thus obtained isin agreement with Eq.(5.41).

Eq.(5.41) may be integrated straightforwardly to obtain the 4.5PN contribution to

22 in case

2':2

(B) and it yields

16(2y — 270)%77{ 1 , 4 8
—(41 — - —
3 5741 = 210)7" = 15270 — 57

(—(—18054 +13231n) + %(438 —3317)¢1 — 2 — g3) 7

L (1926 — 7507n) + — (660 — 2534n)C, + 242) Yoy?

252 168

1 1

— (=342 + 341 ——(240 — 280 ) 2
315( + n)+525( 0 n)1 )5y

1
—684 — (1440 — 1680 ) 3]
945( 8 +682n)+4725(14 0 ¢ )7
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[(1091065 _ 564931n + 52588097?
7128 2079 66528

352(27156 49816n + 150577%)¢,

+35 (766 = 520m)Gy + 22(546 — 4170)Gs = 264 — 4G5 — o )

(_ 21548237 + 2601948777 B 2750389n*
224532 49896 11088

1
+255 (26316 — 1396387 + 67231n°)(,

1 1
— 55 (416 — 62411)G, — — (546 — 20231)Cs + 264 + 8<5) oy?

(3823453 16814307 43996277*
149688 14553 22176

——(30828 — 1465927 + 2441270%)(,

2464
1 2.2
+2 82(53262 202741n)¢, + 7(24 - 28n)(s — 4g5) Sr%

(567739+608992n 2282277’ L (504 + 1080 — 1622
187110 T 72765 | 27720 35 00t + 10800 — 1622006,

1
1 _ el _ 3
— % 41( 056 — 12321°)(, + 385(96 1127;)(3)707

(567739 + 1217984n  228227n? 1
280665 218295 41580 1155

———— (6336 — 7392n)(,

(1008 + 21607 — 3244n°%)(;

22869

== (10560 - 123201;)@3)73] } . (5.43)

We obtain the 4.5PN contribution to 22 for case (A) by putting v, = 0 in Eq.(5.43).
Unlike in the case of quasi-circular inspiral the expressions in the head-on or radial
infall cases are dependent on the choice of arbitrary variables or the choice of

‘gauge’.

5.6 The general solution to the balance method
5.6.1 The 2.5PN reactive solution
It should be noted that all the discussion in section 5.3 follows only after one has

assumed a functional form for the reactive acceleration - in particular, the intuitive

requirement that it be nonlinear, i.e., contain an overall factor of m/r. It is pertinent
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to ask whether more general possibilities obtain, consistent with the far-zone fluxes,
if one relaxesthisrequirement. We have explored this question in detail at the 2.5PN
level and we summarize the results in what follows. In this instance the reactive

acceleration is assumed to be:

8 /m ]
a = —g?] (T‘_Q) [—(./42_5)7‘11 + (82.5)\7] y
Ags = vt + aj? = —+ ayv’i? + a) (T) + ag (—?) % + agrt,
Bys = biv* + by 27’ + by 22+bl(r) +b’( )r + b7 (5.44)

i.e., It is determined by 12 reactive coefficients instead of the earlier 6. Recall that
the nomenclature IW22, IW21 and IW11 refers to the functional forms chosen for
the ambiguity in energy and angular momentum and we introduce similar notation
EJ22, EJ21 and EJ11, respectively, in this section. where the acceleration has a
more general form as given by Eq.(5.44). With thisform of the reactive acceleration,

however, one gets e.g., in the EJ21 scheme at 2.5PN

E* = Ey + Eys
. 2
=En — §77 (ln‘) 7"(CY1’U2 + azm + a37‘2) , (5.45&)
5 r r
J =Ly+ jz.s
- 8 -~ .
=Ly + 2ny=r(Bo® + BT + Bor?). (5.45b)

The derivatives of E* and J* with the new form of the reactive acceleration are

given by
dE* 8 ) 2
= = —gn (b7)v® + (b, + ozl)mv4 + (—a} + b5)7%v* + (b, — 01 + o) (2:—) v?

3
+(—ay + bg)r*v* + (—a) + by ~ 3a; + 303) ( )r v® — ay (T)

’ m)? -2 / my .4 1.6
—(ay + 204 + 402 + 3a3) (7) 7 — (a5 + 5a3) <7> 7 — agF

(5.46a)
dJ* 8 -
= b (5) [0 80wt G+ 61— ) () o (0 + 26, - 360)%
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+(by + B2) (?)2 + (b5 + 281 + 362 + 303) (?) N (A 453)7=4] :

(5.46b)

Using Egs.(5.45) and (5.46) one can understand the counts of the various variables

summarized in Table 5.2.

Table5.2: Comparison o thefour Alternative Schemes: EJ21, EJ22, EJ11, and EXOO
at 2.5PN level. The notation is as in Table 5.1. In the NC column, a+ b indicates
that a constraints arise from energy balance and b from angular momentum balance.

Scheme NV NC ND NI NA
EJ2 12+3+1 1046 2 14
EJ21 124343 10+6 1 15
EJ11 12+6+3 10+6 1 15
EO 1241046 15410 3 22

OO WN

One can explain the new counts for the arbitrary parameters by comparing e.g.,
the EJ21 scheme with a general form for the reactive acceleration as in this section
with the IW21 scheme with the restricted form for reactive acceleration as in section
5.3. One has 6 extra variables and 4 extra equations. However one gains an extra
equation because one o the degeneracies is lifted. The resulting 5 equations for 6
variables lead to an extra arbitrary parameter resulting in a 3 parameter solution
in this instance. All the other entries in Table 5.2 can be similarly understood by

comparison of Tables 5.1 and 5.2.

The reactive solution resulting from the EJ22 scheme in this instance is exactly
the same as the IW21 reactive solution discussed earlier. From the EJ21 scheme one

obtains a solution with three arbitrary parameters given by

d; :3ﬁ31 al2 = 3(1+a3 _ﬂ3)a ag = '—41831
a’fl =23/3—3a3 +2ﬁ2aa'5 = —da3, a"G =07 (5473‘)
V=0, bhy=2+0, by3=30s, by=2-p,

bo=-31tF s tTP3), b=-40. (5.47D)
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This construction can be generalized to 3.5PN and 4.5PN orders in which cases the
number of arbitrary parameters are 8 and 15, respectively. The EJ11 and EXOO
schemes on the other hand lead to a solution with six arbitrary parameters at the
2.5PN level. However, not all these solutions are similar in regard to the possibility

of gauging away all the arbitrary parameters they contain.

5.6.2 The 2.5PN gauge arbitrariness

We have also investigated the question whether all the extra arbitrary parameters
appearing in schemes with the general form of reactive acceleration (SeeTable 5.2.)
can be gauged away? We find that at 2.5PN order, though this is possible with the
3 parameters of the EJ21 scheme, it is not true for the 6 arbitrary parameters in
the EJI| and EJOO schemes. For this reason the EJIl and EXOO schemes are not
satisfactory and we discuss them no further. We present here for the EJ21 scheme

details of the gauge calculation at 2.5PN order. We choose X to be

8n . m .
6x = Z(Z) (framx+ ghsTV) | (5.48)
where f} . and g are given by
' ¢ T ;o2 /22
fas = P01(7) + Popv® + Fosr™*,
! m .
o5 = Qo)+ Qugv” + Qo (5.49)

For the reactive acceleration given by Egs.(5.44) and (5.47) we obtain

Py = '31'(043—ﬁ3), (5.50a)
Py = %%, (5.50D)
Py = 0, (5.50¢)
Q= 305 =35+5), (5.500)
Qp = 0, (5.50€)

Qos = —%&- (5.50f)
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The EJ21 scheme leads to a more general solution to the balance equations, and
asin IW all the arbitrary parameters that appear in its solution can be associated
with a residual choice of gauge. It has been explored in detail upto 4.5PN and the
results are summarized below. We list the new general reactive solutions and the
corresponding gauge transformationsfor the arbitrary parameters they contain. For
brevity, the solutions are presented in the form : 'New solution' = 'Old solution' +

'Difference'.

5.6.3 The 3.5PN and 4.5PN reactive solutions

The reactive acceleration is assumed to have the following general form

8 .
a = -gng[—(A2.5 +Ass + Aus)in + (Bos + Bys + Bas)v],  (5.51)

with A, 5 and By 5 given in Egs.(5.44) and (5.47) and A3 5, Bss, d4.5 and Bys given
by
Aszs = f{”s‘f‘fé +fU7‘ +f’22 + favit
+fiv? (—) + A2 g (—)27* + 5 (7)3 + S, (5.52)
Bys = g+ gév + ghvtr? + gfiv?r2 + gyv?it
+ggv® (?) + g'7——7" + gg (7_71_)2 7 + gp (?)3 + 9107°, (5.52b)
Ass = hio® + Ry + bl +h4v 4 + hly (T)z
hgv‘ir2 . + hhv?r® 4+ hgv2r4 + hgv?r? (T) + Rlgv? (—?)3
+H), (T) + B,y (T) + Byt (T) + By T R ®, (5.52¢)
Bys = kv + ko + kv +kvr + kv (T)Z

1,42 1,256 0,24 4 9.0 (TN ;2 (T°
+k6vr — + kov'P +kvr—+k9vr ( ) + kv (—)
T T



Chapter 5 195

With this form of the acceleration we have at 3.5PN

dE* 8 >

— = - :”_2[(?)2@2@2—11%2) +ZR’£3'5]J&~[4]], (5.53a)
1=1

dJ* 8 - m

Mm(. 5 M . 2 By
= —oriy a2 (2 2 - 57) + PP (s
=1

where Y is given by Egs.(5.16),

2 3
YWi=1...10) = [vﬁ,v“—”-,v‘*r'?,v? (fn—) 22 2 (T) ,
a T T T

2
(25 2] o

and R'®% 53 consist of corresponding linear combinations of the parameters

involved. Repeating the procedure explained in the text, the 3.5PN reactive solution

obtained is:
fl = —g(l ~3n)Bs — 3p2, (5.55a)
o= fi- %(21 +397)0s + 3p2, (5.55b)
fi = 2(1—3n)Bs + 4p2 — 5p4, (5.55¢)
fi = fa+ %(56 +15n)85 + 2p2 + 5p4, (5.55d)
fs = 6py, (5.55€)
fe = fo+(21+12n)Bs, (5.55f)
fr = fs—4nBs, (5.55g)
fs = fa—3nps, (5.55h)
fs = f, (5.55i)
flo = 0, (5.55j)
an =0, (5.55k)
9 = 9, (5.551)
g5 = —g(l —3n)B2 — 3p2, (5.55m)

1
9y = 93— 5(21 +33n)8s + 3p2, (5.55n)
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95 = 2(1—-3n)Bs+4p2 — 5p4, (5.550)
9% = 92, (5.55p)
9r = gs+5 5 (56 +n)B3 + 2p2 + 5p4., (5.55q)
95 = ga+ (21 +9m)Bs, (5.55r)
9% = 9, (5.555)
g0 = 6ps, (5.55t)

where f;, g; are given by Eqs.(5.10). The solution corresponding to Egs.(5.11) re-

mains identical.

Similarly at 4.5PN we have

dE* 8 m[/m)\? 0 .2 1 4
i = 1l (7) ()« (7) {gg Lres —ssom

+2(—1487 + 1392n)v*#? + 160(—17 n)T— 2 1+ 3(687 — 620n)7*

.
+
2 21
+8(367 — 157;)?%2 +16(1 — 4n) (?) ] } + ZRQ[“'E'])JF"]] . (5.56a)

dJ* 8 - m[m(. , _m m (1
= = —gnLNﬁ[—r—(Qv +27—3r) {84 [(307 - 5487)0

+6 (=74 + 277n) v*7% — 4(58 + 957;)71; + 3(95 — 360n)*

m m 2 S 45 l4]
+2(372 + 1970) 2 + 2(~745 + 2) (7) ]}+Zs,- Ayl }

(5.56b)
where
3 2
y}51(2=1 21) = [v!%v m,U8T2,'l)6 (ﬂ) ,’UGTT2,’U6T4,’U4 (T) vt (T‘) 7,
T T T
v4T—r4 vir0 v? (m) ,v° (—?—)31‘2,1}2 (ﬂ)2r4,
T

r T
5 4 3 2
m. g 5.4 (M m\* ., /m\® ., /m\% ., m
w26 28 (__> , (__) 72, (_) 7 (_) 76 T8 TwJ
r r r T T T

(5.57)

and V" is given by Eq.(5.16). Here R'[*% s'[*3] consist of linear combinations of
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the parameters involved. The 4.5PN reactive solution reads as:

h

h

1 3
-3 -2mm+ 63n°)3s + =(1 — 3n)p2 — 3x2,

2

1
5 (1= 9 +217)85 — 2(1 = 3n)p,

5
+§(1 —3n)ps + 4x2 — 5X4 5

1 1
ha + 2(3 = 2070+ 757°) 65 + 5(21 + 39)p2 + 3,

—3(1 = 3n)pg + 6x4 — Tx7,

hs + (18 4 961 + 181°) 8 — (21 + 121)p,,

1 1
hy — Z(24 — 3971 + 959°)f5 — 5(70 —11n)p,

1

8X7 )

1
hs + g(—353 + 195n)nBs + np2

1
—5(84 + 25n) pa + 2x4 + Tx7,

(5.58a)

(5.58b)
(5.58¢)
(5.58d)

(5.58¢)

(5.58f)

(5.58g)

(5.58h)

1 .

1
hs — Z(306 + 4897 + 48n%)Fs,
th,
1 2
hg - 2(12 + 877’] - 24’)’] ),63 y
1
hs — 5(8 + 497 + 34n°) B3 + 2npa + 5nps

hr +6n[(1 — 3n)Bs + p4]

0,

0,
1 \ 3
—5(3 =270+ 637%)s + 5 (1 3)p2 — 3%z,

kl)

(5.58j)
(5.58K)
(5.581)
(5.58m)
(5.58n)
(5.580)

(5.58p)

(5.59a)
(5.59b)

(5.59¢)

1 )
5(1 — 90+ 219%)8; — 2(1 — 3n)p2 + 5(1 — 31)ps + 4x2 — 5x4,
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(5.59d)

K, = ks, (5.59)

K= ket 2(1 _ 81n + 1372)6; + -;-(21 +337)p2 + 3x2, (5.591)

kr = —3(1—3n)ps +6x4 — Tx7, (5.59g)
Ky = ka— (24— 4207 - )5 — 5(70 - 250)p,

+%(35 +557) 04 + 4x2 + 5X4., -~ (5.59h)

Ky = ke+ %1(84 + 5259 + 5412) 85 — (21 + 99)p2 (5.591)

0 = ks, (5.59))

n = ko, (5.59Kk)

o = ko — %(159 + 28870 + 121°) B3, (5.591)

1
s = kg— §(144 + 1791 + 4092) 35 — (14 + 61)p2 — (35 + 15n)ps, (5.59m)

1 1
ko = kr— 5(317 +105m)mf; — 5(84 + 3n)ps — 3np2 + 2x4 + Tx7, (5.59n)

kis = 8xr, (5.590)

where h;, k; are given by Egs.(5.17) o the text and Egs.(5.18) remain the same.

5.6.4 The 3.5PN and the 4.5PN gauge arbitrariness

Finally it can be shown that all the arbitrary parameters in the reactive solution
may be absorbed in a choice of 'gauge’ o the form

8 m

0x = o0 (fhs + fis + Fio)ix+ (Ghs+ Ghs +ho)rv,  (5.60)

where f5 5 and g 5 are given by Egs.(5.49), (5.50), while f35, fi5, 955 and gy 5 have

the form
fis = [Pt + Pu?™ + Blpu® + B + P (?)2 + Py,
935 = -Q’21”4 + Q’22U2% + Qhv* + Q,24?7;2 + Qs (1:’)2 + lesz} ;
fis = -Pilvs + P‘{;:—v‘l + Pputi? + Pyyo? (?)2 + P45v2?r'2
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!

945

) m. m\? . m\3 )
+Elei Pl Pl (T) 4 P () + Paoi]

m 2
6 4 4.9 2 m m.
[Q:uv + Q;? r v+ QflSIU e+ Q£14'U (—7‘ ) + Q25’U2 - T2

: m, m\? m\3 .
+Qev* + Qiu;r“ + Qs (7) %+ Qo (7) + ngr“] . (5.61)

At 3.5PN we have

1 1
P = _Z(l —31)0s — 2(2/’2 + p4)
1 1
Py = Py+ 5(3 —10m)B3s + 1_36(20'02 +17p4),
1
P, = —-Z
23 4P4 )

1
Py = Py+ 5(577[33'*';04),

1 1
Py = P22+_(2+2577)ﬂ3‘§(/02+,04),

12
P2’6 = 0)
Q,21 = 07
/ 1 1
Ry = Qa— 5(1 —3n)Bs — %(lOpg +7p4),
1 1
Qy = Z(l —3n)Bs + 1(2/)2 + ps),
1 1
Qa = Q- 6(3 — 8n)0s — E(lOprz +13p,),
1 1
5 = Qn- 5(2 + 25n)0s + 5(/’2 + p4),
1
lea = ZP4-

Similarly at 4.5PN we have

'
P41

/
P42

!
P43

’
P44

1 1 1
gl -9+ 21n%) B3 + 7(1—3m)p> + 2 (1= 30

1
_ﬁ(sz + 6x4 + 6x7),

1 1
Py—— ~ 2)B; — —(130 —
i = g5 (1155 — 48170 + 3677°) 3 — (130 — 3187);

1 1
——(53 =11 —

30( ™) ps + 105(105x2 + 844 + 68x7),
1

1
g(l —31)ps — ﬁ(6X4 +4x7),

1 1
Pi + 755(420 — 1917 + 967n%)Bs + 25(55 — 2287)p2

(5.62a)
(5.62b)
(5.62c)
(5.62d)
(5.62e)
(5.62f)
(5.62g)
(5.62h)
(5.62i)
(5.62j)
(5.62K)

(5.621)

(5.63a)

(5.63b)

(5.63c)
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, —
P =

, —
P46 -

/ —
Py =

’ —
P48 -

’ —
P49 -

’ —
P410 -

Q:u =

Qi;z =

Qgs =

Qfm =

Qits =

Qgs =
Qfﬂ =

Q:18 =

200

1 1
+EO(220 - 8347))/)4 - B(15X2 + 14X4 + 13X7) , (563(1)
1 4
Py3 — m’?(‘17 + 48n) 63 — =7P2
1 1
-—(8-1 — 2 .
508 = 17m)ps + 755 (21xa +32x7) (5.63¢)
1
“EX?, (5.63f)
27 1 1

Py — %72(1 ~3n)Bs — 171Ps + CTRE (5.63g)

1 ) 1
Py + W(mo + 4935n — 1360n%) 35 + %n(l.?pz — p4)
1

=15 (e + 2x7) (5.63h)
1 1

Py — 56(92 + 1217 + 3097%) 65 + 13(1 +52n)(p2 + pa)

2 .
+2(x2 +xa +x7), (5.631)
0, (5.63;)
0, (5.63k)
Qa1 + 1(105 6590 — 347n%) +1(1—3) +7(1 3n)

41 340 n )3 3 n)p2 20 ) P4

1 19
—%(10X2 + TXa) — Tos X7 (5.631)
1 1
Té(l — 9+ 219%)3; — g(l — 3n0)(2p2 + p4)

1

+2_4(12X2 + 6x4 +4x7) (5.63m)
1 9 1
Qa2 — %(420 — 16047 + 1434n%) 65 — @(80 — 3017) p2
1 1
—%(40 —131n)ps + Ig(leg +9x4 + 8x7) (5.63n)
1 ) 1
Qa3 + m(ws — 6397 + 1461%) s + 56(50 —991)p2
1 1
+@(94 —183n)ps — 5(14X2 + 14x4 + 12x7), (5.630)
1 1
—g(l —3n)ps + ‘22(6X4 +4x7), (5.63p)
1 3 1
Que + 58_017(121 — 363n)06s + To7P2 + %(5 — 87)p4
1 26
70X T 05X (5.63q)

1 1 1
. — — - —(30-11 - —(15 —
Qus 60(135 64n — 11n) B3 60(30 9) p2 30(15 79n)ps
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+%(5><2 4 6xa +Tx7), (5.63r)
Qo = Qu+ 5592+ 1217+ 3007 — (1 +521) 2 + )

—g(Xz + x4+ Xx7), (5.63s)
Qi = ém- (5.63t)

In the above, the P,, and Q,; are given by Egs.(5.27) and (5.30) of the text.

To conclude: thefar-zoneflux formulasand the balance equations by themselves
do not constrain the reactive acceleration to be a power series in m; and ms, or
equivalently nonlinear in the total mass m, as assumed in the initial sections o the
present chapter, following IW. They are also consistent with the more general form

of the reactive acceleration discussed in this section.

5.7 Concluding remarks

Starting from the 2PN accurate energy and angular momentum fluxes for structure-
less non-spinning compact binaries d arbitrary mass ratio moving in quasi-general
orbits we deduce the 4.5PN reactive terms in the equation of motion by an appli-
cation of the IW method. The 4.5PN reactive terms are determined in terms of
twelve arbitrary parameters which are associated with the possible residual choice
of 'gauge’ at this order. These general results could prove useful to studies of the
evolution o the orbits. The limiting and complementary cases of circular orbits and

head-on infall have also been examined.

We have systematically and critically explored different facets of the W choice
like the functional form of the reactive acceleration and provided a better under-
standing o the origin of redundant equations by studying variants obtained by mod-
ifying the functional forms of the ambiguitiesin E* and J*. The main conclusions

we arrive at by this analysis are

e In terms of the number of arbitrary parameters and the corresponding gauge
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transformations, the |W scheme exhibits remarkable stability for a variety of
choices for the form of the ambiguity in energy and angular momentum. The
different choices merely produce different numbers of degenerate equations.
This indicates the essential validity and soundness of the scheme. These so-
lutions are general enough to treat as special cases any particular solutions

obtained from first principles in the future.

e Relaxing the requirement of nonlinearity in m or more precisely the power
series behaviour in m; and my permits mathematically more general solutions
for the reactive accelerations involving more arbitrary parameters. Solutions
more general than the ones discussed in the Section 5.6, e.g., a solution in-
volving 6 parameters at the Newtonian level, cannot be gauged away either
by gauge transformations of the form discussed by IW or by more genera
gauge transformations that differ in their powers of nonlinearity (m/r depen-
dence). However, none of these solutions are of 'physical’ interest to describe

the gravitational radiation reaction of two-body systems.



