
CHAPTER 5 

EFFECT OF AN ENCOUNTER ON A GFD 

5 . 1  Review o f  t h e  impulse approximat ion 

When two ga lax ies  encounter each o the r  a t  h i gh  

r e l a t i v e  speeds t he  e f f e c t  o f  t he  encounter on t h e  gross 

fea tu res  o f  each galaxy such as energy and angular momentum 

can be est imated a n a l y t i c a l l y .  The nature  of t he  

approximation i s  as f o l l o w s .  I f  the  r e l a t i v e  speed between 

t he  ga lax ies  i s  l a r g e  enough, the  e f f e c t i v e  du ra t i on  o f  t he  

encounter i s  s h o r t  when compared t o  t y p i c a l  o r b i t a l  ( o r  

dynamical) t imes f o r  s t a r s  w i t h i n  each galaxy. Then, i t  i s  

reasonable t o  suppose t h a t  dur ing t he  encounter s t a r s  

( r e l a t i v e  t o  the  cent res  o f  t h e i r  galaxy ) have n o t  moved 

apprec iably .  Having f rozen  the  s t a r s ,  i t  i s  s t r a i g h t f o r w a r d  

t o  ca l cu l a t e  the  " impulse" (change i n  v e l o c i t y )  g iven t o  each 

s t a r  as a r e s u l t  o f  t he  encounter. Dur ing the  encounter,  t he  

centres o f  the  ga lax ies  are  assumed t o  move i n  Kep le r ian  

hyperbolae. We s h a l l  a l s o  show t h a t  w i t h i n  the  impulse 

approximation theory ,  s t r a i g h t  l i n e  t r a j e c t o r i e s  a re  a good 

approximation. 

Le t  the  ga lax ies  have masses w ,  and w,and median r a d i i  

and TL . Then, t h e  o r b i t a l  t imescales w i t h i n  t he  

ga lax ies  are.  



Suppose now t h a t  t h e  ga lax ies  undergo an encounter and a t  t he  

i n s t a n t  o f  c l oses t  approach l e t  b be t he  separa t ion  between 

t h e i r  centres and V ,  t he  r e l a t i v e  speed. The e f f e c t i v e  

du ra t ion  o f  the  encounter i s  

We t r e a t  the  encounter as impuls ive when 

While us ing t he  impulse approximation, we assume t h a t  the  

dens i t y  d i s t r i b u t i o n  i n  each galaxy remains una l te red  du r ing  

t he  encounter. Hence we may t r e a t  the  ga lax ies  as r i g i d  

bodies w i t h  t h e i r  cent res  moving i n  Kep ler ian  hyperbolae. A 

simple argument shows t h a t  the  hyperbo l ic  t r a j e c t o r y  o f  t he  

reduced mass can be approximated by a  s t r a i g h t  l i n e  

t r a j e c t o r y .  I f  i s  the  d e f l e c t i o n  angle o f  t he  reduced 

mass then 

where p i s  t h e  impact parameter and Vm i s  t h e  r e l a t i v e  

speed a t  i n f i n i t y .  Since b <  p and 

2 ?. V, = V - 2 6 ( ~ , + g , w e  have 

b I 
( 0 )  b" P - 2 ' 5 . 5 '  

C(Y+M~)  



From ( 5 . 1 )  G ( Y I + M % )  

L e t  us suppose t h a t  b > m ( ) Then w i t h  f& blV 

we have 

From (5.31, s ince  tehL << 6 ,+z) 

Thereforeh(~/~)- implying t h a t  t he  r e l a t i v e  separa t i on  

vec to r  i s  h a r d l y  d e f l e c t e d  from a  s t r a i g h t  l i n e  path.  A l so  

t h e  impact parameter ( p )  i s  very nea r l y  equal t o  b . 
L e t  t he  cent res  o f  M ,  and Ml move i n  t h e  ( x -y )  p lane and 

l e t  t h e  p o s i t i o n  vec to r  o f  the  cent re  o f  Mz ( t h e  p e r t u r b i n g  

galaxy)  w i t h  respec t  t o  t h e  centre o f  M I  ( t h e  pe r tu rbed  

galaxy)  be g iven by 

I 

L e t  AV' be t h e  change i n  v e l o c i t y  o f  t h e  j t h  s t a r  be long ing  - 
t o  t h e  galaxy w i t h  mass MI due t o  t h e  impulse g iven t o  i t  by 

/ 
M . The t o t a l  momentum t r a n s f e r r e d  t o  MI i s  m AV+ 
Z 2- 3- 



where %I i s  the mass o f  the j t h  s t a r  ( Z'W =M,). Therefore 
8 * + 

the change i n  t he  v e l o c i t y  o f  the cen t re  o f  mass o f  M I  i s  

The change i n  ve loc i ty .  o f  the j t h  s t a r  w i t h  respect t o  the . 

centre o f  mass of M i  i s  

We can w r i t e  down an e x p l i c i t  expression f o r  L V  i n  terms o f  a -  
the approximate o r b i t  ( 5 . 6 )  o f  MZ. I f  - F ( 1 , t ) i s  t he  fo rce  

per u n i t  mass ( a t  p o s i t i o n  7- w i t h  respect t o  the  cen t re  o f  - 
Mi ) due t o  M, a t  t ime t, then 

and 

' Lrna4(rkjt) dt (5.9b) - - - 
Mi k 

- 60 I 
Having ca lcu la ted  v 3  , we est imate the change i n  the - 
inte rna l  energy and angular momentum o f  M I  . Since the 

po ten t i a l  energy of M I  does not  change dur ing the  encounter, 

the  change i n  the  i n t e r n a l  energy equals the i n t e r n a l  k i n e t i c  

energy imparted t o  M I  which i s  



where Vk i s  t h e  v e l o c i t y  o f  the k t h  s t a r  be fore  t he  

encounter. 

We note t h a t  the  f i r s t  term (which i s  1 i nea r  i n  AVk ) - 
vanishes when the re  i s  no streaming mot ion w i t h i n  t he  

unperturbed galaxy. Also, i t can be shown t h a t  s ince  F i s  - 
der i vab le  from a p o t e n t i a l  i e .  = - ,  1 mk ( Y ~ - A V ~ )  - - 
vanishes, by symmetry, f o r  an axisymmetric galaxy. Therefore 

the  galaxy & i n t e r n a l  energy 

Also the  change i n  angular  momentum i s  

When the  galaxy gains A E  (5.1 1 ) as pure i n t e r n a l  k i n e t i c  

energy, i t  i s  d i s t u rbed  f rom i t s  e q u i l i b r i u m  s t a t e .  The 

process o f  readjustment t o  a new e q u i l i b r i u m  invo lves  

cons ider ing  how much mass and energy are l o s t  f rom t he  system 

(see eg. Agu i la r  & White, 1985 and references t h e r e i n  f o r  a 

d iscuss ion  o f  these i ssues ) .  



5 . 2  The t i d a l  approximat ion 

L e t  R be the  p o s i t i o n  vec tor  ( a t  some - 
i n s t a n t  o f  t ime  t )  o f  the  cent re  of M, w i t h  respect  t o  t h e  

cent re  o f  M I  . We can expand t h e  f o r ce  per u n i t  mass a t  

posi  t l o n  ( f rom the  cent re  o f  MI ) due t o  Ms i n  a  Tay lor  

se r ies .  

The f i r s t  term gives the  acce lera t ion  o f  the  cent re  o f  mass 

r 
of MI wh i le  t h e  second term ( t o  f i r s t  order  i n  ) i s  t h e  

t i d a l  f o r ce  a c t i n g  on b'J, . I n  the ( f i r s t  order  ) t i d a l  

approximation on ly  these terms are re ta ined.  It i s  c l e a r  t h a t  

the  t i d a l  approximat ion i s  q u i t e  independent o f  t he  impulse 

approximation. But when they are combined one ob ta ins  a  

simple and use fu l  expression f o r  the  impulse ( A V ( 1 ) ) .  - 
5.3 The impulse + t i d a l  approximation 

Le t  us suppose t h a t  M t i s  a  p o i n t  mass whose p o s i t i o n  

vector  ( - R )  w i t h  respect  t o  the  centre o f  M I  moves according 

t o  ( 5 . 6 ) :  

Then 

I n  the  f i r s t  o rder  t i d a l  approximation (5.13) 



Using ( 5 . 1 5 )  and ( 5 . 6 )  i n  ( 5 . 9 )  we g e t  

I f  P(r) i s  t h e  d e n s i t y  d i s t r i b u t i o n  o f  ( t h e  unperturbed)  

M , ,  using t h e  expression f o r  A V ( r ) f r o m  ( 5 . 1 6 )  i n  t h e  - 
expressions ( 5 . 1 1  and 5 . 1 2 )  f o r  A E  and d L  , we g e t  - 

For a  s p h e r i c a l l y  symmetric system 

D e f i n i n g  t h e  mean square r a d i u s  o f  M ,  as 



we w r i t e  

Therefore t he  most e f f e c t i v e  encounters are  those which a re  

slow and c lose  - p rec i se l y  the  cases f o r  which t h e  impulse 

p l u s  t i d a l  approximat ion can be expected t o  f a i l .  Even i f  

t he  encounter i s  f a s t  and d i s t a n t ,  A E  can be l a r g e  i f  M p i s  

l a rge .  We note  t h a t  the  on ly  p rope r t i e s  o f  t he  per tu rbed 

galaxy t h a t  en te r  (5.197 are  i t s  t o t a l  mass and mean square 

radius.  I n  p a r t i c u l a r  t he  impulse + t i d a l  approx imat ion 

p r e d i c t s  t h a t  the  v e l o c i t y  space d i s t r i b u t i o n  o f  t h e  

per turbed galaxy does no t  determine t he  energy t r a n s f e r  i n  

most cases o f  i n t e r e s t  - the  except ions being those f o r  which 

the  1 inear  term i n  A + i n  (5.10) makes a nonzero - -  
c o n t r i b u t i o n .  For most galaxy models 9, $2, t x  are  zero. 

Therefore bL i n  (5.17b) i s  expected t o  be zero. 
C_ 

5.4 The t i d a l l y  fo rced  GFD 

I t  i s  q u i t e  easy t o  r e l ax  the  assumptions o f  a  p o i n t  

mass pe r tu rbe r  and o f  a  d i s t a n t  encounter ( i e .  t h e  f i r s t  

order  t i d a l  approx imat ion) .  Resul ts  f o r  these more general  

cases are  reviewed by A l l a d i n  and Narasimhan (1982).  

However, i t  i s  much more d i f f i c u l t  t o  go beyond t h e  impulse 

approximation. An except ion i s  t he  work by Palmer and 

Papaloizou (1982). They s tud ied  the  e f f e c t  o f  a  s low 

encounter on a r o t a t i n g  d i s c  i n  an approximat ion t h a t  went 

beyond the  impulse approximation, bu t  one which neg lec ted  t h e  



changes i n  the s e l f  g r a v i t y  o f  the  d isc  dur ing t he  encounter. 

We present an a n a l y t i c  model o f  the e f f e c t  o f  an 

encounter on a galaxy which has the  f o l l ow ing  fea tu res .  

( i )  The perturbed galaxy i s  a GFD. 

( i i )  The per turber  moves i n  the plane o f  the GFD. 

( i i i )  The t i d a l  forces on the GFD are t runcated a t  f i r s t  

order as i n  ( 5 . 1 3 ) .  

The re tu rn  f o r  con f i n i ng  oneself t o  these specia l  

circumstances i s  t h a t  one obtains a se t  o f  ord inary  

d i f f e r e n t i a l  equations f o r  the (10) parameters o f  t he  GFD. 

The numerical work invo lved i n  i n teg ra t i ng  t h i s  model i s  

t r i v i a l  compared t o  t h a t  needed i n  a f u l l  N-body code. This 

model goes beyond the study by Palmer and Papaloizou (1982) 

i n  t h a t  the f u l l y  s e l f  cons is tent  response o f  the GFD i s  

reta ined,  although i t  i s  r e s t r i c t e d  t o  harmonic fo rces .  

Below we summarize the  const ruc t ion o f  GFDs which was 

discussed i n  d e t a i l  i n  chapter 4 .  Then we show how t o  

include the e f f e c t  o f  the t i d a l  f i e l d  o f  a per turber  (on the 

GFD) moving i n  the plane o f  the GFD. 

5.4a Summary o f  the cons t ruc t ion  o f  GFDs 

( i )  GFDs are described by phase space d i s t r i b u t i o n  func t ions  

which have the form 

where 1 = Z ~ Q ~  i s  a p o s i t i v e  d e f i n i t e  quadrat ic  form 

[ & i s  a p o s i t i v e  d e f i n i t e  4 x 



r e a l  symmetric ma t r i x ] .  

( i i  1 I n t e g r a t i n g  f over  V, and x, the  sur face dens i t y  
C F D  

where 4(t) i s  a  p o s i t i v e  d e f i n i t e  quadra t ic  form i n  X. and 

( i i i )  The i n t e r i o r  g r a v i t a t i o n a l  f o r ce  due t o  i s  l i n e a r  

i n  X and . The r e s u l t i n g  1 i n e a r i t y  o f  t he  equat ions o f  

motion ( 2 = K t )  f o r  a  s t a r  belonging t o  t he  GDF a1 lowed 

us t o  cons t ruc t  the  i n t e g r a l  o f  motion . 
( i v )  L = an i n t e g r a l  o f  mot ion imp l ies  t h a t  & obeys 

( v )  This  equat ion f o r  Q i s  more conven ien t ly  w r i t t e n  i n  

terms o f  P = Q-' s ince  t h e  elements o f  P are  averages o f  - - -  
phase space coord ina tes  1 i ke x % ,  Z$, x V, e t c .  

( v i )  y i s  determined s e l f  cons i s t en t l y  f rom P i t s e l f :  

where i s  t he  2 x  2 ma t r i x  conta in ing  t h e  @*s t reng ths "  o f  

t h e  f o r ce  o f  s e l f  g r a v i t y  as g iven i n  ( 4 . 2 7 )  and ( 4 . 3 5 ) .  



5.4b I n c l ud i ng  t h e  t i d a l  f i e l d  o f  a per tu rbe r  

We r e c a l l  ( 4 . 2 4 )  t h a t  the  i n t e r n a l  g r a v i t a t i o n a l  

p o t e n t i a l  o f  a  GFD can be w r i t t e n  as 

where o( , 6 and d a re  t ime dependent. 

From ( 4 . 2 7 )  and ( 4 . 3 5 )  I.( B \ 

A (pe r tu rb ing )  galaxy moving i n  the  plane o f  t he  GFD exe r t s  

t i d a l  f o rces  on it. When t h e  v a r i a t i o n  o f  t h i s  t i d a l  f o r ce  

over the  s i z e  o f  t he  GFD can be we l l  approximated by the  

f i r s t  order  t i d a l  approximat ion ( 5 . 1 3 )  we note  t h a t  the  

add i t i on  o f  these t i d a l  f o rces  t o  the  s e l f  g r a v i t y  o f  t he  GFD 

preserves t he  1  i near i  t y  o f  the  equat ions o f  mot ion 

( 2 = Kz). A l l  we need t o  do i s  t o  add the  " s t r eng ths "  o f  

t he  t ime dependent t i d a l  f o r c e  t o  O( , and $ . The 

pertu.rber cou ld  be t h e  extended ha lo  o f  another galaxy which 

i s  assumed t o  have a  r i g i d  dens i t y  d i s t r i b u t i o n  o r  i t  cou ld  

be another GFD whose s t r u c t u r e  i t s e l f  cou ld  be t ime  va r y i ng  

and coupled t o  t he  o r i g i n a l  GFD. O r  again, f o r  s i m p l i c i t y ,  



t he  per turber  could be a  p o i n t  mass moving i n  the  p,lane o f  

t h e  GFD. I n  any case, the  motion o f  the  pe r tu rbe r  i s  

determined by 

of the) [ acce le ra t ion  o f  the)  
o f  the  - centre o f  mass o f  t he  (5.20) 

GFD by the  pe r tu rbe r  

where K i s  the  separa t ion  between t he  cent res  o f  t h e  - 
perturber  and the  GFD. We note t h a t  (5.20) conta ins  the  back 

reac t ion  o f  the  GFD on t he  o r b i t a l  mot ion and a l lows f o r  

energy and angular momentum t r a n s f e r  from the  o r b i t a l  

motions o f  the  GFD and the  per turber  t o  the  i n t e r n a l  motions 

o f  s t a r s  w i t h i n  the  GFD. 

I n  p a r t i c u l a r  f o r  a  p o i n t  mass pe r tu rbe r  the  a d d i t i o n  

o f  i t s  t i d a l  f i e l d  changes 

The f o r ce  exer ted by the  GFD on the p o i n t  mass depends on 

t h e  instantaneous shape,size and o r i e n t a t i o n  o f  t he  GFD. To 



f i r s t  order  i n  ( 4 F ~ s ' * E ) t h i s  f o r ce  depends o n l y  on t h e  

p o s i t i o n  o f  t h e  cen t re  of mass of the  GFD. So we w r i t e  

which i s  c o r r e c t  t o  f i r s t  order  i n  PFD J*') 
5 . 5  Pre l im ina ry  numerical s tud ies  

We study t he  response o f  a  GFD t o  a  p o i n t  mass moving 

i n  i t s  plane by numer ica l l y  i n t e g r a t i n g  (4.22) :  

 now i s  g iven by 

where ' , which inc ludes both the s e l f  g r a v i t y  o f  t he  GFD 

and the  t i d a l  f o r c e  o f  the  p o i n t  mass i s  g iven i n  (5 .21) .  

The motion o f  t he  p o i n t  mass i s  governed by (5 .22) .  

Although we could have the per tuber  moving along 

e l l i p t i c  o r  c i r c u l a r  t r a j e c t o r i e s  around the  GFD, i n  t h i s  

p re l im ina ry  study we s h a l l  on ly  consider cases when 

descr ibes hyperbolae. A t  t ime = 0 we keep the  p o i n t  mass f a r  

away (R(o) )50  x GFD s i z e )  from the GFD and choose t h e  GFD 

i t s e l f  t o  be a  Kalnajs"  d i s c .  Le t  us r e c a l l  t h e  form o f  t h e  

phase space d i s t r i b u t i o n  f u n c t i o n  o f  the  Ka lna js  d i s c  f rom 

sec t i on  (4.1):  



Using 

in (5.24) we can immediately write down the matrix Q as 
K 

I 

K 

I 
We can easily invert 

QK 
to get = Qi : 



Let  the p o i n t  mass per turber  pass by w i t h  a  d is tance of 

c loses t  approach = b ( baa) where i t s  speed i s  V . Before 

we describe our r e s u l t s  i n  the next sect ion l e t  us see what 

the impulse + t i d a l  approximation p red i c t s  f o r  the  changes i n  

energy and angular momentum o f  the d isc .  From (5.16), the  

impulse t rans fe r red  i s  

( t he  Z component i s  ignored because the d isc  always remains 

conf ined t o  the x-y p lane).  

From (5.17a1, the energy gain o f  the d isc  i s  

We know from (4.28) and ( 5 . 2 8 )  t h a t  

The r e f  ore 

- 
From (5.28) we see t h a t  x% i s  zero f o r  the Kalnajs d isc .  

Using t h i s  f a c t  i n  the expression f o r  angular momentum 

t rans fe r ,  (5.17b), we have 

The t o t a l  energy o f  the undisturbed Kalnajs '  d i s c  i s  



Def in ing  

( i  ) dynamical t ime f o r  the  unperturbed d i sc  z f I += R, 

( i  i )  encounter t ime = te, = VV 

We can w r i t e  t he  f r a c t i o n a l  energy t r ans fe r  as 

These are  t he  r e s u l t s  i n  the impulse approximat ion, 

which can be compared t o  t he  exact c a l c u l a t i o n  f o r  t h i s  model 

descr ibed below. 

A t  t = 0 the  system was chosen t o  be a  Ka lna js '  

d i s c  o f - u n i t  mass and rad ius .  The g r a v i t a t i o n a l  constant ,  G, 

377- 
was se t  equal t o  u n i t y  i n  a l l  cases. Then fi: = - 4- and the  

on ly  f r e e  d i s c  parameter i s  fi , the  angular  r o t a t i o n  

v e l o c i t y .  The k i n e t i c  and p o t e n t i a l  energies o f  t he  d i s c  do 

n o t  depend on fi : 

3TT 
K i n e t i c  energy = -/- = - 

2 0  

m 37-r 
Po ten t i a l  energy = W = -2-7- - - 

l o  

whi l e  t he  angular momentum ( L ) i s  p ropo r t i ona l  t o  : 



The pe r tu rbe r  was chosen t o  be a p o i n t  mass w i t h  mass 

M, =. 2000.  It was s e t  on a  (Kep ler ian)  h y p e r b o l i c  t r a j e c t o r y  

w i t h  a  d is tance of c l o s e s t  approach, b =  26 . Since t h e  

pe r tu rbe r  i s  on a h y p e r b o l i c  t r a j e c t o r y ,  t h e r e  i s  a  c e r t a i n  

maximum angle, $Q which i t s  asymptot ic v e l o c i t y  a t  t = o ~  
3nw9 

makes w i t h  t h e  l i n e  j o i n i n g  the  cen t re  o f  t h e  d i s c  and t h e  

p o i n t  o f  c l o s e s t  approach: 

A t  t = 0,  t h e  p e r t u r b e r  was chosen t o  be a t  ( -  0 ' 9  (P ) .  
%ax 

The speed a t  c l o s e s t  approach was v a r i e d  f rom i t s  minimum 

a1 lowed va lue ( v , , , , ~ = (  l ~ ' ~ i + " ~ )  )"; 14 ,4561) - f o r  

pa rabo l i c  o r b i t s  - t o  q u i t e  l a rge  values. The response o f  

t h e  d i s c  was monitored by s o l v i n g  (5.23) numer i ca l l y  f o r  a  

p e r i o d  o f  t ime i n  which t h e  pe r tu rbe r  moved f rom ( p = : - o 1 9 Y  
mn\qx 

t o  y~ = 0 . 9  C/7 . The program t h a t  so lves (5.23) numer i ca l l y  i s  
h 4 X  

descr ibed i n  Appendix D where, now, t h e  t i d a l  f i e l d  o f  t h e  

pe r tu rbe r  i s  a l s o  inc luded.  

We have performed exper iments f o r  t he  cases fi = + I  ,0 and 

- 1 .  While the  behaviour o f  t h e  d i s c  i t s e l f  i s  an i n t e r e s t i n g  

problem t h a t  remains t o  be understood, here, we d iscuss  o n l y  

t h e  energy and angular  momentum changes. Using (5.33)  and 

(5.31) we note t h a t  t h e  ( impulse p l u s  t i d a l )  approx imat ion 

p r e d i c t s  



where 7 = t d ~  - -- v 
t,, b R 0  

i s  a  dimensionless measure o f  V . 
5.5a Energy t r a n s f e r  

F igures 5.1,5.2 and 5.3 show the  f r a c t i o n a l  energy t r a n s f e r  

as a  f u n c t i o n o f  2 f o r n  = 1 0 , - 1  r espec t i ve l y .  The 

o rd i na te  i s  

Then Ymp = 2.25158 f o r  a l l  th ree  f i gu res .  We d iscuss  our 

r e s u l t s  b r i e f l y  below. '2. takes values s t a r t i n g  from i t s  

minimum a1 lowed value o f  = Vn15 = 0.4608 t o  values as 
mrn - 

large  as = 25. b R O  

The c a s e n  = 1 ( f i g . 5 . 1 )  corresponds t o  a  d i s c  

r o t a t i n g  i n  the  same sense as th'e angular v e l o c i t y  o f  t he  

p e r t u r b e r ' s  o r b i t .  For low encounter speeds, corresponding t o  

small  values o f  T , the  response o f  the  d i s c  i s  very 

s e n s i t i v e  t o  7 . I n  the  range 0.4608 5 Z < 0.75, t he  

energy t r a n s f e r  i s  almost unpredic table,  o s c i l l a t i n g  w i l d l y  

from sub- impulsive ( y <  y 1 t o  more than 20 yhF. 
"nb 

We have 

d isp layed a  few data p o i n t s  i n  t h i s  region. The l i n e  j o i n i n g  

them i s  on l y  schematic because the  r ea l  osc i  1  l a t i o n s  o f  Y 
are  much t oo  w i l d  f o r  sens ib le  d i sp lay .  As 7 increases 

beyond 0.75, the  encounter t ime decreases and t h e  energy 



t r a n s f e r  approaches the impulse approximation p r e d i c t i o n  

asymptot ica l ly ,  wh i le  always remaining (as f a r  as we can 

t e l l  ) greater  than ymg 

The case fi = - 1 (f ig.5.2) corresponds t o  a counter- 

r o t a t i n g  d isc .  This a l so  shows rap id  o s c i l l a t i o n s  f o r  

0.4608 4 7 < 0.75 and Y asymptotical l y  approaches yhF 



whi le  always remaining below x m p  

3-16 
TAU 

The osc i  1 l a t i o n s  o f  Y f o r  slow encounters i s  sure1 y due t o  

a resonance between the  o r b i t a l  motion o f  s t a r s  i n  t he  d i s c  

and the  p e r t u r b e r ' s  t i d a l  f i e l d .  The rap i d  o s c i l l a t i o n s  are  

perhaps due t o  the  harmonic (though t ime dependent) na tu re  o f  

t he  fo rces  on s t a r s  i n  the  GFD. The i n c l u s i o n  o f  non l i nea r  

terms ( i n  x and y )  i n  the  f o r c e  ac t i ng  on s t a r s  belonging t o  



more general d iscs  might smooth ou t  these o s c i l l a t i o n s .  

When fi = 0, the unperturbed Kalnajs '  d i s c  i s  maximally 

hot .  As f ig.5.3 shows, the  rap id  o s c i l l a t i o n s  f o r  small 

values of seen i n  the  cases fi = 21 are absent here. 

Instead, Y shows a  gent le  non monotonic behaviour f o r  these 

small values o f  2 . For 7 < 1.58 
'L 

which i s  a  la rge ( >  100%) dev ia t ion  from t h a t  pred ic ted by 

the impulse approximation. Y general ly  i s  greater  than Yhp 
and approaches x,,,,, ra ther  slow1 y  asymptot ica l l  y. 

n0.k 063 1 1.58 2.51 4 6.3 10  15.8 2 5 1  
TAU 

FIGURE 5.3 . E h e r j y  f-s+ 6 fi = o 



5.5b Angular momentum t r a n s f e r  

For a1 1  cases, the angular momentum 

t ransfered t o  the d isc  increases monotonical ly as 7 

decreases from about 24 t o  0.8. I n  t h i s  range a t  any f i xed  

value of 2 , AL ( the  angular momentum gain o f  the GFD) i s  

greatest  f o r  the co ro ta t ing  case (n= 1 )  and l e a s t  f o r  the 

counter ro ta t ing  case = - 1  The d e t a i l s  are b r i e f l y  

descr i  bed below. 

case = 1  : The unperturbed d isc  has 

- 6  - 2 L 0.4. A L  increases from 2 x 10 f o r  7 = 24 t o  9.33 10 f o r  

7 = 0.8. As 7 i s  decreased f u r t h e r ,  A behaves 

nonmonotonically. This i s  shown i n  f i g .5 .4  below. As before 

the l i n e  i s  on ly  schematic. 

FIG UR E 5 4 ang. mom. transfer 
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Case fi = 0: The unperturbed d i s c  has no angular 
- 6 

momentum. A L  seems t o  increase monotonical1y from 2 5 x 1 0  f o r  

= 24 t o  0.1 f o r  = 7 = 0.4608. 
mrn 

Case fi = - 1 : The unperturbed d i s c  has f- = -0.4. aL 
-6 - 3  

increases f r o m 1 ~ 4 ~ l O  f o r  7 = 24 t o 6 x l O  f o r  7 = 0.8. I t  

i s  nonmonotonic f o r  smal ler  Z as shown i n  f i g .5 .5  below. 

I Firuas 25  ana morn. transfer 

645 0.5 0.55 0.6 0.65 0.7 0.750.7S98.e499 

tau 



5 .6  Discussion 

I n  a d i f f e r e n t  con tex t  Subramanian (1989)  

considered the  response of a  maximally r o t a t i n g  Ka lna js  d i s c  

t o  the  t i d a l  f i e l d  o f  a  pe r tu rbe r  ( i n  t he  f i r s t  o rde r  t i d a l  

approximation) moving i n  i t s  plane. The d i s c  i t s e l f  was 

assumed t o  be embedded i n  a r i g i d ,  homogeneous spher i ca l  

ha lo.  Such a ha lo  in t roduces an a d d i t i o n a l  p o t e n t i a l  
= % 

= nh I which can be incorporated i n  t h e  formal  ism we have 
2 

used t o  descr ibe GFDs. The Ka lna js  d i s c  problem s tud i ed  by 

Subramanian t u rns  ou t  t o  be a p a r t i c u l a r  c o l d  case o f  t he  

i n t e r a c t i o n s  o f  GFDs discussed i n  t h i s  chapter .  

The formal ism we have s e t  up a l l ows  a wide 

range o f  i n t e r s t i n g  s i t u a t i o n s  t o  be explored.  Energy and 

angular momentum t r ans fe r ,  heat ing  and d i s r u p t i o n  o f  a model 

galaxy by an encounter can be s tud ied .  It should be mentioned 

t h a t  the re  i s  no post-encounter r e l a x a t i o n  i n  t h i s  model. A 

more r e a l i s t i c  model would presumably r e l a x  . However, 

encounters represent behaviour on a t  most a few dynamical 

t imescales and we are o p t i m i s t i c  t h a t  t h i s  w i l l  prove t o  be a 

use fu l  guide t o  the  behaviour o f  more r e a l i s t i c  systems. 



CHAPTER 6 

CONCLUSIONS AND OUTLOOK 

Th is  t h e s i s  began w i t h  t he  general theme o f  s tudy ing  

t he  t ime  dependent behaviour o f  c o l l i s i o n l e s s  s e l f  

g r a v i t a t i n g  systems. I t i s  ra the r  hard t o  o b t a i n  exact ,  

general r e s u l t s  by a n a l y t i c a l  methods (see Mathur 1986 f o r  an 

at tempt i n  the  l i n e a r i s e d  case).  The t r a d i t i o n a l  r ou te  

chosen has been numerical and considerable progress has 

r ecen t l y  been made i n  t h i s  d i r e c t i o n  (see eg. Barnes 1989). 

Th is  approach w i l l  c e r t a i n l y  a l l ow  the  s tudy o f  cases w i thou t  

spec ia l  symmetry o r  o ther  s i m p l i f y i n g  assumptions, a t  l e a s t  

when enough computing power i s  a v a i l a b l e  t o  handle t h ree  
6 

space dimensions and a  l a r g e  (-10 ) number o f  p a r t i c l e s .  

The a n a l y t i c a l  s t ud i es  t h a t  gave so much i n s i g h t  i n t o  

steady s t a t e  systems (see eg. BT) are a l l  t o o  r a re  i n  t he  

t ime dependent case. To our  knowledge Ka lna js '  (1973) model 

was t he  on ly  one before  t h i s  work wherein t ime dependent 

behaviour was s tud ied  a n a l y t i c a l l y  w i t hou t  approxiamtion. 

The work repor ted  i n  t h i s  t h e s i s  has now added f o u r  d i s t i n c t  

f a m i l i e s  o f  exact ,  a n a l y t i c ,  t ime dependent models (descr ibed 

i n  d e t a i l  i n  Chapter 3, Chapter 4 and Appendix A). 

The s h e l l  models o f  Appendix A a re  co ld ,  occupying a  

f o u r  dimensional sur face i n  s i x  dimensional phase space. 

Time dependent genera l i za t i ons  o f  Freeman's sphero id a l s o  

occupy a  f o u r  dimensional reg ion,  wh i l e  t he  t ime  dependent 



genera l iza t ions o f  Polyachenko's "hot"  spheroid occupy a f i v e  

dimensional region. I t i s  not  c lea r  whether these models 

w i l l  be s tab le  t o  small disturbances. I n  any case, i t seems 

hard t o  f i n d  s i t u a t i o n s  i n  which such models could form and 

they should bas i ca l l y  be regarded as i l l u s t r a t i o n s  o f  

behaviour allowed by the CBE. Viewed as such, they 

demonstrate two i n t e r e s t i n g  possi b i  1 i t i e s .  ( i )  t he  

exis tence of o s c i l l a t i n g  spheres w i t h  nonuniform dens i ty .  

This p o s s i b i l i t y  was ra ised by Louis and Gerhard (1988) i n  

t h e i r  numerical work. ( i i )  The chaot ic  behaviour o f  the  

spheroid axes. This i s  very remniscent o f  an iso t rop ic  

cosmological models which again reduce t o  Hamil tonian systems 

w i t h  a f i n i t e  number o f  degrees o f  freedom (Misner 1969). 

There are a lso  two hot  fami l i es ,  occupying a nonzero 

phase volume. The ho t  o s c i l l a t i n g  spheres have . " i nver ted"  

phase space d i s t r i b u t i o n  funct ions and uni form rea l  space 

dens i ty .  I n  both these they d i f f e r  from r e a l i s t i c  galaxy 

models which have h igher phase densi ty  a t  low energy and a 

st rong decrease i n  rea l  space density outs ide a cen t ra l  core. 

It i s  n o t  c lea r  whether the  o s c i l l a t i o n s  o f  uni form spheres 

found here w i  11 t u r n  ou t  t o  be s tab le  and hence app l icab le  t o  

a wider c lass  o f  models. This p o s s i b i l i t y  i s  worth 

examining, perhaps i n  f u t u r e  numerical work. An undamped o r  

weakly damped o s c i l l a t i o n  o f  a dark matter ha lo  ( f o r  example) 

could be an energy i n p u t  f o r  gas f low i n  the t ime dependent 

po ten t i  a1 . 

The second ho t  system studied i n  t h i s  t h e s i s  i s  t he  



genera l ized Freeman d isc .  Again t he re  a re  s i g n i f i c a n t  

d i f f e rences  between these models and t h e  phase space 

s t r u c t u r e  o f  more r e a l i s t i c  bars. The s t a b i l i t y  i s  again an 

open quest ion  which w i l l  probably have t o  be answered by 

numerical s tud ies .  I t i s  i n t e r e s t i n g  t h a t  these model bars  

are  s t a b l e  under ex te rna l  harmonic p o t e n t i a l s  ( these keep t h e  

model w i t h i n  t h e  c lass  o f  genera l ised Freeman d i s c s ) .  A more 

general s t a b i l i t y  ana lys i s  would be o f  g rea t  i n t e r e s t  because 

bars are  abundantly found i n  the  r ea l  wor ld .  

F i n a l l y ,  the a n a l y t i c a l  study o f  a  p a r t i c u l a r  t i d a l  

encounter model i n  t h i s  t h e s i s  has a l lowed a  convenient 

exp lo ra t i on  o f  the v a l i d i t y  o f  t he  impulse approximat ion, t he  

e f f e c t  o f  r oa t i on ,  and resonance e f f e c t s  between i n t e r n a l  and 

o r b i t a l  t ime scales.  I t  w i l l  again be o f  i n t e r e s t  t o  see how 

we l l  t h i s  t r a c t a b l e  model i s  ab le t o  m i r r o r  more r e a l i s t i c  

s i t u a t i o n s .  

I n  b r i e f ,  t he  new a n a l y t i c  models o f  t ime  dependent 

s t e l l a r  systems presented here have i n t e r e s t i n g  p rope r t i e s  

i n  t h e i r  own r i g h t  and may a l so  p o i n t  t o  d i r e c t i o n s  which 

need systemat ic  exp lo ra t i ons  by numerical methods. 


