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§ 1. INTRODUCTION

IN rccent months the present authors have been imteresting themscives in
the study of optical phenomena associated with thin films and crystals of
anisotropic metals. For the cxperimental investigation of these it boeame
necessary to fabricate an automatic analyser for the analysis of poinrised
light. After considering some possible methods purely on an ad foc busis,
it became evident that a careful theoretical analysis of this problem using the
concept of Poincaré sphere (1892) would prove fruitful if one has to design
and comstruct a proper automatic analyser. When the various methods of
analysing polarised light were deduced systematically using the Poigeoré
sphere concept it was found that some of these :re already in existence
* while others were quite new. Even amongst these one saw that while a few
were elegant from the point of view of thcoretical analysis, they were hard
to attain in practice. Some, on the other hand, could be made in a faily
well-equipped Izboratory. Tt was felt worthwhile recording this theorctical
approach 2s it proved quite illuminating to the authors from the point of
view of instrumental design. "It is proposed to present the practical construc-
tion of some of these analysers and the rcsults of expcnmental stuay using
these in later papers. .
§2 T=E Smm OF THE PROBLEM

in the Poincaré representation (Fig. 1), a completely polarised beam

is represented as a point on the surface of a sphere of unit radius. All

* On ieave of absence from The Centrat Electrochemicai Reseatch Ynstitute, Knratkudi3.
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possible states of polarisation can be indicated on this sphere. After Poincaré

gave this elegant concept many new theorems have been deduced by several
anthors (Poincaré, 1892; Pancharatnam, 1956 g). For extensive referencey

Fre. 1. The Poincaré sphere: H, €, V, D and N denote, respectively, linearly polarised
fight at an azimuth 0°, 45°, 90°, —45° and (180°—§); L, R~-left and right circularly polarised light;
P—an elliptic vibraticn of azimuth A, and ¢llipticity - w,; P, the state orthogoral to P: A an
analyser compietely transmit(ing the light in state A; A, an analyser completely blocking the Tight
in state A,

see Ramachandran and -Ramaséshan 1961. Some of the theorems wlnch
will be used in this paper are given in Appendix 1.

An elliptically polariced light can be considered to be the most general
state of rolarisation; circular and linear states being particular cases. It
is charccterised by an ezimuth (X), ellipticity {w) and the sense of rotation
is givcn by the sign of (w). The azimuih denotes the orientation of the major
axis (i.e., the zngle it mekes with a reference direction taken usually as the
horizontal, H) and tan o stands for the ratio of semi-minor to semi-major
axis. Ccmplete znalys’s of polarised light, therefore, mcans the deiermi-
nation of A, Jw| znd sign of w. From the point of view of Poincaré repre-
sentation, analysis of the state of polarization is simply finding the location
of the point representing the state on the Poincaré sphere.  The point denot- |
ing the state will move on the Poincaré sphere if the state of polarisation
of light changes with time. The analysis of such light beams reqmres
cont:m.eus determination of the states of polarisation. .
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. - -
§ 3. Basic PRINCIPLES OF ANALYSIS

In this section we shall discuss the various methods that may be adopted
to locate the point P on the Poincaré sphere. The light pencil, which is
being analysed, will be denoted by P and we shall assume, unless otherwise
stated, that it is completely polarised. Its orthogonal state will be tepre-
sented by Pq. The intensity, azimuth and ellipticity of P will be denoted,

respectively, by I, Ap and @p- I, will stand for the mtcnsny transm;tted by
analyser A.

(@) Locating P by its Stokes parameters

P is completely specified by the projected value of OP (Fig. 2) along
threc mutually perpendicular axes OX, OY and OZ which are the Stokes
parameters M, C and S.  Hence the experimental evaluation of M, C and §
complete the determination of the position of P. This can be accomplished
by measuring the intensities transmitted by the following analysers: a linear
analyser set ot angles 0, 45°, — 45°, 90°; a right circular analyser and a left
circular analyser. If the measured intensities are, respectively, denoted by
Iy, Tgev, Logses Lioes Iz and I, then the Stokes parameters are calculated from

I =L+hy=le+ly=h+lh %%
M=1I,— I @
C=Igy—Lp=2Dpg—I (3)
8 =L —Ip=2I, -1 : , 4

Ap and wp are obtained from

a0 2 = o | S ®
sin 2up = 3 . | | ©

The Stokes parameters for characterising states of polarisation has found
extensive application in theoretical studies. Unfortunately, this elegant
idea does not appear to have been exploited much for the experimental deter-
mination. This is possibly because of the fact that the determination of
S:okes parameters involves the measurement of absolute intensities which
wais troublesome. With the recent progress in the techniques of accurate’
measurement of absolute intensity, the main experimental hurdle seems to
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have been rcmoved Even preliminary experiments show that ve ry accurate '
determination of the stite of polarisation could be made with this techrnique.

2,

L

R

Fia. 2. The representation of the Stokes parameters of an arbitrary state P,

Simple methods for automanc recording of Stokes parameters and thc
accurzcy aitainable by this method will be discussed in Part II. ’

(B) Determination of the siate of polarisation by measuring fraction of the
intensity transmiited by three analysers -

P con be located on the Poincaré sphere by measuring, on the sphere,
the distance betwcen P and three other points whose positions are known.

If the position of a point A; and the dxstanw PA1 are known, then P lies on
the small circle whose centre is at A; and radius is PA (Fig.3). If the distance

PA, of P from a sccond known point A, is also determined, then the position
of P is nanowcd down to one of the two points of intersection, P and P

The ambiguity in pOSJ.lon can be resolved by measuring a third distance’ PA; '
of P from a point A,. An important condition to be satisfied for getting,
~only one common point of intersection for the circles is that the point Ag.
should not lie on the same great circles as points A, and A,.- This method .
is very similar to the resolution of the phase problem in X-ray crystallography. .
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P
The distance PA; betiween two points (say P and A,) on thc Poincaré
sphere‘-can be experimentally found by measuring the fraction (I, /I} of the
intensity of light beam in state P transmitted by an analyser A, becanse,

iﬁ1=cos—1(\/§}_§) g

(see Appendix I, Theorem 4 b). Thcrefcfc, by mézisuring the fraction trans-
mitted through analyers A, A, add A,, P.can be located. ‘

Fro. 3. Locatlon of P by measuring distance of P from any thice points Ay, Ay &nd A, whoss
positions are known. For the unique determination of P the three points should not lie on the

same great circle.
‘Two special cases can be thought of wherein the position of P is obtained
by measuring the distance of P from two known points.  They are:

(2) The known points A, and A, and the point P all lic on the same great
circle, then the position of P is the peint of tangential confzct between the small

circles with centres at A, and A, and radii ﬁl and 1”:&3 (Fig. 4).
(&) If the known positions are. represented by points N; and N, on tke
equator then also the position of P is obtained by knowing two distances,

¥iz., ﬁ\i} and I;ﬁ, because the two points of interscction P and P of the small
circles have the same X, and |ep|. The sign of @ is different for P and P,
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For many apphcatlons only [ew] is required and therefore this method couId
be useful in such cases. This procedure is similar to the double-field analyser

method of determining azimuth of polanscd light (R.amachandran and Rama-
seshan, 1961, page 37). - -

" Fra. 4, !.oaﬁmof?bymsmingtwo transmittcdintcxﬁtis.
(¢) Determination of the position Qf P by converﬁng the ell':pt:c wbratmn into
a known state -

Suppose P is a pole of the great circle GEKF (Fig. 5) then the point
P is 90° away from any point on this great circle. 1If an analyser is taken
along this great dircle then there would be no variation in the transmitted
intensity as the position of the amalyser is changed. The great circle GEKF
is completely defined by the longitude of the point E znd the angle of incli-
nation, 8. Once these are found the position of P is determined.

P can be considered as the result of intreducing 2 phase difference 8
between thc Eand F components of a lincar vibration whose azimuth is

equal to PE i.e.,45° sinceany pomt on thc great ¢ircle GEKF is 90° removed
from P. Therefore, the situation just described can be realised by setting
the axes of a variable birefringence element at -L =4 to the axes of the ellipse
and introducing the right amount of retardation, 8. This setting converts
P into circular state. This principle was first used by Kent and Lawson (1937).
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Alternately, the incident light may be separated into two orthogonal
linear vibrations. This is accomplished by setting the zxes of a Wollaston
double-image prism parallel to those of the clliptic vibration. The orien-
tation of the ellipse is thus given by that of the axcs of the double image prism
and the ratio of the two intensities transmitted by the prism gives tan®e.
Archard et al. (1952) used this pnnclplc for the construction of semi-automatic
instrument.

Fio. 5. mﬁnngyﬁndingthema;tcircleforwhichPisapo}n.

(d) Null method for the location of P

In this method the state of polarisation of an clliptic analyser is changed
till it becomes orthogonal to the incident clliptic vibration at which rosition
the analyser transmits zero intensity. The intensity tiznsmitted through
"the analyser is used as a guide to bring the znalyser to the state P. This
method has been widely used for the constn.cLon of instruments for the

- analysis of polarised light.

(e) Location of P by interference experiments

Pancharatnam has suggested (1956 B)—while developmg the generaliscd
theory of interference (1956 &) of two elliptic vibrations, 1 and 2, in different
states P; and P;—an interference method of determining distances on the
Poincaré sphere. This theory leads to the resuli

I=1+ I+ 2vTI,cosccos 3 : 8
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where I, I; and I, arc, r«-spcctzvcly, the mtcnsmcs of the resuitant, beam 1

and beam 2; C stands for 4 PIP,; and & is the general phase diffierence bet-
"ween 1 and 2. He has pointed out that cos ¢ is equal to visibility of fringes
(as defined by Mlchelson) formed under the condition I, = I, and can be
determined by measuring visibility V of fnngcs whxch is given by )
Lo — 1

— T, i .
Vo e L - ©

Therefore, by interfering the incident light with a cohercnit beam in- state
A znd determining V, we can find the distance of separation betwecn P and
A on the Poincaré sphere. If the experiment is repeated with analysers in
two other states of polarisation, we would get the distance of P from three
known points which leads to the location of P. This method does not offer
any particular advantage over the methods which depend upon the measure-
ment of absolute intensity. S

On the other hand, it would be worthwhﬂe to develop a method of ana-

. 1ysis bascd on the idea that the orthogoenal states do not interfere 2nd would
thercfore give zero visibility. This could be done by taking two coherent
peneils of monochromatic light and passing one of thamn thiough the system
and the other th:ough an elliptic ana}yscr and then combining the two beams,

" The clliptic analyser is changed using any one of the techniques described in
Secticn 5 till the ficld is uniformly bright. When this happens the state of the
analyser is antipodal to that of the imcident light. The advantage of this
method is that it does not require the measurement of absolute intensity.

§ 4. ANALYSIS OF PARTIALLY POLARISID LIGHT

We shalt briefly indicate in this section the suitability of some of the
methods for the analysis of partially polarised light, which is not cut out by
any analyser in-any position; the intensity transmitted by an orthogonal
" analyser is minimum and not zero. Null methods are, therefore, inapplicable.

The method based on the Siokes parameters (§3 ) can be used. The
Stokes parameters (I, M, C, S) of a partially polarised light pencil is also
given by cquations 1 to 4. The essential difference between partialiy polarised
hﬁiﬁ ang completely polarised light being that in the case of partially pola-

sed light M, C and S represent, respectively, the components of the polarised
port:on of the incident beam (ie., components of the Stokes vector) along -
the directions OX, OY and OZ and conscquenﬂy,

VMETO TS <l . (10)
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Therefore, it is not redundant, in the casc of pa.rtially polarised light, to
specify 1 in addition to M, C and 5; though it is so in the case of co;:npletn:l)r
polarised pencils.

Once the parameters I, M, C and S are known, the azimuth of the incidcm
vibration is obtained from formula 5 and g is calculated from the formula

sin2wp=% - S ~an

where Ip denotes the magnitude of the Stokes vector of the incident light
beam. p is the degree of polarisation given by

po YMIECTES!
_‘ i _

™~ .

(12)

A partially polarised beam czn be looked upon as an incoherent addition
of completely polarised-beams (Pancharatnam, 1956 b, p.403). It might,
thereforc, be of interest to determine the degree of cohcrcncc of partially
polarised light.' "It can be found by splitting the beam intoivo coherent oncs,
one of them being passed-through a linear analyserand the other sent through
the orthogonal analyser. ‘The beams are then made to interfere. It is so
arranged that one of the beams passes through a Iongcr path. Measurcment
of the Stokes parameters of the resultant’ bearh leads to the detcrmination
of degree of coherence, y (Pancharatnam, 19566 5. 12) beeause

- -

y = +2\/III,'
where - , ) g - an
md o . . .
Ia““}a”““c)

§5. SCANNING THE POINCARE SPHIRE

For locating automatically and continuously tke point P on the Poincaré
sphere, we have to make the state of an analyser travel a particuler path.
This can be accomplished by rctatmg either of the optical clemints (i.e.,
© birefringent plate and lincar analyser) or both of tham. The state of such
a rotating elliptic analyser varies with time in a difinite manncr and thus
scans the surface of the Poincaré sphere along a particular path.. We shall
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in this section, using Theorem 1 (Aj}pendix I) state the main types of scanning
and the arrangement necessary for obtaining them.

‘ (a) Scanning along a meridian °

The combination of a stationary quarter wave plate and a rotating linear
analyser results in scanning along a meridian whose longitude is equal to
twice the angle between the siow axis of the birefringent plate and the reference
direction, H {Fig. 6).

4
r

]

I ‘L
'.
[}

]

__,.g_--'._'-..".-_

_ Pi6. 6. Scanning the Poincaré sphere along a meridian or a latitude circle. {a) Stationary
quarter wave plate(slow axis at E) and a linear analyser, rotating in anticlockwise direction, scanning
along the meridian ERFL. By changing the slow axis to the pasition E, scanning is done along
E:RF,1. (b} A linear analyser set with its vibration direction paralie] to the slow axis and the two
rotated at the same speed results in scanning along the equator. If the linear analyser vibration
direction is inclined to the slow axis by w then the scanning is done along the fatitude circle of
latitude 2 w. )

(b} Scammg a!ong a latitude circle

When both the elements (i.e., the birefringent plate and lincar analyser)
are rotated with the same speed, the scanning takes place along a Iatitude
circle; the latitude of which is equal to twice the angular separation between * -
the slow axis of the quarter wave platc and the vibranon Q;rectxon of the
- linear element (Fxg. 6). _ : I
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{¢) Scanning along an oblique patl

If the azimuth and ellipticity of the elliptic analyscr are changed conti-
nually by rotating both the clements at different speeds or the quarier wave
plate alone, the analyser scans along an oblique path® (Fig. 7). The’ special
advantage of the latter method is that very high speeds of scenning czn be
attained by using an electro-optic cell as a birefringent element. Fast scanning
rates are necessary for the determination of rapidly changing states of polarisa-
tion for instance, the analysis of light reﬁected from a metal on which an
oxide ﬁlm is growing.

Fro. 7. Scanning the Poincaré sphere along am oblique path. ———Path traced by rotating
¢liptic analyser; both the elements rotating at nearly but not exactly the same speed. - - - - —Path
traced by the combination of a rofating A/4 plate and a stationary linear element. --- -Path
of a combination of a fast rotating linear analyser plus a very slow rotating guarter-wave plate.

(d) Scanning dlong a great circle of any arbitrary inclination to the cquatorial
circle '

Rotating a linear analyser behind a ?zariable birefriﬁgcnce plate leads to
scanning along a great circle inclined to the cquatorial circle by an angle, 8

cequal to the retardation introducégl by the birefringent element (Fig. 8).

'Thcwordobhquepamhmcdhmhmemthnmwhdmhn&buum
md;msmﬂcm!:.

*
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Fio. 8. Scanning the Polncaré sphere along a great circle of any arbitrary inclination. A
stationary variable bireffingence clement (jts slow axis 2t E) and a counterclockwise rotating linear
element trace the path (EC'FD -when & = 0,"EGFK’-when 3 = &, ERFL when 3 = «f2. Ifthe
fast axis of the birefringent element is at'E them the-path traced by the elfiptic analyscr (lincar ana-

" lyser rotated in antldockwmc direction) is EC'FD when 3 = 0, EXFG when # = 3 and ELFR
when 8 = nf2. -

\\

§ 6. -AUTOMATION AND RECORDING

Broadly speaking there érc"t\vo ways of using the rotating elliptic analyser
for automatic analysis of polarised light.

{a) It can be made to scan along a deﬁn.tc path and the position of P |
is obtained from the mtensmcs transmitted by it at predetermined positions. -

(b) It can be made to *“ hunt” the point Pg by making the output of
the photocell receiving the transmitted light control and guide the movement
of the elliptic analyser. When the state of the rotating clliptic znalyser is
the same as Pq, the movement of the elliptic analyser czn be frozen and its
state recorded.

Thc speed of ana.iys:s depends upon the rate at which the Poincaré
sphere is scanned.  ‘Rotating analysers made from'a mica plate and a polaroid
or micol as a linear element can be rotated by using synchronous motors -
and beat frequency oscillators.  As these are mechznically rotated it would
not be possible to achicve speeds greater than 30 10 40 r.p.s. corresponding
to 8 scanning speed of 60 to 80 times a sccond. On the other-hand, if en
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" electro-optic cell with a liquid or crystal is. used as a bircfringent element,
the field causing the birefringence could be rotated with extremely high fre-
quencies. Therefore, scanning along an oblique path can be done . at very
high speeds, thus making continuous analysis of rapidly changing states of
polarisation feasible. It must be remarked that since one cannot think of
a simple linear analyser which is based on electro-optic principle one cannot
achieve very high scanning rates with rotating analysers in which both the
elements or the linear element alone is rotated. ‘ -

Some of the methods discussed in Section 3 depend upon measurement
of ‘absolute intensity which is best done with a photomultiplier tube and
modulated light. Electro-optic effect and Faraday rotation have been used
for modulating light (Takasaki;, 1962; William and Weingart, 1964). It
can also be done by using an ac arc source run by a stabilised power supply
(Slmramakrtshnan 1956; Ingersoll and Lichenberg, 1954).

In the visual measurement, higher accuracy is realised by matching two
intensities for equality using a half-shade. In the photo-electric method also
the half shade principle would prove useful, because such a comparison
gives directly the error signal required for driving the servo-mechanism.
Therefore, wherever possible it is preferable to employ two rotating analysers
and usc the half.shade principle. Since a photocell, uinlike the human cye,
is sensitive even at higher levels of ittumination the two analyscrs may be
separated by an angle that gives maximum scnsztmty

The methods based on Intensity measurement can be accomplished in
two ways. One may either record the state of the analyser when the trans-
mitted intensity attains a predetermined value or record the transmitted
intensity corresponding to predetermined state of the analyser. Although
the former method is more accurate, it is much more difficult to record angles
than to record intensity, :

For recording we can usc either a pen recorder or an oscilloscope. A
pen recorder can be used in conjunction with devices which make use of
mechanically rotating elliptic analysers for recording statiomary states of
polarisation or those whose variation is so slow that one can consider it to
be constant for a second. Oscilloscopic recording can be used for the rapid
analysis of polarised light using a rotating analyser comprising of a stationary
linear clement and an elcctro-optic cell in which the field is rotated.

§ 7. SUMMARY.

An elliptic analyser, consisting of a birefringent clement and a lincsr
element, can be converted into a rotating elliptic analyser by rotating ona
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or both the elements. The Poincaré sphere could be scanned, with such
a device, along a meridian, a latitude circle, a preat circle of any arbitrary
inclination to the equator or any oblique path. Continucus analysis of
polarised light can be accomplished by using such an analyser. The prin-
ciples of some of the possible methods of analysis are presented. The problem
of analysis of partially polarised light is also briefly discussed. The speed
of analysis is important in analysing changing states of polarisation and
depends on the speed of rotation of the eliiptic analyser. It is pointed out
here that fast rates of scanning are possible by using an ¢lectro-optic cell
as a birefringent element and rotating the field-that causes birefringence.
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- APPENDIX 1

1. A completely polarised light beam in any arbitrary state of polar-
isation characterised by an azimuth, Ap and ellipticity — e is represented by
a point P—whose longitude is 2Ap and latitude is—2wp——on the Poincaré's
sphere. Positive values of w (lower hemisphere) correspond to left rotating
ellipses and negative values of w {upper hemisphere) to right rotating
ellipses (Fig. 1). '

2. The efiect of passage of plam: polarised hghtmwxm any arbitrary
azimuth N—through a birefringent medium brings the state from N to P,
by introducing a retardation 8 which makes state V lag behind the state H.
The point P can be located by rotating the sphere, through an angle, 3,
in anticlockwise dircction, around an axis passing through the point denoting
the faster state (H@ in Fig. 1). The same result can be derived by a’clockwise
rotation of the sphere around an axis passing the slower state, V@

- 3. An analyser is said to be in state P if it completely transmits light
in state P. Hence, a point P on the Poincaré sphere denotes either 2 polariser
producing light in state P or an analyser completely transmitting P.

4. A beam of light, of intensity I, in state P can be resolved into any
two orthogonal states A and Ag; the intensities of the decomposcd beams

being I cos® PA (for the * A-component *) and T sm2 1 PA {for the “Ag-

component **); where PA is the Iength of the great circular arc connecting -
the points P and A.

Corollary.—(a) The fraction of the inténsity—in state P transmitted
~ .
by an analyser A is cos?+ PA.

(5) Angular separation between any two points, P and A, on the Poincaré
sphere can be determined by measuring the fraction of the intensity of P
transmitted by an analyser whose state is represented by the point A

The important expression

4 PA= cos™! '\/ %&- TN

(where I, is the intensity transmitted by A and I is the total intensity) provides
a link between the measurable quantity I,/I and Poincaré representation.

311
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This cxpression is not valid for partially polarised light. For such a light
the expression takes the form -

'EPAﬂcos"’-'\/ - (1 —SI

where p is t]:ie degree of polarisation. Thereforé for determining the angular
~ separation PA in the case of partially polansed light I, I, and p have to be
measured.

5. A beam consisting of a fraction p of complctely polarised light in
state P and a fraction (1—p)-of unpolarised ilght is represented by a point
P, inside the sphere such that OP, is equal to p.  OP, is called the Poincaré
vector,  The vector Ip whose magnitnde gives the intensity of polansed part
of the hght beam is known as the Stokes vector

G. Thc completely polansed part of ihe bcam can bc rcsolvcd along
three mutually perpendicuiar directions, OX, OY and OZ which are denoted .
by OH, OC" and OL (Fig. 2). The resolved components along the three
dircctions, respectively, are M, C and § which together with the total intensity
* I of the beam arc called the Stokes parameters of the incident light. The
Poincaré vector OP is unity if the beam is completely polarised. .

7. Coherent addition of two completely polarised beams 1 and 2 in
states P; and P; lead 1o a resultant in state Py, The intensity of the same is
given by cquation 8.




