
? 

ON VIRTUAL BOUND STATES I N  CAZSIUM ANd CERIUM 

. . 

S.Ramaseshan, T.G.Ramesh and V.Shubha 
Mater ia ls  Science Division 

National ~ e r d n a u t i c a l  Laboratory 
Bangalore 560017 

Abstract  

This a r t i c l e  reviews the  work done a t  Bangalore on 

some problems connected with t h e  pressure-indudcd e l e c t r o n i c  

phase t r a n s i t i o n  i n  l i q u i d  caesium and t h e  phenonknon of  

valence i n s t a b i l i t y  and r e l a t e d  narrow band e f f e c t s  i n  . 

cerium metal. Among t h e  a l k a l i  metals, caesium e x h i b i t s  

s t r i k i n g  anomalies i n  severa l  of  t h e  physical  proper t ies  a t  

high pressures. A t h e o r e t i c a l  model f o r  t h e  phenomenon of 

e lec t ron  co l l apse  i n  t h e  l i q u i d  phase is presented which is 

based on t h e  concept o f  ' v i r t u a l  bound s t a t e 1  or 'Sca t t e r ing  

resonant@'. The r e s u l t  of the numerical calculations based 

on t h i s  model a r e  given which genera l ly  expla in  a l l  t h e  main . 
fea tures .  of  t h e  anomalous r e s i s t i v i t y  behaviour of l i q u i d  

caesium with pressure. I n  the f i e l d  of valence f l e c t u a t i n g  

systems, new d a t a  on t h e  pressure behaviour of  the  r e s i s t i v i t y  

and t h e m - e l e c t r i c  power i n  a t y p i c a l  Anderson l a t t i c e  system 

l i k e  3 ' -Ce  a r e  presented. The new observation of Kondo-like 

anomalies i n  3/-ce and t h e i r  resonant enhancement with 

pressure a r e  shown to favour t h e  4f v i r t u a l  bound s t a t e  model 

developed f o r  cerium, 
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E l e c t r o n i c  T r a n s i t i o n  i n  L i q ~ i d  Caesium 

1 , I n t r o d u c t i o n  

The h igh  p re s su re  behaviour of  caesium has been a 

s u b j e c t  of numerous i n v e s t i g a t i o n s .  The main i n t e r e s t  i n  

t h i s  subs tance  is  cen te red  round t h e  e x i s t e n c e  of  a double 

maximum i n  t h e  fus ion  curve, f i r s t  e s t a b l i s h e d  by ' 

Kennedy e t  a1 (1962) and a l a t e r  d i scovery  of  an i s o - s t r u c t u r a l .  

phase t r a n s i t i o n  n e a r  42 kbar  p re s su re   ail e t  a 1  i964) .  -1, 
Figure  1 shows t h e  phase diagram of  c a e s i w l  g iven  by 1-lc!ihan 

and Stevens (1969).  A t  23 kbar  pressure,  tilere is a s t r u c t u r a l  

phase t r a n s i t i o n  from b.c.c, t o  f.c.c, The1 more i n t e r e s t i n q  
I 

aspec t  of  t h e  phase diagram is however t h e '  i s o - s t r u c t u r a l  

e l e c t r o n i c  phase t r a n s i t i o n  nea r  42.5 kbar pres su re  which has  

been a t t r i b u t e d  to t h e  s o  called 6s-Sd e l e c t r o n  co l l apee  

( ~ t e r n h e l m e r ,  1950 1. 
- 

The e x i s t e n c e  of  a dmQle  maxirmun i n  t h e  fus ion  curve  
' 

has  s t r o n g  imp l i ca t ions  on t h e  d e n s i t y  v a r i a t i o n  wi th  p re s su re  

i n  t h e  l i q u i d  phase. The a p p l i c a t i o n  o f  t h e  Clausius-Clapeyron. 

equat ion  dT/dP =AV/AS to t h e  mel t ing  process  l eads  to t h e  - 
r e s u l t  t h a t  a t  t h e  maxima, the d e n s i t y  o f  l i q u i d  caesiwn is I 

equal  to t h a t  of t h e  s o l i d  phase l y i n g  below t h e  corresponding 
I 

m a x i m a ,  The nega t ive  s l o p e s  fol lowing t h e  twa maxima i n  t h e  1 
I 

fu s ion  curve  imply t h a t  t h e  d e n s i t y  of  t h e  l i q u i d  phese is  

h ighe r  than  t h a t  of  t h e  corresponding s o l i d  phase. The i n c r e m e  

i n  d e n s i t y  irrtnediately a f t e r  t h e  f i r s t  maximum can, i n  p r inc ip l e ,  

be undersmod a s  a r i s i n g  due t o  an i n c r e a s e  i n  the ca-ordinat ion 



number i n  the  l i q u i d  phase r e l a t i - ~ e  to  the  b.c,s:. co- 

ordinat ion .  However, t h i s  kind of  reasoning f a i l s  to 

account for the  dens i ty  v a r i a t i o n  i n  the  reqion followinq 

t h e  second m a x i m u m ,  a s  t h e  s o l i d  phase underneath is i n  the  

c l o s e s t  packed configurat ion.  This anomalous v l r i a t i o n  i n  

the  d e n s i t y  of l i q u i d  caesiurn with pressure i e ,  the  l i q u i d  

becoming denser  than t h e  c l o s e s t  packed s n l i d  phase, L s  

perhaps t h e  most i n t e r e s t i n g  fea tu re  of t h i s  substance. 

Jayaraman e t  a1  (19671, based on t h e i r  r e s i s t i v i t y  d a t a  on 

l i q u i d  caesium upto 50 kbar, pos tu la ted  t h a t  the  e l ec t ron  

c o l l a p s e  occurs i n  the l i q u i d  phase over  a broad pressure  

range, Ramesh and Ramaseshan (1972) proposed a v i r t u a l  bound 

s ta te  model f o r  t h e  e l e c t r o n i c  t r a n s i t i o n  i n  l i q u i d  caesiurn 

and a l s o  made numerical ca lcu la t ions  o f  t h e  r e s i s t i v i t y  a s  a  

funct ion  o f  pressure  on t h e  b a s i s  of the  Ziman's theory o f  

l i q u i d  metals.  

2. Two Species Model 

W e  s h a l l  b r i e f l y  go i n t o  t h e  so  cst Led 'two spec ies '  

model of  l i q u i d  caesium. I t  w& Klement \()see Rapapport 1968) . 
w h o  f i r s t  suggested t h a t  t h e  phenomenon o'J( e l ec t ron  co l l apse  

could occur  i n  the  l i q u i d  phase a t  a much lower pressure. 

The two-species model employed by Ramesh and Ramaseshan (19721, 

Ramesh (1973) was an at tempt to  g ive  an at-ommiti  explanation 

to t h i s  phenomenon i n  terms of the  concept of ' v i r t u a l  bound . '. 

s t a t e 1  which was f i r s t  introduced by Fr iede l  (1954 )  to s o l i d  

s t a t e  problems. I n  b r i e f ,  t h e  nea res t  neignuour cliscance 



continuous e l e c t r o n i c  t r a n s i t i o n  occur ing  i n  l i q u i d  caesium. 

I n  what fol lows,  t h e  numerical c a l c u l a t i o n s  of  t h e  r e s i s t i v i t y  

based on the  v i r t u a l  bound s t a t e  model descr ibed  e a r l i e r  and 

employing t h e  h ighly  s u c c e s s f u l  Ziman's theory  o f  l i q u i d  

meta ls  a r e  descr ibed  i n  some d e t a i l .  

4. R e s i s t i v i t y  of a two-species Svstem 

The r e s i s t i v i t y  of  a  monoatomic l i q u i d  metal, according 

to Ziman's theory (Ziman 1964) is given  by, 

where V(X) r e p r e s e n t s  t h e  e lec t ron- ion  form factor and S(X) 

i s  t h e  usua l  s t r u c t u r e  f ac to r .  X = q/2kp where q IS t h e  

momentum t r a n s f e r  v e c t o r  and k$, is t h e  Penn i  momentum. 

Under cond i t i ons  of  v i r t u a l  bound s t a t e  formation, the 

e lec t ron- ion  form f a c t o r  becomes iwmpl& (this is d i scussed  

i n  d e t a i l  i n  the next  s e c t i o n )  &d t h e  r e s i s t i v i t y  formula 

t a k e s  t h e  form 
1 

where 



H e r e  C represents  the  concentra t ion  of the  collapsed species. 

S A A ( x ) ,  SBD(S) and SAB(X)  r ep resen t  the  p a r t i a l  s t r u c t u r e  

f a c t o r s  of  the  system corres,mnding to  the  A-A, B-B and 11-B 

i n t e rac t ion .  VB(:O is t h e  complex form f a c t o r  describinrj  

t h e  conduction electron-collapsed species  in te rac t ion .  

v 0 ( X )  + V; (X) i s  t h e  r e a l  p a r t  of the  form fac to r ,  The 

presence of the  weightage f a c t o r  x3 i n  the  integrand 

amphasises t h a t  t h e  region X - 1 corresponding to back s c a t t e r i n g  

on the  F e m i  su r face  makes a s i g n i f i c a n t  cont r ibut ion  to  the  

r e s i s t i v i t y ,  

I t  is w i d e n <  from t h e  r e l a t i o n  ( 3 )  t h a t  a ca lcu la t ion  

of  t h e  r e s i s t i v i t y  of a two-species system requires  a 

knowledge o f  the  p a r t i a l  s t r u c t u r e  fac tors ,  t h e  form f a c t o r s  

and the  concentra t ion  of  t h e  col lapsed species  a s  a function 

of  pressure.  The p a r t i a l  s t r u c t u r e  f a c t o r s  of  a binary system 

can, i n  pr inc ip le ,  be obta ined experimentaly using t h e  anomalous 

s c a t t e r i n g  technique (Ramesh and Ramaseshan, 1971). However 

it is .unlikely t h a t  these  methods can be u t i l i s e d  i n  t h e  case  

of l i q u i d  caesium, f o r  t h e  X-ray form f a c t o r s  would be near ly  

t h e  same f o r  the  nbnnal and collapsed species. I n  view of 

t h e s e  experimental d i f f i c u l t i e s ,  t h e  highly successful  Percus- 
8 

Yerick theory of binary l i q u i d  mixtures was u t i l i s e d  to 

eva lua te  t h e  p a r t i a l  s t r u c t u r e  f a c t o r s  a t  var ious  pressures. 

I t  must be mentioned t h a t  cons iderable  amount of  experimental 
C. 

information such a s  t h e  isothermal compressibi l i ty,  high pressure  

x-ray d i f f r a c t i o n  d a t a  were used to f i x  up the parameters t h a t  



a r e  required to  compute t h e  p a r t i a l  s t r u c t u r e  f a c t o r s  ( f o r  

d e t a i l s  r e f e r  to the psper by Ramesh, 19731, A t yp ica l  s e t  

o f  p a r t i a l  s t r u c t u r e  f a c t o r s  is given i n  Fiqure 4, The 

evaluat ion  of the form f a c t o r s  is of c e n t r a l  importance i n  

t h i s  formulation and is  considered i n  d e t a i l  i n  the  next  

sec t ion ,  

5. Electron-ion Sca t t e r inq  Amplitude 

The phenomenon of resonance s c a t t e r i n g  is  well-known 

(Messiah, 1965)- I n  t h e  p resen t  model w e  hypothise t h a t  

when a s p e c i a l  in tera tomic  d i s t ance  is favoured i n  the  

l i q u i d  phase, a conduction e lec t ron  possessing the 6s c h a r a c t e r  

is resonantly s c a t t e r e d  to t h e  5d s t a t e .  The formation of a , 

v i r t u a l  bound s t a t e  a s  t h e  5d band approaches the 6s conduction 

band i s  equivalent  to  t h e  d-component of  the  s c a t t e r i n g  

amplitude passing through resonance. ~ h d d - w a v e  s c a t t e r i n g  

amplitude is given by the  p a r t i a l  wave fc3ymula (Messiah 19651, 

+L+ I  p (we) exf'@[ ~ ~ ( € 4  nn SLi€) f ( E , Q )  = - 
d R 1 . . ..- (4) 

Here represents  the  phase s h i f t  associa ted  with 

- the l t h  p a r t i a l  wave and i s  o f  prime importance i n  eva lua t ing ,  

t h e  s c a t t e r i n g  amplitude. The Legendre $lynomial ( cos  8 ) 

desc r ibes  the  angular v a r i a t i o n  of t h e  s c a t t e r i n g  amplitude. 

The behaviour of t he  phase s h i f t  &,,(€I near  U1e resonance ,'. 

energy l e v e l  Ed is  w e l l  described by t h e  formula 



Here r rep resen t s  t h e  h a l f  width of t h e  d-wave resonance. 

Thus t h e  genera l  formula q iven  i n  r e l a t i o n  ( 4 )  under cond i t i ons  

of resonance s c a t t e r i n g  t ransforms to, 

The s c a t t e r i n g  amplitude a s s o c i a t e d  with a l l  t h e  o t h e r  p a r t i a l  

waves i s  represented  by f o  and t h i s  approximately desc r ibes  t h e  

electron-normal s p e c i e s  i n t e r a c t i o n .  Thus the  normal s p e c i e s  

( r e f e r r e d  to a s  A s p e c i e s )  and t h e  co l l apsed  R spec i e s  a r e  

c h a r a c t e r i s e d  by t h e  s c a t t e r i n g  amplitudes 
I - 

I I I 

H e r e  fd and fd a r e  t h e  real and imaginary components o f  

t h e  d-wave s c a t t e r i n g  amplitude given by t h e  r e l a t i o n  (6). 

The n o t a t i o n  i s  s i m i l a r  to t h e  one used i n  t h e  anomalous 

s c a t t e r i n g  of  X-rays. I t  i s  c l e a r  t h a t  t h e  s c a t t e r i n g  amplitude 

a s s o c i a t e d  wi th  t h e  co l l apsed  s p e c i e s  is e s s e n t i a l l y  complex. 

The phys i ca l  s i g n i f i c a n c e  of t h e  imaginary component o f  t h e  

s c a t t e r i n g  amplitude is  conta ined  i n  t h e  o p t i c a l  theorem of 

t h e  s c a t t e r i n g  theory through t h e  r e l a t i o n  

I I 

is t h e  s c a t t e r i n g  c ross-sec t ion  and f (0) i s  the  imaginary d 



component of t h e  complex s c a t t e r i n a  amplitude i n  t he  e x a c t  

forward d i r ec t ion .  The e l ec t ron - ion  form factor can be 

obta ined  from t h e  s c a t t e r i n g  amplitude us ing  t h e  t -matr ix 

formulat ion !ZFman, 1969 1, I n  t h i s  approach, t h e  screened 

d-wave form f ac to r  is g iven  by 

V ( ~ , 8 )  = - 2T-?lr - 
d mn-, E C N  (9 

where ( x )  i s  t h e  Har t rce  s t a t i c  d i e l e c t r i c  funct ion.  
I I 1  

Thus Vo, Vd and Vd r e p r e s e n t  t h e  screened form f a c t o r s  
I 1 I 

as soc ia t ed  wi th  fo, fd and f d  r e spec t ive ly ,  

I t  is  c l e a r  t h a t  a c a l c u l a t i o n  of  the form f a c t o r  

r e q u i r e s  a knowledge of t h e  two parameters  r and Ed-E, 

For , a va lue  of 0.1 RY, i n  c o n f i m i t y  wi th  Ham's Band 

s t r u c t u r e  c a l c u l a t i o n s  (Ham 1962) seems appropr ia te .  For 

t h e  p r e s e n t  d i scuss ion  w e  t r e a t  Ed-E as en a d j u s t a b l e  
j. 

parameter  though i n  a l a t e r  s ec t ion ,  a - i r e  c o n s i s t e n t  

procedure f o r  f i x i n g  t h i s  parameter  is given. F igure  5 shows 
1 I 

t h e  v a r i a t i o n  of  vd (XI w i t h  X( = s i n  01.) assuming E ~ - E  = T/X. 
For t h i s  p a r t i c u l a r  choice, t h e  screened  tom f a c t o r s  V; and 

I I 

Vd arc i d e n t i c a l  except f o r  a phase d i f f e r e n c e  o f  T I 2  
I #  

between them. The sudden d i p  i n  Vd nea r  X - - I  corresponding'  

to back s c a t t e r i n g  on the Fermi s u r f a c e  is t h e  main f e a t u r e  

of t h e  d-wave resonance. This  a s p e c t  a lmost  d i c t a t e s  t h e  
f 

observetl r e s i s t i v i t y  br-haviour (F iqu re  3 ) .  The normal form 

f a c t o r  Vo taken from t h e  work of Bor to l an i  and Calandra (1970) 

i s  a l so  shown i n  the Fiqure  5. 



As renarked previous ly ,  t he  c e n t r a l  cruantity involved 

i n  e v a l u a t i n g  t h e  d-wave s c a t t e r i n q  amplitude is  S,,(E), 
t h e  phase s h i f t  of t h e  1 = 2 p a r t i a l  wave. Thus a kndwle.lqe 

of j u s t  a lone,  eva lua ted  a t  t h e  Fenni energy, is  

s u f f i c i e n t  t o  a r r i v e  a t  t h e  a??ropr ia te  form f ac to r .  F\irt!ler 

an e s t i m a t e  o f  s2 can be made us ing  t h e  F r i e d e l  Sum n i l e  viz., 

where 2 r e p r e s e n t s  t h e  sc reen ing  charge aroundseach of t h e  

i o n s  i n  t h e  l i q u i d .  - While applying this r e l a t i o n  to the  

system o f  i n t e r e s t ,  a p l a u s i b l e  assumption t h a t  8 .  makes 

t h e  dominant c o n t r i b u t i o n  to t h e  screening  charge around t h e  

kol lapsed  atom was made (Ramesh, 1973). A value of 

6 A ( ~ p )  r T /10 e s t ima ted  us ing  t h e  F r i e d e l  Sum mlo was 

a l s o  found to be c o n s i s t e n t  wi th  t h e  a t  i n i t i o  c a l c u l a t i o n s  

o f  S tocks  e t  a1 (1972) on t h e  energy dependence of  t h e  d-wave .\ 
phase s h i f t .  I t  m u s t  however be noted t h a t  t h e  angular  

1 1  

v a r i a t i o n  of  t h e  form f a c t o r  Vd (XI, evalua ted  us ing  t h i s  

va lue  of sa , remains t h e  same a l thougk its magnitude is  

reduced i n  t h e  reg ion  X - 1. 
6. R e s u l t s  and Discussion 9 

The t h e o r e t i c a l  curves  of t h e  r e s i b t i v i t y  of l i q u i d  

caesium evalua ted  as a func t ion  of p re s sd re  a r e  given i n  

F igure  3. Curve ( a )  corresponds to  t h e  choice  Ed-E = r/2 
used i n  eva lua t ing  t h e  d-wave phase shift whi le  curve ( b )  

r e p r e s e n t s  t h e  c a l c u l a t i o n s  based on t h e  more c o n s i s t e n t  

v a l u e  of sl ( E ~ )  estimated us ing  F r i e d e l  Sum ru le .  



The r e s i s t i v i t y  minimum observed i n  the  low pressure  

region is a genera l  f ea tu re  of the  a l k a l i  metals (except  

~ i t h i u m )  both i n  the  s o l i d  and l i q u i d  phases and was f i r s t  

observed by Bridgman (1949). I n  the  s o l i d  phase, the  i n i t i a l  

decrease  i n  r e s i s t i v i t y  is connected with t h e  change i n  t h e  

l a t t i c e  v i b r a t i o n a l  spectrum and is  governed by the Bloch- 

Gruncisen re l a t ion .  However the  behaviour observed i n  the  

l i q u i d  phase had n o t  been explained, .Ramesh (1973) proposed 

a simple explanation f o r  t h e  observed behaviour which.holds 

good f o r  the  o t h e r  a l k a l i  metals a s  w e l l ,  I n  b r i e f ,  t he  

argument runs a s  follows, I n  t h e  low pressure  region the  

concentra t ion  of  t h e  col lapsed species  is  so  small  t h a t  f o r  

a l l  q u a l i t a t i v e  purposes, one can t r e a t  t h e  l i q u i d  a s  a 

one-component system. The i n i t i a l  decrease i n  the  isothermal 

compress ib i l i ty  with pressure leads  to a reduction i n  the  

magnitude of  SAA(0), t h e  long wave-length l i m i t  of t h e  structure 

f a c t o r  i n  accordance with t he  Ornstein-Zernicke compress ib i l i ty  

fonnula. Thus the contr ibut lhn  to t h e  r e s i s t i v i t y  i n t e g r a l  

from the  region of  small  momentum t r a n s f e r  known a s  'plasma 
W ; k  plcs* 6n tke athe% hhan tfie i n c &  

r e s i s t a n c e '  decreases,,in kp with pressure  causes the upper ? 

l i m i t  o f  i n t e g r a t i o n  i n  the  r e s i s t i v i t y  fonnula to sample 

- regions of higher values of S M ( X )  so that t h e  ' s t r u c t u r a l  , 
r e s i s t ance '  i nc reases  with pressure, The numerical c a l c u l a t i o n s  

showed t h a t  t h e  former e f f e c t  predominates over  the  l a t t e r  

leading to the  o b s e r ~ e d  r e s i s t i v i t y  minimum a t  low pressures,  

The s t e e p  r e s i s t i v i t y  inc rease  i n  t h e  20-40 kbar 

region i s  a d i r e c t  manifestat ion of  t h e  resonance s c a t t e r i n g  



o f  t h e  conduction e l e c t r o n s  by t h e  col lanset l  species .  

Both t h e  curves  ( a )  and ( b )  g e n e r a l l y  exp la in  t h i s  beh.wio\~r . -  

The q u a l i t a t i v e  d iscrepancy  betwmn curve (b) and t he  

exper imenta l  curve has  been expla ined  a s  ~3uc t o  t h e  i n h e r e n t  

l i m i t a t i o n s  o f  t h e  Ziman' s r e s i s t i v i t y  formula r a t h e r  than 

t h a t  of  t h e  model i t s e l f  (Ramesh, 1973). 

7, Cerium - The Kondo Element 

Cerium, t h e  f i r s t  member of t h e  rn-6e-earth s e r i e s ,  is 

an a rche typa l  system showing very interes*ng phenomena such 

a s  t h e  p r e s s u r e  induced i s o s t r u c t u r a l  3'4 K t r a n s i t i o n ,  a 

mixed va lence  i n  t h e  - o( -phase and a  =&id-sol id phase 

boundary t e rmina t ing  a t  a  c r i t i c a l  p o i n t  (pschneidner  1977 and 

r e fe rences  t he re in ,  Robinson 1979 1. A l l  Wese  phenomczna 

b a s i c a l l y  s t e m  from t h e  presence of a  4f s t a t e  which is  i n  c l o s e  

proximity wi th  t h e  F e n n i  l eve l .  The r e l a t i v e  p o s i t i o n  of  t h e s e  

two l e v e l s  can be  v a r i e d  e i t h e r  by p re s su re  o r  temperature. 

The y s p h a s e  o f  Ce,  having a w e l l  de f ined  magnetic moment, 

is  g e n e r a l l y  modelled a s  an 'Anderson l a t t i c e '  which c o n s i s t s  

o f  a  p e r i o d i c  a r r a y  o f  h igh ly  c o r r e l a t e d  l o c a l  e l e c t r o n i c  

s t a t e s  (namely t h e  4f  s t a t e s )  which a r e  embedded i n  and 

hybr id i zed  wi th  t h e  i t i n e r a n t  s t a t e s  o f  6s-5d conduction band. 
$ 

A 'Kondo l a t t i c e '  i s  a  s p e c i a l  ca se  o f  an Anderson 

l a t t i c e  i n  which t h e r e  is  a l o c a l  rmment on each l a t t i c e  s i te  

wi th  a  favourable  an t i fe r romagnet ic  exchange i n t e r a c t i o n .  k, 
Typica l  exarnples o f  Kondo l a t t i c e  o r  Kondo compounds a r e  

CeAl2 and Ce.413 ( ~ o q b l i n  e t  a l ,  1976, Bred1 e t  a l ,  1978), 



p-ce (Gschneidner, 1977) and ' f - ~ e  (Ramesh and Shubha, 1980; 

Shubha and Ramesh, 1981). These Kondo compounds e x h i b i t  a 

'Kondo-like' logari thmic decrease i n  the  r e s i s t i v i t y  i n  a 

c e r t a i n  temperature regime which is  s i m i l a r  to t h a t  observed 

i n  d i l u t e  systems. The most s t r i k i n g  behaviour of the  d i l u t e  

systems (where i n  maqnetic impur i t i e s  a r e  d issolved i n  a non- 

magnetic h o s t )  i s  t h a t  ins t ead  of e l e c t r i c a l  r e s i s t i v i t y  

becoming independent of temperature a t  low temperatures ( a s  it 

wauld f o r  a non-magnetic a l l o y )  it inc reases  logar i thmical ly  

with the  decrease of temperature. The combinadon of t h i s  

anomalous magnetic s c a t t e r i n g  and t h e  usual  phonon con t r ibu t ion  

to t he  r e s i s t i v i t y ,  q ive  a minimum i n  the  t o t a l  r e s i s t i v i t y .  

Kondo (1964, 1965) showed t h a t  these  anomalies a r i s e  from 

repeated sp in  s c a t t e r i n g  between t h e  impuri ty and the  conduction 

electrons. The conduction e l e c t r o n s  have sp in  1/2 and can be 

f l ipped  from +% * to  -% 4 by the  impuri ty whose spin  S takes  

up t h i s  change i n  the  angular  momentum. Kondo showed t h a t  t h e  

s c a t t e r i n g  r a t e  appropr ia te  to t h e  conduction electron-impurity 

moment i n t e r a c t i o n  when ca lcu la ted  beyond t he  f irs t-Born 

approximation e x h i b i t s  a divergence a t  low temperatures. But ' 

marked dev ia t ions  between the  d i l u t e  and concentrated system 

a r e  observed a t  low temperatures. The c u r r e n t  experimental and* 

t h e o r e t i c a l  s i t u a t i o n  i n  t h i s  f i e l d  is w e l l  donlmented i n  

s e v e r a l  a r t i c l e s  ( ~ a p l e  e t  a l ,  1977; Doniach, 1977). The genera l  

consensus t h a t  comes o u t  of these  t h e o r e t i c a l  models i s  t h a t  

t h e r e  exists a c h a r a c t e r i s t i c  temperature TK known as t h e  

Kondo temperature around which a gradual  t r a n s i t i o n  from t h e  



maqnetic to  the  non-magnetic regime takes place. 

Gschneidner e t  a1  (1976) observed t h a t  f3-Ce (DHcP 

phase) e x h i b i t s  an anomalous r e s i s t i v i t y  behaviour as a 

function of  temperature. The magnetic cont r ibut ion  to  the  

r e s i s t i v i t y  t h a t  was obtained by sub t rac t inq  the  phonon 

contr ibut ion  from the  t o t a l  r e s i s t i v i t y  was found t o  decrease 

l o ~ a r i t h m i c a l l y  with temperature i n  the  region 80-300°X. 

I t  was assumed t h a t  t h e  phonon contr ibut ion  t o  the  r e s i s t i v i t y  

in -Ce i s  t h e  same a s  t h a t  of & -La whose s t r u c t u r e  

is i d e n t i c a l  to t h a t  of 8 - C e ,  but devoid of the  e f f e c t s  due 

to t h e  4 f  e lec t rons .  L i u  e t  a 1  (1976) w e r e  ab le  t o ' e x p a l l n  - 
success fu l ly  the  r e s i s t i v i t y  behaviour of -Ce over t h e  

e n t i r e  temperature range and, moreover, t o  'F i t  the w e l l  known 

formula f o r  Kondo s c a t t e r i n g  viz., 

per,, = % ( I -  L ~ T / T + ' )  

to t h e  experimental d a t a  i n  the  temperature"'range 80-300° K. 

I n  t h i s  a r t i c l e  w e  review the  r e s i s t i v i t y  behaviour of 

FCC-phase cerium ( q - ~ e )  (Ramesh and Shubha, 1980) and the  

thermoelec t r ic  power (TZP) behaviour of .? -Ce (shubha and 

Rmesh, 1981). Kondo-like logar i thmic  decrease i n  the  maqnetic 

con t r ibu t ion  t o  the  r e s i s t i v i t y  is observed i n  these  s t l ~ d i e s  

' i n  the  temperature range 300-500°K. TEP s t u d i e s  over t h e  same 

temperature range shows a c h a r a c t e r i s t i c  anomaly. High pressure 

s t u d i e s  upto 7 kbar reveal  a reinforcement of t h i s  Kbndo 
?- 

character .  These experimental observations a r e  discussed on the  



' basid of a model developed f o r  f - ~ e  wherein a 4f v i r t u a l  

bound s t a t e  r e s ides  j u s t  below t h e  Fermi energy., The TSP 

behaviour of  7'-ce with temperature compared with t h a t  of 

p-La showed a l a rge  change which is s i m i l a r  to the  one 

predic ted  by Suhl and ~ o n g  (1967). These s t u d i e s  g ive  

f u r t h e r  sup?ort t o  t h e  model t h a t  a 4 f  VBS lies i n  c lose  

proximity to t he  F e n d  l e v e l  f o r  7 - ~ e .  

8. Experimental 

The Ce sample used i n  these  s t u d i e s  were c u t  from 

an ingo t  from Leico company having a p u r i t y  o f  '99.9%- X-ray 

p a t t e r n  o f  t he  annealed Ce  sample showed t h a t  it was i n  t h e  

pure FCC phase (q-ce). The phononic con t r ibu t ion  to t h e  

r e s i s t i v i t y  of  7 -~e  can be experimental ly est imated by 

Comparing it with the  r e s i s t i v i t y  o f  La (FCC phase), Q( -La 

which has go t  a DHCP s t r u c t u r e  a t  ambient pressure  undergone 

a s luggish  transformation & t h e  FCC phase around 23 kbar  

pressure  ( Bridgnann, 1954 1, Some l a t e r  s t u d i e s  (Piennar in i  

and W e i r ,  1964; McWhan and Bon+ 1964) have shown t h a t  as t h e  

r eve r se  transformation is  a l s o  necessa r i ly  sluggish, it 

f a c i l i t a t e s  the  metas table  r e t en t ion  of  the FCC phase ( P L a )  

a t  atmospheric pressure. The sample of La (99.9% p u r i t y )  

used i n  these  s t u d i e s  was i n i t i a l l y  a mixture of  both DHCP 
9 

and FCC phases. The sample was i n i t i a l l y  pressur ised  to about 

30 kbar and to increase  the  k i n e t i c s  of the  conversion, i t  was 

heated to 400°C and maintained under these  condi t ions  f o r  2-3 

hours. This was followed by a rapid  temperature decrease and 



t hen  d e p r e s s u r i s a t i o n  o f  t h e  sample. T h i s  c y c l e  o f  o p e r a t i o n  

was repea ted  a couple  o f  t i m e s  f o r  t o t a l  cbnversion. X-ray . 

s t u d i e s  confirmed t h a t  t h e  sample was f u l l r  i n  t h e  FCC phase. 
, 

I t  was found t h a t  t h e  magnitude o f  t h e  resistivity of  t h e  

sample provided a s e n s i t i v e  probe t o  de t eck  any remnance o f  

t h e  DHCP phase. The r e s i s t i v i t y  +slue o f  t h e  DHCP phase is  

around 66 u A-an whi le  Spedding and co-workers ( a s  quoted / 
i n  Burgard t  e t  a 1  1976) g i v e  a va lue  of  54.3 ,UA-cm for a 

sample c o n t a i n i n g  90% (FCC) and 10% 4 (DHCP). The 

r e s i s t i v i t y  v a l u e  o f  t h e  sample used i n  t h e s e  s t u d i e s  was 

about  53 ,u-%-an confirming i t s  FCC s t r u c t u r e .  

R e s i s t i v i t y  and TEP s t u d i e s  a s  a func t ion  o f  te:nperature 

from 0-200°C a t  d i f f e r e n t  p r e s s u r e s  w e r e  c a r r i e d  o u t  u s ing  

t h e  t e f l o n  cell technique  (Reshamwala and Ramesh 1974) with  

s i l i c o n e  f l u i d  a s  t h e  p r e s s u r e  t r a n s m i t t e r  i n  a convent ional  

p i s t o n  c y l i n d e r  apparatus .  Automatic record ing  systems (Shubha 

'-. and Ramesh 1976, 1977) w e r e  used i n  t h e  c o l l e c t i o n  of sxpa r i -  

mental  da ta .  

9. R e s u l t s  

F iqu re  6 ( a )  g i v e s  t h e  r e s i s t i v i t y  a g a i n s t  temperature  

d a t a  f o r  cerium and lanthanum a t  7.3 kbar  pressure.  I t  i s  
* 

c l e a r  t h a t  t h e  magnet ic  c o n t r i b u t i o n  to t h e  r e s i s t i v i t y  

ob t a ined  by s u b t r a c t i n g  t h e  r e s i s t i v i t y  o f  lanthanum from t h a t  

o f  cerium dec reases  w i th  i n c r e a s e  o f  temperature.  Here one  is 1L 
making t h e  sawe assumption a s  prev ious  workers (Gschneidner 

e t  a 1  1976) t h a t  t h e  phonon c o n t r i b u t i o n  i n  y - ~ e  is the  same a s  

t h a t  i n  t h e  FCC phase o f  La. 



Fiqure 6 (  b) is  t h e  p lo t  of A 9 = % against  

t n  T a t  various pressures, The s t r i k ing  feature  of t h i s  

p l o t  is . tha t ,  beside Of against  i n  T being l inear ,  the 

slope increases markedly with pressure. In  f a c t  the slope 

changes frorn -13.6 man a t  1.83 kbar pressure to  -20 un-cm / / 
a t  7.3 kbar pressure. 

Figure 7 i s  the p lo t  of TEP of f - ~ e  a s  a function 

of temperature upto 200°C a t  d i f f e r en t  pressures. The notable 

fea ture  of t h i s  p l o t  i s  t h a t  TEP a t  7.3 kbar pressure decreases 

rapidly with temperature and also has a higher magnitude 

compared t o  the  o ther  two isobars. 

Figure 8 presents the  isobars of TEP versus temperature 

f o r  13 -La. In  cont ras t  to the  behaviour of f -Ce, there  

is not much var ia t ion  i n  TEP as  a function of temperature. 

The experimental evidence i n  these s tud ies  indicate  t h a t  

f - ~ e  is a l so  a 'Kondo compoundt. It has been assumed i n  the  
- 

analysis  of the  experimental r e su l t s  t h ~ t  the  w e l l  known 

Kondo formula f o r  the  maqnetic contribuMon to r e s i s t i v i t y  

i n  the  d i l u t e  l i m i t  

P 
magnetic 

P a 2 s ( s  + 1) [ I  + JN(0) In  (T/T*)] (11) 

holds even f o r  a concentrated system i n  the high-temperature 

region. Here C i s  the concentration of magnetic impurit ies 

(which f o r  a Kondo compound is one per  l a t t i c e  site), S i s  the 

total spin due to the  4f s h e l l  and ~ ( 0 )  i s  the  densi ty  of 

s t a t e s  a t  t h e  Fermi energy f o r  conduction e lectrons  of one spin, 



J, t h e  exchange i n t e g r a l  conncctc.3 w i t h  s-f  exch;tnge 

s c a t t e r i n g  is u s u a l l y  approximated a s  J = JO + J1 where JO (7 0) i: 

t h e  u s u a l  FTeSsenbcrg exchange term w h i l e  J1 (<  0) a r i s e s  

from t h e  c o v a l e n t  admixture  between t h e  l o c a l i s e d  4f s t a t e  

and  t h e  conduc t ion  e l e c t r o n  s t a t e s .  The anomalous r e s i s t i v i t y  

b e h a v i o u r  a r i s e s  when J i s  n e g a t i v e ,  which can happen when 

t h e  a n t i  f e r r o m a g n e t i c  exchange i n t e q r a l  J1 predominates  o v e r  

t h e  f e r r o m a g n e t i c  term JO. I n  terms o f  t h e  t r a n s f o r m a t i o n  

d e s c r i b e d  by S c h r i e f f e r  and Wolff (19661, J1 i s  g iven  by 

where E i s  t h e  energL o f  t h e  4 f  v i r t u a l  bound s t a t e  r e l a t i v e  5. Z 
to t h e  ~ e & i  energy  and <vst) is  r e l a t e d  to t h e  h a l f  w i d t h  . 

4 of t h e  4f resonance :  

U is  t h e  u s u a l  i n t r a - a t o m i c  Coulomhic r e p u l s i o n  term i n  t h e  

Fr iedel-Andarson model. I t  is c y e a r  t h a t  a l a r g e  n e g a t i v e  

v a l u e  f o r  J can r e s u l t  when E l ies  j u s t  below t h e  Fenni 1 + 
energy.  

The i n c r e a s e  i n  t h e  s l o p e  o f  t h e  A 9 a g a i n s t  I n  T p l o t  

( F i p r e  6 ( a ) )  w i t h  p r e s s u r e  can be u n d e r s t o o d  on t h e  b a s i s  of , 

t h e  model wherein  4f v i r t u a l  bound ' s t a t e  ex i s t s  j u s t  below t h e  

F e m i  energy  i n  . 3/-ce. T h i s  would l e a d  to a n e g a t i v e  J and, 

f u r t h e r ,  t h e r e  would be a r e s o n a n t  i n c r e a s e  i n  its magnitude 

w i t h  p r e s s u r e  due  t o  t h e  4f l e v e l  moving towards  t h e  Fermi level. 



I t  is c l e a r  from equation (11) t h a t  t h e  s lope  of  

3 a g a i n s t  In  T is  d i r e c t l y  propor t ional  to  J N ( O ) S ( S  + 1). 

The upward s h i f t  of  t h e  4f s t a t e  r e l a t i v e  to the  Fermi 

energy wi th  inc rease  i n  pressure causes a decrease i n  the  

' s p i n '  o r  the  magnetic monent. This  i s  obvious from the  

Anderson m d e l  f o r  local-mment formation. However, the 

i nc rease  i n  N ( 0 )  with pressure  (Bastj.de e t  a1 1977) and the  

resonance enhancement of  J predominates ofer t h e  dece le ra t ing  

tenn mentioned above. 

There is considerable controversy heqari3ing the  pos i t ion  

o f  the  4f l e v e l  r e l a t i v e  to t h e  Fermi energy i n  j / -~e ;  t h i s  

has an important bearing on the  s e v e r a l  t h e o r e t i c a l  models 

developed f o r  expla in ing the  valence t r a n s i t i o n  (Robinson 1979). 

Johnson (1974) has t heor i sed  t h a t  t h e  {-4 t r a n s i t i o n  is  a 

Mott t r a n s i t i o n  and that t he  4f  l e v e l  i s . f a r b e l o w  the F e m i  

energy (around 1.8 eV). on t h e  o t h e r  hand a l l  t he  promotion 

models (Rlandin e t  a1  1965, Alascio et a1 1973) requi re  t h e  

4f v i r t u a l  bound s t a t e  t o  be s i t u a t e d  close to t h e  Fermi energy 

(around 0.1 eV). The experimental r e s u l t s  reviewed here  

f u r t h e r  s u p p r t  t h e  promotion model, 

The TEP anomaly i n  { -Ce a s  compared with t h a t  of 
B 

/j-La g ives  support ing evidence f o r  the Kondo model of t h i s  

substance. The inc rease  i n  the  magnitude of  TEP with pressure  

has been s a t i s f a c t o r i l y  explained on t h e  b a s i s  of  VBS model 

(Ramesh e t  a 1  1974). The exis tence  0 f . a  resonant  s t a t e  

overlappinq t h e  conduction band and l y i n g  j u s t  below the  Fermi 



l e v e l  has t h e  e f f a c t  of  c o n t r i l u t i n q  an e x t r a  dens i ty  of  

s t a t e s  a t  t h e  Fe rn i  l e v e l  a s ,  n ( E ~ )  = n ( E  ) + ' Y l i ~ ~ ) ,  0 F 

The f i r s t  t e r n  is t h e  c o n t r i b u t i o n  from the  6.5-5d banti and 

t h e  second t e r n  i s  due to t h e  4 f  VBS below ZF. The c o n t r i -  

bu t ion  to t h e  TEP due to t h i s  e x t r a  d e n s i t y  of s t a t e s  f i ~ t o r  

a t  EF which i s  p ropor t iona l  to l* In n, (E) 
/dE 1 qiven 

where EF and A a r e  t h e  p o s i t i o n  and t h e  width of  t?le 4f 

VBS r e spec t ive ly .  I t  is c l e a r  from t h e  express ion  t h a t  0 '  

is  p o s i t i v e  f o r  t h e  c a s e  where 4f VRS l ies below EF, 

Fur ther ,  i t s  magnitude g e t s  r e sonan t ly  enhanced with t h e  

dec rease  i n  EF - Ef due to t h e  a p p l i c a t i o n  of  pressure.  

However t h i s  would n o t  exp la in  t h e  anomalous decrease  i n  

TEP wi th  temperature,  Suhl  and Wong (1967) have m n s i d e r c d  .-. 
t h e  behaviour  of  TEP when Kondo s c a t t e r i n g  i s  taken i n t o  

account. The p r e d i c t i o n  of  t h i s  model i s  given i n  the  i n s e t  

o f  F igure  7. I t  appears  p l a u s i b l e  t h a t  t h e  temperature 

v a r i a t i o n  of TEP i n  ? 4 e  (Figure  7 )  a r i s e s  mainly from 

Kondo-like s c a t t e r i n g ,  I t  was no t  p o s s i h l e  to s tudy  the  

behaviour  of  TEP down to low temperature.  , a s  y - C e  t r a n s f o h s  

to t h e  mixed v a l e n t  o( -Ce. However it rhas been observed 

t h a t  t h e  d i f f e r e n t  i s o b a r s  a r e  a p a r t  o f  la un ive r sa l  curve 

l i k e  t h e  one shown ( i n s e t  of  Figure 7 )  b ~ t t  wi th  Tk - t h e  

Kondo temperature s h i f t e d  t o  h iqhe r  temperatures  wi th  i n c r e a s e  



in pressure. The present experimental results strongly 

support the fact t h a t  a 4f VBS lies i n  close proximity 

to the F e m i  level, 
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cap t ion  to  Firlures 

Figure 1 : Phase diagram of  caesium 

Figure 2 : Schematic diagram of  t h e  pos i t ion  of  t h e  

resonant  5d s t a t e  i n  r e l a t i o n  to the  e f f e c t i v e  

p o t e n t i a l  

Figure 3 : Rela t ive  r e s i s t i v i t y  versus  pressure  f o r  l i q u i d  

caesium 

Figure  4 : P a r t i a l  s t r u c t u r e  f a c t o r s  of  a binary system of 

normal and col lapsed atoms of caesium 

Figure 5 : Screened form f a c t o r  VO(X) f o r  normal species.  
1 I 

The. resonant  form f a c t o r  Vd ( X I  when Ed-E e r/Z 
I 1 1  

a s p e c i a l  case  wherein Vd(X) Vd (XI 

Figure 6 ( a )  : R e s i s t i v i t y  aga ins t  t e m p  a t u r e  f o r  cerium 

and lanthanum a t  7.3 kbar  preksure 

Figure  6(b) : Magnetic con t r ibu t ion  to trbre r e s i s t i v i t y  

aga ins t  I n  T a t  var ious  pres'siures 

Figure 7 : Isobars  of  t h e  TEP a g a i s s t  temperature i n  q - ~ e .  
I n s e t  g ives  t h e  t h e o r e t i c a l  d t e d i c t i o n  of Suhl 

and Wong ( 1967 ) 

Figure 8 : Isobars  of  the  TEP a g a i n s t  temperature i n  p - ~ a .  
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