
CHAPTER V 

THERMO-OPTIC BEHAVIOUR OF CRYSTALS 

1. INTRODUCTION 

Since the early realisation that with rise of temperature the refractive index 
of some solids decreared while in others it increased, a large number of investigators 
have measured the temperatdre variation of the refractive index, birefringence 
and optical rotation in numerous ayslals. The following review presents the 
experimental data on this subject and briefly desuibes the experimental methods 
used in acquiring them. The phenomenological theories put forward to explain 
the various thermo-optic phenomena have been summarised and these have been 
discussed in relati'on to the observed results. 

2. DISPERSION FORMULA FOR REFRACTIVE INDEX 

It is quite evident that for the development of a phenomenological tlleory 
of thcrmo-optic behaviour of solids, one has to start with a formula relating the 
dielectric constant or the refractive index ofa substance with the resonant frequencies 
in it. For the optical range of frequencies the dielectric constant arises entirely , 

from the electronic polarisahility. If the substance has a set of oscillaton of ire- 
quencies vl, v, ...... , the incident light vector would induce momenta in each one 
of them. If one does not take into account the mutual interactions between the 
different oscillators, then according to both the classical theory of electronicpolarisa- 
bility developed by Drude and the more modem Kramers-Heisenberg theory, 
the refractive index of a substance for light of frequency Y takes the Drudc form 

where Ni is the number of oscillators per unit volume of frequency and fj is the 
oscillator strength or the transition probability corresponding to that particular 
frequency. 

If, however, the mutual interaction between the different oscillators are taken 
into account and if $11 represents the polarisation field factor defining the polari- 
sation field acting on any oscillator of type (i) due toall the oscillators of type (j) 
in the medium, and is the frequency of the oscillator in the free state and +I 

is the contribution to the polarisation per unit volume per unit field in the medium 
from osdllato~s of type (i), then the refractive index is given by , 

n x - 1 = 4 r B + i  
i 

(2) 

where 
B' 

(1 + 2 $11 +,I $1 = ni" - 
j 

where j  can take all the values (i), ( j ) ,  (k) etc. When plj's have the same value 

__2____ 

~~~~~ ~ ~ ~ - - ~ ---~-~~-p~~---~- ~ 

Progress in crystal Physics, Ed. R S Krishnan, p139, Academic Press, ' 1958 



I. 40 PROGRESS IN CRYSTAL PHYSICS 

.b then 2 PI, =,6* and the equation (2) rcduccs to 

where 
4 r  

d = - - I  P a n d C I = p ~ i  

Lorentz calculated the magnitude of P in isotropic solids and cubic crystals 
to be in which case the Sormula (3) reduces to 

This is the traditional Lorcntz-Lorenz formula and equation (2) could be termed as 
the generalised Lorcntz formula [Krishnan and Roy (2611. 

The assumption implicit in the Lorentz derivation is h a t  the elementary dipoles 
in the crystals are point dipole3 and that the distance of separation of the charges is 
small in comparison to LIIC interatomic distance. If this condition is not satisfied 
the polarisation factor would possibly be less than 4713. 

There has always been consideral>le difference of opinion amongst invpstigators 
in this field as to whicli oS the two dispersion formulac is to he used in optical studirs 
ofsolids. Krishnan and Roy (Loc. cit) point out that the observational data on the 
dispersion ofrefractive index of any dense medium can he fitted into a Drude formula 
or into a generalised Lorentz fi~rmula irrespective of the actual natul-c or magnitude 
of the polarisation field inside t l ~ e  medium. This equivalence hctween the two 
formuiac has bcen shown explicitly by Herzfeld and Wolf (22) for the most general 
case when the medium has more than one resonant frequency. 

The physical meaning of illis equivalence is the following. Since the polarisa- 
tion field has been tsken into account in the derivation of the Lorentz formula, the 
characteristic frequencies hlcs that appear in the formula correspond to those of the 
isolnlcd oscillators, unaffected by the polarisation field. In the Drude formula 
however the polarisation field is taken into account in a completely different manner. 
The field may be regarded as changing the frequency hli of th? isolated oscillator 
into the. corresponding frequency vi of the medium and it? effect on the dielectric 
and refractive behaviour of the substance manifests itself through these alrered fre- 
quencies. I t  is therefore quite evident that the di~persion data as such cannot give 
us any information regarding the nature of the polarisation field that actually exists 
in a medium, though hhg m b l e  us lo obtain the nbsorftion frequencies direct& $the data are 
expressed in ihe Drude f o m .  Conversely if one were to use the experimentally observed 
rrkquencies to fit the observational data one must necessarily use die Drude formula. 

3. THERMO-OPTIC BEHAVIOUR OF SOLIDS 

(a) VARIATION OF REFRACTIVE INDEX WITH TEMPERATURE 
(i) ISOTROPIC CRYSTALS : Having discussed t l ~ e  type of the dispersion 

formula to be used, we shall proceed to present the phenomenological theor; of 
thermo-optic behaviour (Ramachandran 51). It is quite evident from what has 
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been said in the previous section that the dispersion formula of a solid can be written 
in the form 

. where 7:s represent the absorption frequencies of the oscillaton in the solidstate 

The change of temperature could affect the three parameters f i ,  N i  and vi and 
each would produce a change in the refractive index, the total change in n being 
the algebraic sum of the three individual effects. Hcnce differentiating equation (5) 
one has 

dn 
2n-- 2 m f i N i ~ i -  dvi + a*Ni df1 + + , ~ h  dN1 (6 )  

- - F-G27 p12 - ys yi- - d~ 

Sinre Ni is propurtional to p, the density 

d N  1T i ' = ' 1 L.P. = - 
dl' p d'l' NIY (7) 

where y is the coeficient r f  cubical expansion. If one exprerses 

1 dvi ~. 1 dxi - - -  = - X i  
Y I  d ' l '  AI d'l' 

This would reprcxnt the variation of the refractive index of a solid with temperature. 

T:~hir~g :1n a~i;~lr,gy horn the pl~cnon~enologic:~l thcory of h4i1gncio-optic rota- 
tion Ramachandran (51,541 assumed that there is no change in the oscillator strength 

with temperature in cubic crystals. In  such a rase if A1 = a i f i N I X I Z  h e n  equ:rtions 
3 

(5) and (9) reduce to 

u~here XI is the proportioilate change of the frequency of the oscillator vi wit11 tempe- 
rature. Measurements of the absorption frequencies at diiTerent temperatures by 
Fesefeldt (19) on KI and RbBr have shown that they shift down in the scale of fre- 
quencies wit11 increase in tempemture. I t  is we!l known from Raman effect studies 
thar lattice frequencics also exllil~it a similar variation with temperature. From 
ti~ese observations one conld senerally conclude that the values of X in most cases 
would be positive. Since yis allrays positive, it is evident from equation (10) that 



the volume and tlie frequency contributions would normally be of opposite Signs. 
The actual sign and the magnitude of there two opposing effects determine the sign 
and magnitude of dn/dT. We shall present the experimental results and the verifi- 
cation of the formula in a later section. 

I t  may be pointed out that the only assumption made in the case of cubic crystals 
is that there is no change in the oscillator strength with change in temperature. 
More accurate experiments on the temperature variation of the absorption frequency 
of various substances would be most helpful in the establishing wliether &is assump- 
tion is correct or not. 

(ii) BIREFRINGENT CRYSTALS : For the general case of birefringent 
crystals, Ramachandran (55) has suggested the following formula for the priucipal 
refractive indices TI,, n, and n3 : 

t n, - 1 = 2 K~& where r = 1,2,3, 
i vi2 - vZ (11) 

This means that for the three refractive indices, the dispersion frequencies are the 
same, \,ot only their strengths alter with the direction of incident electric vector. 

Tile temperature vari;~tion of the rchactive indices of the Lircfringent solid 
would tl~crefore 11e govcrncd by tl~ree eqr~ations similar to equation (9). In fitting 
up the experimental data, Rxmachandran (55) had to modify his assumption as to 
the invariancc o f f i ~ i t h  temperature. The two new assumptions he made were : 

(a) The sum of the three individual strengths doesnot change with temperature, 
altl~ouxh the individual strengths might alter, i.e., 

(b )  The transfer of the oscillator strength for light vibrating along two directions 
is proportional to the difference in the linear expansion coefficients along them 

where dl, dz and d3 are the three Principal linear expansions. Using these ideas 
Ramachandran (55) obtained the following equations for a uniaxial crystal 

nifr'Nih'Z ; r = w or E and he was able to, where Ki is a constant, and A,i = 
6% 

explain the thermo-optic hehaviour of a few uniaxial birefringent uystals. 

The present writers feel that the assumption made by Ramachandran that for 
all the three refractive indices the dispersion frequencies are the same but only their 
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strengths alter, presents rather too simplified a picture. This may prove a fair appro- 
'ximation in the case of crystals with highly anistropic groups like CaCO,, NaNO, etc; 
but is bound to fail in the case of crystals like quartz, rutile, S i c  etc, where the bi- 
refringence is caused mainly by the anisotropy of distribution of the individual unitr 
that form the crystal. Following the idea. enunciated by Chandrasekhar (9) for 
the case of optical activity, recently Ramaseshan and Sivaramakrishnan (57) havk 
suggested that due to the weak coupling of the neighbouring oscillators, which are 
asymmetrically distributed, the characteristic frequency of each oscillator splits 
into two or three components depending on whether the crystal is uniaxial or hi'axial. 
Each component is responsible for the dispersion of the corresponding refractive 
index of the crystal. The oscillator strengths can also alter due to this interaction. 

For instance for a uniaxial crystal if the ordinary rekactive index is 

where 
ci = aif iNi (154 

then the birefringence S is obtained by differentiating (15) as 

nws = n, (n. - n,) = 2 C'v'2 R ~ ,  + + 2- ~~n 
(YI? - yZ)% i ~ 1 %  - v? (16) 

where 
r A ~ I I  RI' = - laull and R*" = - 

71 fl ('7) 
wlicrc [Avl] and [Af!] are the changes in the frcqucncy and o~cillatorstren~tl~ doe 
to the anisotropy. One must remember that since the total transition probability 
must be equal to unity 

2 R " j  f i  = 0. (18) 
Once suitable dispersion formulae lor n, and n, are obtained using thesc concepts, 
equation (9) can he directly applied for the computation of the thermal variation of 
the refractive indices. If, however, one is intereeted in the temperature variation 
of birefringence alone then we have from equation (16) 

1 d ( N f j  where Q = - -- 
Nf d T  

and (an),, and (Sn)c, are the contributions to Sn caused by the frequency change 

. [Avi] and the oscillator strength change [A fi]. If, however, one assumes a single 
mean absorption frequency for a substance the formulae are considerably simplified. 
Using these formulae both the birefringence and its temperature variation in a series 
of crystals have been esplained (70). 

( b )  VARIATION OF OPTICAL ACTIVITY WITH TEMPERATURE 
Before considering the variation of optical activity of crystals with temperature 

one has again to discuss the nature 01 the dispcrsion formula to be used to explain 
optical activity of crystals. The earlier formulae that wcre proposed were of the 
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Drude t w e  and Chandrasekhar (7) showed that all the formulae proposed for crystals 
did not satisfy the important theoretical condition known as K~~lin'ssummationrule 
(20, 14). Clrandrasckhar (9) was later able theoretically to derive a fo~mnla for 
the case of substances like quartz, NaClO,, HgS, Benzil etc., whose optical activity 
arises due to the crystal structure alone. He assumed that each oscillator in an opti- 
cally active medium is feebly coupled to its neighbours. It is found that the structure 
of the optically active crystal splits the characteristic frequencies of the individual 
oscillators into two components as a result of the coupling between the neighbouring 
units in the crystal. Using these principles he obtained a formula 

where V<S are the characteristic frequencies of the substance. This formula was 
found to fit the data for many crystals. For obtaining the temperature variation 
of optical activity, differentiating (6), one has (Chandrasekhar 12) 

where pl is the contribl~tion ofthe Srequency v i  to the rotation. Ifliowever thc crystal 
has only one absorption freqt~ency 

One notices that X<s in these formulae are the same as the X<s in the hrmulae for the 
thermal variation of refractive index. Using these formulae it  was possible to 
explain the thermal variation of the optical rotatory power in many ct).stals. 

4. EXPERIMENTAL METHODS 

(i) VARIATION OF REFRACTIVE INDEX WITH TEMPERATURE 
The temperature coefident of refractive index ofa solid is usually evaluated from 

the measurement of the refractive index of the substance at different temperatures 
by the well known prism method. The various details of the experimental technique 
can be obtained frbm the following references (32, 42, 62) .  The disadvantages 
and limitations of this method are obvious. For instance the requirement of the 
experimental specimen in hulk, the maintenance of these large non-conducting 
specimens at uniform temperatures, the making of prisms from crystals like mica 
which exhibit layer structure are some of the problems one  is confronted with. 
Further the accuracy of the method is also not very high. Since the magnitude of 
dnjdT is of the order of the prism has to be heated by 100°C. to alter its refractive 
index by one unit in the third place. The value of dn1.d~ would have altered in 
this range. In additon the measurements of the refractive index must be correct 
to the Sourth decimal place in order to secure accuracyof IOX, in dn/dT. This 
is no mcarrs an casy ta&, when tlie prism :uid its sopports arc hratcd to 500'C. 

A mucl~ simpler way of mcasilring dnldT is provided by tlic intcrkrencc metho& 
(51, .47, 45) where tlie dnldt is evaluated from the measurements of the shift with 
temperature of the interiierence kinges formed between the two surfaces orthe crystal, 

- -~ ~ 



THERMO-OPTIC BEHAVIOUR O F  CRYSThLS 145 

favhioned in the form of a plate. Either Newtonian fringes or Haidinger fringes 
could be used. In both cases for normal incidence the bright fringes saticfy the 
relation 

2nl = Nh (25) 
where n is the refractive index, l the thickness of the crystal, h the wavelength and 
N a n  integer. O n  varying the temperature the fringes will move past any reference 
mark on the crystal. If AN is the number of rringes crossing this mark, for a 
temperature chanqe A T  from (25) we have 

from which we get 
dn XAN =-- -nd 

21 A T  
I dl where d = - -, the linear expansion coefficient of the crystal. Hence from a 
1 dT 

knowledge of the thermal expansion and a measurement of the number of fringes 
crossing the fiducial mark on the crystal for a small change in temperature one can 
obtain the value of dn/dT with respect to vacuum. The shift in the fringes can be 
determined either visually or photographically. Even though the value of AN/AT 
can be determined to within I%, the value of dn/dT can usually be ohtdned to only 
5% as the major contribution to the path retardation change arises due to the thermal 
expansion. The extension of this to birefiingent crystals is quite evident. 

(ii) VARIATION OF OPTICAL ACTIVITY WITH TEMPERATURE 
Thc metllod consists of ~ncasurillg the rotation of tile crystal at various tempe- 

ratures using the wcll known visual, pllotographic or photoelectric polarimcters 
(43, 30, 8). Although in principle these methods are capable of giving very great 
accuracy, tl;cy have not bzen exploited to the maximum extent for temperature 
studics. 

. . 
5. DISCUSSION OF RESULTS 

Ouc notires rrom Tablr (I) that the value of dn/dT is in genernl negative except 
in a few cases (like diamond, MgO, Calcite etc.). This is obviously because the 
contribution due to the thermal dilatation, in most cases, far exceeds that due to 
the frequency change. In  the discussion that follows we shall have often to refer 
to the magnitude of X for the different absorption frequencies that exist in various 
crystals. It is quite clear that theX's are obtained from a fitting up process and 
valuer of any acculacy or significance can only he obtained if experimentally observ- 
ed absorption frequencies are used and if the values of dn/dT are very precise. For 
this purpose it is quite essential to extend most of the data on thermo-optics to the 
far ultraviolet and the infra-red. One is also confronted with another diiliculty. 
This relates to the cubic crystals where an assumption that the oscillator strength f 
does not change with temperature, has been made. In fact this assumption is quite 
doubtful as even in the case NaCl and KC1 one iinds that a considerable change 
in the oscillator strength has to be assumed to bring ahout an exact fit with the 
experimental data, particulally as one proceeds into the infra-red (Ramachandran 
54). This of conrse assumes that the experimental data of Liebreich (29) are reliable. 

c.P.-19 
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In NaCI, dn/dT actually becomes positive below h 2200, for the followingreapon. 
As one proceeds into the ultraviolet the effect of the frequency change: due to the 
nearness of the absorption frequency, increases in magnitude so as to first equalise 
and later overwhelm the elfect due to the opposing density change. The X values 
for the different frequencies of NaCl (Ramachandran 54) are 

Xioa = 0 ; XIwa = -33.6 ?( ; xllSo = 33.5 X ; X,5,, = 110 x 

This indicates that tlye nearer absorption wavelengths shift towards longer wavelengths 
while that a t  X 1000 shifts towards the shorter wavelengths. This seems to signify 
that the polarisability of the negative ion (whose characteristic absorption is believed 
to occur at longer wnvclcn~tlis) increases, while that oftlle positive ion decreases with 
dilatation. This is quite in accord with the computation of Sliockley (68) of the 
change of the polarisa1,ility of the ions when they SO over from the solid state to 
to ths gascoos state. T l~cre  are no extensive measurements availal>lc for KCl, KBr, 
and K I  hot one finds that the numerical maznitude of ( d ~ / d T ) ~ ~  > (d?~/dT)~x, > 
( d r ~ / d T ) ~ ~ .  Both NaF and LiF have low values of dn/dT. In  the case oflhe Cacsium 
halides also one finds (dn/dT)cSi > (d~, /dT)~,~, .  The h / d T  value of NIi,CI and 
NH,Br show anomalous t~chaviour at their transition points, -30°C: and -38'C 
respectively. I n  ammonium chloride dn/dT reaches the phenomenally higli v a l ~ ~ e  of 
-530 x 10-6 at  the transition temperature. NH,Br on tlie other hand exhihits a 
positive valiie of dn/dT on approaching tlie transition temperature (Table I-a). 
This is quite in tune with the fact that these substances exhibit catastrophic changes 
in length at  these temperatures, (NH,CI expands while NH,Br contracts) (Simon 
and Bergmann 69). 

CaF, is one of the few substances that have been studied in great detail, the 
measuremen$ extending from the infrared (6.5 p) to 0.185 p in the ultraviolet. 
Since the effect of the thermal expansion is much higher than the frequency rontri- 
bution, dn/dT throughout this region is found to be negative. One noticcs that 
dnldT tends to increase as one proceeds both into the infrared and the ultraviolet. 
The explanation of this is as follows (Ramachandran 52). Thc volume contribution 
follows a course similar to that of the rerractive index, i.e., l/(Xz-Ale) (see equation 
lo),  while the frequency contribution is proportional to 1/(XZ-AiZ)2. The volume 
contribution decreases numerirally as we go from the extreme nltraviolet to the in- 
frared. Thelatter effect, due to the square term is symmetrical about the absoiption 
frequencies and incieascs as we p towarda both the ultraviolet and the infrared. 
The sum of there two would give values of dnldT which increase as we approach 
both theultravioIet and the infrared. This hehaviour is not a particular charac- 
teristic of CaF,. Indeed this should be the behaviour to be expected in all crystals. 

We ncxt take up the case of crystals that show a positive value of dnidT. These 
wystals are usually known to be covalent. The thermal expansion in these crystals 
is so small that the volume effect is much less than that due to the frequency change. 
I n  ZnS, in spite of its thermal expansion being about twice that of diamond, the dn/dT 
value is almost five times as large. The positive value for MgO was actually predicted 
by Burstein and Smith (4) from a study of its photoelastic constants. In  the case of 
diamond the value of X (= 7.6 X lo6) calculated from the dn/dT data agrees reason- 
ably well with that obtained from the shift of the lattice frequency (X = 9-8 X 10-e). 
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Diamond also exhibits a rather ~eculiar  anomaly at 210°C. One 6nds that while 
the curve dn/dT vs. T is almost a straight line over the temperature range -100°C 
to 450°C there appears a ~erceptible bump at 210°C. At this temperature diamond 
is known to exhibit a very bright thermo-luminescence (Chandrasekharan 13) and 
even the Raman shift of the lattice line has a particularly low value (R. S. Krishnan 

27) .  

It is seen from Tables I and I1 that dn/dT is a function of temperature. The 
numerical magnitude of dn/dT, increases with temperature irrespective of its actual 
sign and it tends towards zero as one approaches absolute zero. The values Of 

X for various crystals also exhibit a similar variation with temperature, tending 
towards zero as the temper.ature decrc;tses. We shall have occasion to rcl'er to this 
propcrty in the next section. 

The variety of crtrcmely beautiful phenomena exhibited by birekingent crystals 
when they are heated has attractcd the attention of a large number of experimenters. 
We shall now discuss the famous Mitscl~e~.lich phenomenon. When a plate of gyp- 
sum (which at room temperature is a positive biaxial crystal) is lleatcd, the optical 
axial angle goes on diminishing and at about 90°C the crystal becomes uniaxial. 
Above this temperature the crystal again becomes biaxial but with its optic axial 
plane rotated tbrough a right ansle. This phenomenon can be most spectacularly 
exhibited in the case of crystals whose three refractive indices are very close to each 
other, lor in such a case the optic axial angle would be large. The condition for 
exhibiting this phenomenon in an orthorhombic crys~al is that two of the refractivr: 
indices (say n, > 71,) must be dose to each other and d,z,/dT < dn,/dT. In  such a case 
a t  a particular tempe;ature, n2 could become equal to nl making the crystal uniaxial. 
At higher temperatures n, may even become greater than n,. Here special menti~n 
should be made of CsSeO, (Tutton 79) for which within the narrow range of 0-250°C 
each of the three axes of the optical ellipsoid becomes in turn the acute hisectrix. 
In the case of uystals belonging to the monoclinic or tridinic systems this pheno- 
menon is further complicated by the rotation of the axes of the index ellipsoid due to 
thermal expansion. Indeed the crcseed axial dispersion effect in t2.e case of gypsum, 
which belongs to the monoclinlic system, mainly arises due to this effect. 

The temperatures at which these biaxial crystals become uniaxial will obviously 
depend on the wavelength of light. In  fact there are a few crystals like Brookite which 
exhibit crossed axial dispersion at room temperature with change of wavelength. In  
a similar manner a few uniaxial crystals are known to become optically isotropic 
at a particular wavelength or temperature. For instance the birefringence of the 
positive uniaxial crystal benzil progressively decreases as one goes from the red to 
the blue. At y 4900 it becomes isotropic and beyond this wavelength the crystal 
becomes optically negative (Bryant 3). 

Quartz is one of the substances whose thermo-optic behaviour has been exten- 
sively investigated. The complete data and literature for this suhstance up to the 
year 1928 are available in the monograph 'Properties of Silica ' by Sosman. It may 
be remarked that the drt/dT values for both the ordinary and the extraordinary rays 
are negative up to a ~vavelength of about y 2200 below which they both become 
positive (biichelli 31). Tbis arises, as has been mentioned earlier, due !o the large 
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frequency contribution as these wavelengths are dose to the absorption bands. Ano- 
ther exceedingly interesting phenomenon that has k n  observed is that even fused 
silica which is amorphow, shows anomalies in optic hehaviour at temperatures 
dose to the d-8 transformation of quartz and to the crystobalite transformation 
near 300°C (Narayanan 37). 

The comparison of the thermo-optic properties of calcite and aragonite which 
are structurally and optically similar is of some interest. The dnldT of calcite is 
p hive while that of aragonite is negative. This difference is due to the much 
la ger thermal expansion of aragonite (70 X as compared to 16 X lo-' for 
caldte) which gives rise to a large negative component which swamps the positive 
frequency contribution. 

The phenomenological theories for the thermo-optic behaviour of birefringent 
solids given in See. 3 have been successfully applied to the cases of quartz, calcite, 
,aragonite, Sic, and anatase and the X and K values are induded in Table VII. 

Very little data are available for the varialion of optical activity of crystals with 
temperature, the only cases being quartz, NaCIO,, HgS, and Benzil. The dp/dT . 
in all these substances have heeu explained satislactorily veiny the theory given in 
Sec. 3. A point of some sigr~ificance is that the values of ); obtained from dp/dT is 
approximately the same order as  those obtained from dn/dT data. Here again one 
has to seriously examine whether the oscillator stlength also cl~anges wit11 tempela- 
ture or not. 

6. THERMO-OPTIC AND PIEZO-OPTIC CONSTANTS OF CRYSTALS 

When a crystal is sul>jecled to hydrostatic pressure its density and hence the 
nnnihcr oT the dispersion centres per unit volmmc increases. It is found that the 
change in the refkactive indcx due to this eifcct a l o ~ ~ e  cannot cxI,ldn the 'observed 
changes in 'n' or the crystal. Mocller (36)  attri1,~ltcrl this diflcrcrlrc to the change 
in the intrinsic polarisnl,ility of the atoms due to strain. Let us next consider the 
change in the refractive index of a crystal ~vliose temperature is lowered. Again 
the numbcr of dispersion centrcs and the lattice pzranletcr arc altered. In this casc, 
$so one finds that these two effects alone cannot completely explain the observed 
dnldT. This indicates most dearly the existence of a pure temperature effect We 
shall now proceed to derive expression for these ibree effects and evaluate them from 
the experimental data. 

For doing this one has to start with an equation correlating density with the 
refractive index of the solid. Here again we have to choose between the Drude 
form and the Lorentz form. Following Ramachandran and Radhakrishnan (56) 
we shall use in the following derivation the Drude type of equation. As the ploce- 
dure adopted when the Lorentz formula is used, is almost identical we shall content 
ourselves by giving only the final numerical values for this case. 

According to the Drude formula 
n2 - 1 = 4nNd (29) 

where d is the polarisability. When the density p or the temperature is altered 



both N and d are altered and since N is proportional to p 

and since d is a function of both p and T 

Differentiating equation (29) we havc 
dtl n2 - 1 

and 

dn - 
zT - - Y -?, (33) 

where the co~fficient of cubical expansion y is given by 

Thus it is possible to separate dn/dT as arisinq Srom tlnee causcs namely (a )  the 
change in the dispersion centres per unit vulume ( b )  the change in the polarisability 
caused by thermal dilatation and finally (c) the purr temperature effect on the 
polarisability. Denoting these contributions by P ; Q; R respectively we have 

dn 

and l~ence 

Pro111 Llie tncas~~red values of y, a, dn/d'l' and il~rldp - -- (p,, 4- 2#,,) . liarnachiln- [ : 
crystals and tilrse arc entered in Table I);. 

I 
dran and Radhakrislman have evaluated the value oSP, Q and R for a number of 

Equation (31) could be rewritten as - 

Since y represents the increase in volun~e when the temperature of a unit volume 
of the substance is increased by 1°C. (LC., the strain introduced per unit rise of tem- 

P ad perature), then - - (%) and are the strain and temperatwr 
T 

coefficients of polarisability and could, for convenience, be denoted by A, and To. 
I t  may be mentioned that A, is idrntical with the strain-polarisability constant which 
Mueller introducrd wl~ile developing the theory of Photoelasticity (Mueller 36). 
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The altcred valnc of tllr: polarisal~ility for T0C. rise or temprrat~lre ran.thcrl 11r 
writtcn as 

d~ = do (1 + A o y T + ~ o T )  
. . 

(38) 
wllicl~ to a first degrce of approximation gives 

dn n? - l 
,=, [ - I + & Y +  'C0 I .. 

(39) 

A comparison of (37) and (39) yicids 

RY Q . ,o = - .p " = - - ,  (40) 

Since polarisability is the fundamental optical property, it is quite clear that while 
comparing the thermo-optic behaviour of digerent substances, one has to compare the 
magnitudes of ho, y and T,,. The values of A,, A, y, To and ~ , / y  at room tempe- 
rature for different cubic cry~tals calculated from the above formulae are given in 
Table X. The values A& and ~,,Ljy calculated by using the Lorentz-Lorenz 
formula are also given in the same table. 

I t  may be noticed that the magnitude and in some cases even the sign of To 
depend on the type of dispersion formula used. However since both 6 and 'CoL 
show the same trends we may draw some general conclusions regarding the thermo- 
optic behaviour of various crystals. 

The most striking [act one notices on a study ofTable X is that 'C, is very mnch 
lower than A,y showing that the change in the polarisability due to the pure tempc- 
rature effect is much smaller than that due to a change in the lattice parameter. In 
other words the major p t  of the frequency shift observed (Fesefeldt 19) and cal- 
culated (Ramactlandran 51 etc.) is due to the change in the lattice parameter 
rather than the pure temperature effect. The change in the Raman frequencies with 
temperature would also obviously depend mainly on &y. 

The first term in equation (39) represents the density contribution and is always 
negative, Aoy is in general positive and T, caneither be positive or negative ; but as 
6 is much smaller than by, the sign of dn/dT usually depends on (- 1 +&). Conse- 
quently, we could predict the thermo-optic behaviour of many crystals from a know- 
ledge of their photoelastic behaviour. For example in the case of NH,-alum, K-alum, 
TI-alum and Pb(NOd,, since A, is nc-gative, dn/dT must necessarily be negative. 
Conversely, the photoelastic behaviour of a crystal could also be predicted from its 
therrno-optic behaviour. The ca:e of ZnS is particularly interesting because of its 
exceptional thermal variation of the refractive index. dn/dT for this crystal is found 

to be 65 x lo-@ for 5780 L.U. By a simple calculation using (43) one gets (A,+T,/~) 
= 4.32. Hence A, must definitely be more than unity. Therefore the elasto-optic 
constant (p,, + Zp,,) must be negative. Photoelastic measurements on ZnS are 
not available but it would be most interesting to see whether experiments actually 

. support these theoretical conjectures. 

. From Table (I) it is seen that dn/dT is itself a function of temperature. A 
complete expression for this can be had by the differentiating equation (29) with the 
proper values of d substituted from (39). It is found on computationthat all the 

. . 
~ ~ .... ~ ---- -....------.-p--- 
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three parameten ( )  (2) and r$) contribute to the observed variation of 

(dn/dT) with temperature. 

It may be remarked that Ramachandran and Radhakrishnan (56) expressing 
the polarisability d as Taylor series in ar, the changes in the distance r between 
atoms, find that while the piezo-optic coefficients depend orlly on ddldr the pure 

d 2 d  temperature effect is a function of - drL ' 

7. EXPERIMENTAL DATA 

In Tables I to I11 are collec~ed the temperature variation of refractive index 
data for isotropic and birefri:lgent crystals at selected values of wavelengths and tem- 
peratmes. Table I deais with the data on cubic crystals. The values of dn/dT x 108 
are @ven for five different wavelengths X .2537 p, ,3615 p, ,4358 p ; .546lK .5893 p 
at various tempcraturcs wlierevcr sr~rh data are present. In a few cases the meaure- 
ments have been carried out at wavelengths dilferent from those mentioned above. 
These cases are labelled by letters in parentheses and exact values of the wavelengths 
at which measurements have been carried out can be had from the foot-notes to 
Tables I and 11. Wlierever dn/dT data for any particular crystal have been obtained 
by more than one observer, only tliose data which cover the widest range of tempera- 
ture and uravelength are included in the tables. The unbracketed numbers in 
column (9) give the references to the workers whose data are given in the tables. 
The numbers in brackets in the last column denote the references to the other workers 
who have also made observations on the particular crystal. 

In Table I (a) the drz/dT values are given for h ,51161 p for NH,CI and NH,Br 
at various temperatures including the transition range. 

In Tables I1 and I1 (a) are given the dn/dT values for the principal refractive 
indicesfor some bireliingent crystals. The remarks on Ta11le I hold fnrthosc tal~les 
also. In uniaxial crystals the refractive indiccs are lal~clled hy the Greek syml~ois 
w and E ,  while in biaxial crystals they are denoted by tr,, I??, n,. 

Table 111 gives the temperature variation of refr-active index data for some 
minerals. As the mensmemcnts are not extensive, only the mean valucsofdnldT 
for the visible region of the spectrtlnl are given over a temperature range. 

In Table IV  are given the data on the temperature variation of the optical 

rotation in crystals. The values of - x lo8 are given for eight different wave- (3 
lengths wherever such measurements are available. The temperature range over 
which measurements have been made is also indicated. 

The principal refractive index of any crystal at any wavelength X is usually 
expressed by the following formula : 

where A andA<s are constants and hl's are the absorption wavelengths for the crystal. 
In Tal~lc V are given thc values of these constants as proposed by the various ohser- 
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vers (indicated in tlre last column of the tal~le) along wit11 the range of u,avrlrngths 
over which this formc~la lrolds. The fit of the formula is also indicated in the table. 
Thr  ;~l)so~-ptioo wavck:i~~tI~s givrn in italics in the tal~lc have been expcri~nclr~ally 
ol~scrved (22a, 6 3 ~ ) .  Tlic other wavel~ngths are liypothctical and have been chosen 
by diEcrent ohervers to give a good fit with the observed dara on refractive index. 

Similarly Table VI givcs thc parameters in the following formula for tlle dis- 
meision of ol~tical rotation. 

1 dA1 
Table VII gives the values of Xi = -- X lo6 near room temperature for 

Ai dt 
the different absorption frequencies that are responsible for refractive dispersion 
indicated in Table V. These X values have been proposed by various workers 
(indicated in the last column of the table) from the data on dn/dT in crystals. 

I n  Table VII I  are given the X values for the different absorption wavelengths 
in Table VI used in the dispersion fbrmrla for optical rotation. These values ?lave 
been obtained from the dpjdT data in crystals. 

Table IXgives the values oftbe constants P (the contribution to dn/dT due to a 
c h a n ~ e  in the number of oscillators per unit volume), Q (the contribution to dn/dT 
due to a change in polarisability caused by thermal dilatation) and R (the contri- 
bution to dn/dT due to a pure temperature effect on polarisability). These values 
have been obtained from the values of y,  n, dnjdT and drrldp (56). 

Table X gives the values of A, y, T,, A, and T , / ~  where 
A, = Strain coclT~cient of the polarisability 

T,, - Tcmpcraturc cocfiient of thc polarisaldity at constant strain nnrl 
y = the cocficient of cubical expansion of the crystal. 

In all these taldes the wavelengths are given in microns. 



TABLE I 

TEMPERATURE VARIATION OF REFRACTIVE INDEX OF CUBIC CRYSTALS- dn/dT X 10' e 
Wavelength Author 

8 
Crystal TX. ,2537 ,3650 ,4358 ,5461 ,5893 range Reference 5: 7' 

- - .- 0 .  

LiF 50 -11.0 -12.0 -12.5 -12.7 -12.7 
100 -13.1 -13.7 -14.2 -14.4 -14.4 i 
200 -16.7 -17.5 -18.1 -18.1 -18.2 47 (23) 

n 
300 -22.3 -22.0 -22.5 -22.6 , -22.7 m 

400 -26.5 -27.8 -28.0 -28.2' -28.5 
NaF 49 -10.0 23 

1 
2 

NaCl -180 -26.5 0 
-120 -31.1 d 

2 P - 60 -37.7 
0 -38.2 

61.8 +2.99(a) -21.05(b) -35,4(d) -37.3 ,2  to ,59 34 
KC1 55 -35,6(c) -36.4 .43 to 21 41 
KRr 22 -37.1 -39.2 -39.7(1) 4 0  to .71 62 (25) 

B (n 

4 
K I  64 - 50 25 > ,  
CsBr 25 -73.3 -60.0 -63.3 -63.3(1) .36 to .71 63 Gl 

CsI 25 -98.2 . -99.4 - 100 (1) .4 to 6 4  61 
' NaCIO,, 75 -53.2 -53 

125 -58.6 -58.4 21 
175 -63.5 -63.2 .- 

UI 
W 



TABLE t ( c o n t i n u e d )  UI - 
.p 

1 Crystal T%. ,2537 ,3650 .4358 ,5461 ,5893 Wavelength Author 
1 - range Reference 

-170 - 8.0 
-110 -11.2 2 
- 10 -13.3 

68 -9.24(6) - 116(g) -11.9 .I8 to 6.5 34, 29 (58) I :.. 50 -8.8 -10.8 . - 11.0 -11.4 -11.8 
200 -11.3 -12.9 .. -13.4 -13.9 ' 47 
400 -15.4 -17.3 -18.3 -18.8 

50 +19.5 +16,5 +16 46 
E 1 M.0 + 17.9 V, 

1 
I 

400 +19.9 + 17.9 +16.5 +16.1 
I ZnS - -195 +12.5 E 
1 .  . -100 +45.0 2 0 

i P, 
- 20 +67,5 

! - 40 + 98.7 +37.5 53,7(i) 0.41 to 0.73 
i 

100 4-68.5 58,0(i) 0.41 to 0.73 
2 

+ 103.5 
> r 

I ~, 
300 +121.0 4-86.5 73,5(i) ,, 33 

I . '  
500 +142.5 -1-93 84,0(i) ,, 
650 - +a5 - - 

I 

ii z .  
1 Diamond -150 + 0.2 + 0.1 + 0.1 

-100 
0, 

f 2.4 + 2.1 + 1.9 
0 + 9.9 + 8.7 + 8.4 

100 + 17.5 + I 5 7  +15.4 51 (67) 
200 + 27.8 +24,5 +24.1 
300 f 33.5 +30,3 +29.8 
400 + 43.1 +39.1 + 3 8 4  

K alum 21 -14 74 
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TABLE I (a) 

TEMPERATUIW VARIATION OF REFRACTIVE INDEX OF NH4C1 AND 
NH,Br NEAR THE TRANSITION TEMPERATURE [Vide Ref. (2)] 

for X 5461 

Temp."C. -170 -125 -65 -48 -43 -38 -28 -10 

for X 546 I 



TABLE I1 yl + 

TEMPERATURE VARIATION OF REFRACTIVE INDEX OF QUARTZ AND CALCITE dn/dT X loe 0'. 

Author Crystal T0C. ,2537 ,3650 ,4358 ,5461 ,5893 Wavelength 
Range Reference 

d Quartz w -180 -4.1 
-100 -4.8 

0 -5.65 
50 -2.9 -5.4 -5.9 -6.2 -6.3 47 

200 -4.3 -7.1 -7.7 -8.2 -8.4 (2, 60, 72) 
400 -10.0 -13.2 -12.4 -14.4 -14.6 0 

e 61.4 4-1.84 (a) 6.25 (s) -6.50 0.20 to 0.64 34 F 
34 

n 
61.4 +1.29 (a) -7,29 (g) -7.54 , I  9, m V, 

-175 -6.0 
-75 -7.0 2 
4-75 -7.9 

2 
, -- . - 

50 -4.0 -6.2 -6.6 -7.0 -7.1 0 

200 -5.5 -8.0 -9.2 -10.0 -11.0 47 P 
400 -12.0 -14.7 -15.8 -16.5 -16.7 

Calcite w -1 75 4- 2.6 
(60,721 3 

9 
-75 + 0.6 2 t' 

9 + 0.06 
61.5 +8.1 (b) + 1.67 (g) + 1.21 0.21 to 0.64 34 
18 + 0.71 
61 4- 0.79 59 

2 
E 

248 + 1.32 0, 
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TABLE I1 (a) 

TEMPERATURE VARIATION OF REFRACTIVE INDEX OF 
BIREFRXNGENT CRYSTALS 

Crystal T0C -4358 .5461 .6910 .4uthor 
Reierence 

Aragonite n, 150 -12.0 ( e )  
150 -13.0u) 

11, 150 -25.0 ( e )  
150 -25.0 i f )  

+66 (h) 
+a2 (h)  
+97 (h)  

Anatase w 

(Ti04 

E 

Rutile w 

414 
t l l  

n, 162 
450 

Barite 111 50 
400 

"3 50 
400 

-7.9 (k) 
-6.8 (k) 

Mica n, 107 -4.4(c) 
n, 107 -3.8 (6) 

Foot Note to Tables I and II 

a = X ,2020 ; 6 = X ,2573 ; c = 
f = X ,4800 ; g = A ,5058 ; h - 
k = X ,6380 ; 1 = X 6438 ; n l  = 

q = X ,7060. 



TABLE III .- 
01 

TEMPERATURE VARIATION OF REFRACTIVE INDEX IN SOME MINERALS dn/dT x l a a  CD. - 
T0C. 

dn/dT X 10" 
-- Refer- ,. 

Crystal Formula IVavelengtli ence 
n -- n2 n3 1- -. . -- 

Sulphur 19 0.535 -110 -230 - -280 64 
Molybdenite MoS, -190 to 18 0,705 +I6300 - - 15 
Mascagnite (NH,)z.SO, 15 to 80 Visible -49 -40 -62 75 

K,SO, 20 Lo 180 Visible -40 -40 -50 75 
Rb,SO, 60 to 180 Visible -40 -30 -30 75 
Cs2S0, 20 to 180 \'isible -40 -30 -30 75 

0 
0 

Anhydrite CaSO, -50 to 560 Visible - 4 - 6 -12 24 P 
Celestite SrSO, ,'-50 to 500 \Jisible -16 -14' -19 24 m 

V1 
Anglesite PbSO, .I -50 to 550 Visible -28 -23 -37 24 rn 
Gypsum CaS0,.2H2O 12 to 105 Visible -13 -43 -26 16 
Syngenite CaSO,.K,SO,.H,O 10 to 130 Visible -26 -26 -35 65 z, 

(NH,)sSeOa 80 to 100 Visible -10 -30 -40 78 n 
Rb,SeO, 20 to 80 Visilhe -40 -50 -60 76 v 
Cs,SeO, 20 to 80 Visible - 70 -60 -60 76 2 

I , . RR,(SO,),.GH,O* 10 to 80 Visible 5 - 3 0  5 - 3 0  s - 4 0  80 e 
, , . - R"RZ(SeO,),.6H,Of 10 to 80 Visible s - 2 0  s - 3 0  s - 3 0  80 

-30 -59 17 
$ 

! . Apatite Ca17.Ca,(P0,), 0 to 600 Visihle 
I Phenacite Bc,SiO, 0 to 300 Visible +11 +11 38 

0 to 300 Visible +I2 38 
Fj  

Beryl Be,AIa (SiOda +13 
1 Topaz (AlF),SiO, 0 to 300 Visible "8.5 +8.5 +8.5 38 2 
I Oligoclase (nNaA1Si,0B.mCaAI,Si,08) 0 to 300 Visible +3.7 +4,8 +4.6 38 

n 
(II. / Orthoclase ICAISi,O, -50 to 400 Visible + 4 +5.4 +3,5 84 

: Leucite KAI(SiO,), 21 to 585 Visible -12 - - 60 
I Zircon Zr SiO, 25 to 1000 Visible 4-18 - 4-20 18, 77 
I Boracite Mg6B1402t.C12 290 to 650 Visible 4-10 - - 3 1 
I K,SeO, 20 to 50 Visible - 50 -60, .-70 76 
/ Rochelle salt NaKC,H,06.4H,0 -65 to 40 Visible -65 -61 -65 81 

i . -  * R" = Zn, Cu, Mn, Co, Ni, Mg ; R, = (XI*,). 
1 1 + R " = Z  n, Mn, Fe, Ni ; R, = (NH,),, Cs,, Rh,. 

! 



TABLE IV 1 ' 
,' 

TEMPERATURE VARIATION OF OPTICAL ROTATION IN CRYSTALS dp/dT x 10' ,' i 

Crystal Temperature ,2537 .3650 ,4358 ,5085 ,5461 ,5893 ,6438 ,6708 Reference 

&-Quartz -188 to 20cC 4.7 3.2 2.8 2.4 1.9 1.7 35 (73) 

31 to 185'C 27.4 10.3 7.0 4.0 3 6(a) 12 

U , Cinnabar -180 to20"C 180 120 35 s 
Benzil -25(b) -20 -15(a) 

- 0 

(a) - X ,5790 (6) - ,4916 v 
;;;' 
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TABLE VII ..- 
m 
N 

X VALUES OF CRYSTALS (from dn/dT data) 

Crystal XI X 10' X ,  X 10' X, X 10' X ,  X los X5 X 10' Remarks Ref. 
~ .~ ~ . - 

LiF 
NaF 

NKCI 
NaCIO, 
CaF, 
MgO 
ZnS 
Diamond 
d-Qmartz 
Calcite 
Aragonite 
Sic 
Anatase 
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TABLE VIII 

X VALUES OF CRYSTALS (from dp/dT data) 

Crystal XL x: Ref. 

&-Quartz 40 12 

Cinnabar 70 10 

TABLE IX 

Crystal 7 1 ~  x lo5 P x 106 Q x los R x 105 

I.iF 1.392 10.2 -3.4 2.4 -0.3 
NaCl 1.544 12 -5.4 2.5 -0.9 
KC1 1.490 11.4 -4.7 2.1 -1.0 
KBr 1.559 12 -5.6 1.4 -0.2 
KI 1.667 13.5 -7.2 1.4 + 0.8 
CaF, 1.434 5.7 -2.1 0.7 +0.2 
MgO 1.736 3.9 -2.2 3.6 f0.2 
Diamond 2.417 1.3 -1.3 1.66 +0.6 

TABLE X 

STRAIN AND TEMPERATURE COEFFICIENT OF POLARISABILITY 

Crystal 

LiF 

NaCl 

KC1 

KB: 

KI 

c*, 
MgO 

Diamond 

Drude Equation ! L-L Equation 
-- 1 

A,Y x 105 T, >105 A, T O I Y  ! AoL ~~~r 
7.1 +0.9 t 0 . 7  -0.09 0.7 -0.06 

5.6 -2.0 0.47 -0.17 0.63 -0,! 1 

5.0 -2.4 0.44 -0.21 0.61 -0.14 

2.9 -0.5 0.24 -0.04 0.48 +0.05 

2.6 i l . 5  0.19 tO.11 048  +0.08 

1.8 +0.6 0.32 +0.10 0.50 +0.07 

7.0 4-0.35 1.8 -C0,09 1.4 -0.02 

1.7 +0.6 1.23 + 0.49 1.1 +0.18 
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