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Quantum which-way information and fringe visibility when the detector is entangled with an ancilla
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Quantum-mechanical wave-particle duality is quantified in terms of a trade-off relation between the fringe
visibility and the which-way distinguishability in an interference experiment. This relation was recently
generalized by Banaszek ef al. [Nat. Commun. 4, 2594 (2013)] when the particle is equipped with an internal
degree of freedom such as spin. Here, we extend the visibility-distinguishability trade-off relation to quantum
interference of a particle possessing an internal degree of freedom, when the which-way detector state is entangled
with an ancillary system. We introduce an extended which-way distinguishability D and the associated extended
fringe visibility Vi, satisfying the inequality D% + V2 < 1 in this scenario. We illustrate, with the help of three
specific examples, that while the which-way information inferred solely from the detector state (without ancilla)
vanishes, the extended distinguishability retrievable via measurements on the detector-ancilla entangled state is
nonzero. Furthermore, in all the three examples, the extended visibility and the generalized visibility (which was

introduced by Banaszek et al.) match identically with each other.

DOI: 10.1103/PhysRevA.89.062116

I. INTRODUCTION

Visibility of fringes in a single-quantum particle interfer-
ence experiment sets limits on the which-way information
[1-4], thus demonstrating wave-particle duality. Very recently,
Banaszek et al. [5] analyzed the trade-off between interference
visibility and which-path distinguishability for a quantum
particle possessing an internal structure (such as spin or
polarization). In this setting, an interaction of the internal spin
state with the detector system is shown to offer nontrivial
identifications. The internal structure could play a manipula-
tive role in controlling the information about which path in
the interferometer arms is taken by the particle. The trade-off
between the amount of which-way information encoded in the
detector system and the fringe visibility is captured in terms of
a generalized complementarity relation [5], by extending the
notion of fringe visibility in terms of the internal spin states as
well as their interaction with the detector.

To place things in order, we outline the basic scenario [4],
where a single-quantum particle (quanton) Q travels through
a two-path interferometer (double-slit or Mach-Zehnder inter-
ferometer), with the paths being equiprobable. Let us denote
the initial state of the quanton and the detector system by
,O(ng = pgn) ® ,og"). When the quanton takes either path O or 1
of the interferometer arms, the detector state correspondingly
gets transformed into

py = U UY, i=0.1, ()

where Ug) denote unitary transformations on the detector
states corresponding to the paths of the quanton. [The
interaction is constrained such that the quanton paths cannot
get transferred into one another due to interaction. The final
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detector state after the interaction is then given by pgin) =

10 1)
3Pp +30p]

Which-way information is quantified in terms of distin-
guishability 0 < D < 1, which is the trace distance between

the detector states ,og)) and pg):

D= o8 - ol @

(Here, ||A|| = Tr[v/ AT A] denotes the trace norm of A).

It may be noted that the distinguishability is the maximum
of the difference of probabilities of the correct and incorrect
decisions about the paths [6]. The paths of the quanton cannot
be distinguished when D = 0 [i.e., when pg)) = pg)] whereas

they are perfectly distinguishable when D = 1 [i.e., when pg))

and ,og) are orthogonal]. Consequently, the fringe visibility V
is given by [4]

v = (U’ o Uy ]| 3)

Visibility 0 < V < 1 characterizes the ability of the quanton,
distributed between two paths, to interfere after getting
combined at the exit of the interferometer. Wave-particle
duality in the quantum interference experiment is expressed
in terms of the trade-off relation [4] between visibility and
distinguishability:

D>+ V< 1. 4)

In a more general setup, explored recently [5], the quanton
is equipped with an internal degree of freedom such as
spin (characterized by a dg level quantum system) and it
is recognized that there is an intricate relation between the
which-way information D on the initial preparation of the
internal spin state, in addition to the specific details of its
interaction with the detector. Banaszek et al. [S] demonstrated
a stringent bound on distinguishability in terms of generalized
fringe visibility, which depends on the initial preparation of
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the spin state as well as on the nature of its interaction with the
detector system. The generalized trade-off inequality reads as

(5]
D* 4+ V2 <1, &)

where the distinguishability D = 5 L |p(0) pg) || captures the

leakout of which-way information to the detector [here,
Py =2 0(ilTes[Ugsppe ® p Ubsplli)g. i = 0,1 are the
detector states correspondmg to the quanton paths]; the unitary
interaction Uggp is constrained to be of the form Ugsp =
Yicon D)ol ®U ;lz)) such that the which-way interaction
does not shift the quanton between interferometer arms.

The generalized fringe visiblity Vg in (5) is given by [5]

Vo = ds|[(1® Aar)[(Is ® / 03)

x |®4)(D4(Is ® y/ o) ] . (©)

where the unitary interaction of the detector with the spin
subsystem corresponds to the action of a quantum channel
[7] A on the internal spin state as explained below: Let
P(ms)D = P(ms) ® pi" denote the initial quanton path spin
(denoted by 0S) and the detector (denoted by D) states. A

unitary interaction between the detector and the internal spin
results in the final state pg‘;g =U Q s D ,o(QmS) U ; gp- This unitary

interaction on the initial state ,oQ s p may be viewed as the

action of a quantum superoperator A on the input state pgns),

ie., A(p( n)) =Trp [,o(ﬁ”) ]. Further, as the quanton does not
get sw1tched between the interferometer arms 0 and 1 as a
result of the interaction, the channel A must be of the form

Alli) o (jl ® o5) = li)o(JI ® Aij(os), i,j=0,1, (7)

where og corresponds to any operator in the spin space.

Further, in (6), the states ,ogg),pg;‘) are the initial spin states

along the paths 0,1 and are given by Péo) =2 (O|pgns)|O)Q,

pé‘f) =2 (1|p(‘“)|1)Q; Is denotes the identity operator in

the spin space and 1 denotes the identity channel; the state
|®,) = f Zdﬁ la)slee) s is a maximally entangled state

of two replicas of the spin system.

Banaszek et al. [5] analyzed specific examples to demon-
strate the intricate role played by the internal spin state
preparation corresponding to specific interaction channels A .
Specifically, when there is no interaction with the detector,
the channel reduces to Ag; = 1, and after simplification
of (6) one obtains Vg = +/ Tr[,os(lgj]T1r[,oS[l i‘]] = 1, irrespective
of the preparation of the initial spin state (i.e., when the
detector gains no information about the path, visibility Vg
is 1 and the distinguishability D is 0). When the interaction
channel is given by Ag(os) = Trlos]Zs, with Xg being a
fixed unit-trace Hermitian operator, the generalized visibility

reduces to the fidelity [8,9] between the spin states ,o(Slg), pg?),

ie., Vo =Tily//pse oS0/ pi)] = F(p§y, piV). Thus, the

which-way information can be blocked by preparing identical
spin states for both the paths, i.e., p4 = pir’, so that the
generalized visibility takes its maximum value 1. In yet another

interesting example of the interaction channel, defined through
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Aoi(os) = o] /ds (where ol is the transpose of the spin

operator oy), the generalized visibility (6) gets simplified to

(in)

Ve = |l ,028 [[[ly/ pg;”|I/ds. The spin states in both the paths,

prepared initially in a completely mixed state Pso = ,o(sl?)

Is/ds, would lead to the generalized fringe visibility Vg = 1
and hence the which-path information to the detector can be
blocked.

In the present article, we explore the trade-off between the
fringe visibility and the which-way information retrievable
when the detector is entangled with an ancilla. Basically,
the which-way information corresponds, in particular, to the

discrimination of the detector states ,0(0) and ,o(l) when the

quanton chooses path 0 or path 1. One may view the states p(o)

and p D ) as the outputs of completely positive, trace-preserving
quantum channels [10] ®y,P;, acting on the input state

(m> The problem of gaining which-way information via
dlstlngulshlng the two detector states p(o) and ,o(l) can then be
linked with that of discriminating the two quantum channels
@y, D;. A useful measure of distinguishability of two quantum
channels is given by their trace distance,

H®o — @] =" 1| Po(0) — P1(p)II. (8)

where the maximum is taken over all pure input states p
[11,12]. However, an optimal approach to maximize the
observable difference between the two channels is to prepare
the input state entangled with another auxiliary system, apply
one of the channels (chosen randomly) to the input state (with
the ancillary subsystem being an idler), and then measure
the resulting output bipartite state to identify which of the
channels was applied. It has been established that channel
inputs, which are entangled with an ancilla, could offer
remarkable improvements in distinguishing some pairs of
channels [11-21]. In fact, there are examples of channels
[11] that can be distinguished perfectly when they are applied
to one part of a maximally entangled state, while they are
indistinguishable if the auxiliary system is not employed.

II. WHICH-WAY INFORMATION USING ENTANGLED
DETECTOR-ANCILLA ENTANGED STATE

Our purpose here is to investigate the enhancement of
which-way information, given that the detector is entangled
with an ancilla D’ of the same dimension as that of the detector
system [22]. We define extended distinguishability achievable
with an entangled detector-ancilla initial state by

Dr = |(@ @ D(p) — (@1 @ 1)(pi)]|

_ ‘H O _

Ppp Ppp

(©))

where
0 , (in)
Ppp = (®; ® ]l)(pDD)

o(ilTrs[Ugsp ® Ip pos ® /ODD/UZQSD ® Iplli)g

denote the final detector-ancilla states corresponding to quan-

ton paths i = 0, 1.
V1 — F2%,1), relat-

Using the inequality [23] D(p,7) <
ing the trace distance D(p,7) = %HQ — 7|| and the fidelity
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F(o,7) = Tr[,/ /0 T,/0] between the two density operators

o and 7, we obtain the following relation for the extended
distinguishability:

Dy < \/1 — F2(050, 051 )- (10)

Expressing the extended distinguishability as Dg < v/1 — Vz,
we define the corresponding extended fringe visibility by

Ve = F(pl).000). (11)

We now proceed to analyze three specific examples of
interaction to illustrate that the extended which-way distin-
guishability Dg can assume nonzero values, even when the
distinguishability D inferred by measuring only the detector
states vanishes. In the meanwhile, we also find that the
extended visibility and the generalized visibility [5] agree
identically with each other in these examples.

III. EXAMPLES

Let us consider a quanton—with two-dimensional internal
spin states |0)g,|1)s—traveling through a Mach-Zehnder
interferometer. We consider a pure entangled detector-ancilla
input state

|v) 1

DD NG
Here, {|k)p.k = 0,1} and {|/)p/,/ = 0,1} denote orthogonal
states of the detector D and ancilla D".Let |0) o,|1) ¢ denote the
state of the quanton in path 0 and 1, respectively. Internal spin
states in paths 0,1 are denoted by |¥o)s = ap|0)s + aoi|l)s
and |Y)s = a0|0)s + a1 |1)s (the coefficients a, o Obey the
normalization condition Za,:(),] lage > =1, = 0,1).

We consider the unitary interaction on the quanton spin
with the detector D along the paths 0,1 to be of the form

(10)p10)p + ) p| 1)) - 12)

1 0 0 O 0 1 0 O
o_f0 1 0 0 m_ |1 0 0 0
Up=10 0 o 1| Y=o 0o 1 o]

0 0 1 O 0 0 0 1

(13)
when expressed in the basis {|0)s]|0)p,|0)s|1)p,
[1)s10)p,|1)s|1)p}. Under this unitary interaction
with the detector the initial quanton path-spin
state  [$)gs = 5(10)¢ [Yo)s + [1)ol¥n)s)  and  the

detector-ancilla state |W)pp [see (12)] get transformed
to ) os|¥)pp — @) ospp» Which is given explicitly by

1
l©)ospp = E[(aoo|0)g|0>s +anl)olH)s)I¥)pp

+ (ap1|0)gl1)s + a1 olO) VY1) ppl, (14)
where |W )pp = JLE(|O>D|1>D/+|1>D|O>D’)~ The quanton

path-spin final density operator pg';) = Trpp[l¢)ospp (¢l]

is then found to be
s = 2110)0 (01 ® (lago|*10)s (0] + laot [*11)s{1])
+ 1) (11 ® (laol* 10)s(0] + lar *[1)s(1])
+10) o (1] ® (aooai;10)s(1| + aoiajyl1)s(0])
+11) 0 (0l ® (agyan [1)s (0] + agyail0)s(1D].  (15)
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The states pg)D,, i =0,1 of the detector-ancilla
system  after the interaction are obtained by
P = olilTrsll@)ospp (@lli)g, and are  explicitly
given [in the basis {|0)p|0) p',|0) p|1) ', 11} p|0) ', |1} p|1) p'}]
by

lagol* 0 0 lago|*
(0) _l 0 lao|*  laoi]* O
=310 JalP laP 0|
lagol* 0 0 lago|*
lai > 0 0 la|?
) _l 0 |alO|2 |alo|2 0
=3 1o jawl lawP 0
lai > 0 0 la|?

The which-way information retrievable from the extended
distinguishability [see (9)] is given by

D, — {(laoo|2 — lan»)

(lan|* — lagol?)

and Dy = 0 when |ag|? = |a; |
The extended visibility Vg [see (11)] gets simplified to the
following:

Vi = laollan| +v/1 = lag?V/1 = lan>. (17)

In Fig. 1 we have plotted the extended which-way dis-
tinguishability Dg, the extended fringe visibility Vg, and
D% + Vi as a function of the initial spin state parameters
laool,la11]. Itis clearly seen that the extended distinguishability
and visibility are complementary to each other and they obey
the trade-off relation D% + VI%; < 1.

In the absence of the ancilla D’, we find the detec-
tor states, pg) = Trp [pg’)D,] = %((1) (1)), pg) = TrDr[,og))D,] =
%((l) (IJ), are perfectly indistinguishable, leading to which-way
distinguishability D = 0 when the ancilla is not taken into
consideration.

We also evaluate the generalized fringe visibility introduced
in Ref. [5] [see (6)] in this example. From the final-state density
operator p(Qﬁ'S” [see (15)] of the quanton path-spin system, we
identify that the action of the quantum channel Ag; on spin
states is to kill the diagonal elements of the spin operator. More
explicitly,

if lago|* > lan|?, (16)
if |aii > > lagol?,

0, ifa=d,

Aor(le)s(e']) = {1’ fo 2 o, (18)

where o, = 0,1. We simplify (6) to obtain the generalized
fringe visibility

Vo = laollai| +v/1 = lagPy1 = lan 2, (19)

which matches exactly with the extended visibility Vg of (17).

It may be noted that even though the which-way distin-
guishability D (obtained when the ancilla degree of freedom
is ignored) is zero, the generalized visibility Vs does not
take its maximum value 1 in this example. Variation of
Vi does indeed reveal a leakage of which-way information.
However, the trade-off relation turns out to be that between
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FIG. 1. (Color online) Contour plots of extended distinguishability D, extended visibility Vg [see (16) and (17)], and D% + V% as functions
of |ag|,|ai|, the parameters of the initial spin preparation. It is clearly seen that the which-way distinguishability D and fringe visibility Vg

obey the duality relation D% + VZ < 1.

the visibility and the which-way information captured by the
extended distinguishability Dr—and not the one assimilated
through D.

Next, we consider the initial quanton path spin to be
prepared in the state |{)ps = %[|O)Q +11) 0] ® |0)s and the
detector-ancilla state is initially prepared in the maximally
entangled state |\V) pp given by (12). The unitary interaction
between the quanton spin and detector is chosen to be

0 0 0 1
() 0 0 1 O
Un=1o 1 0o of
1 0 0 O
0 0 0 1
1) 0 0 e 0
Un=1o e o o] 20)
1 0 0 0
which are given in the spin-detector basis states

{10)510)p.10)s11) p,11)510) p,[1)s[1) p}. After the interaction,
the detector-ancilla states associated with the paths 0,1 of the
quanton are given by

0 0 0 O
©) _l 0 1 1 0
Por=%10 1 1 of
0 0 0 O
0 O 0 0
1[o 1 ¢ 0
m _ 1 _
pDD’_Z 0 el¢> 1 0 (21)
0 o0 0 0

The which-way information extracted via the extended
distinguishability is Dg = |sin(¢/2)|, while the extended
fringe visibility is identified to be exactly complemen-
tary [24], ie., Vg =|cos(¢/2)|. It is easy to see that
the detector states ,og) = TrD/[pg)D,] =1Ig/2, i =0,1 are
indistinguishable.

In order to evaluate the generalized visibility Vg, we first
identify the action of the spin channel Ag;:

1 +ei?
A01(|0)S<0|)=< N )|1>s<1|,

| 4 ¢i0
Ao(I)ys{1]) = <+—e) 10501,

2

1+ e
— ) | 1)s(0],
5 )l)s(l

|+
A01(|1)S<0|)=< N )|0>s<1|.

We thus find that the generalized visibility (11) reduces to
Ve = | cos(¢p/2)|, which is equal to the extended visibility Vg
in this example, too.

Even here, the variation of V; would indicate leakout of
which-path information—but it is not retrievable from the
detector alone—thus bringing out the significance of detection
using the extended detector-ancilla system.

In the third example, we consider the unitary interaction
between the quanton and the detector to be

. . . 6;
Ugsp = Y libolil ® Ugh. Ugp=e 177, (22)
i=0,1
where o; ® ox = (|0)s(0] — [1)s(1]) ® (10)p (1] + 1) p{O]).
With an initial quanton path-spin state |{)ps =
(W)(w) and the maximally entangled detector-

ancilla state (12), we find that

Ao1(10)s(1]) = <

cos’ (£) 0 0 cos? (%)
o=ilo el i) o
2 2
cos? (%) 0 0 cos? (%)
(23)

are the detector-ancilla final states, corresponding to the quan-
ton paths i = 0,1. Discrimination of these detector-ancilla
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states results in Dp = %||p§%, = |cos?(%) —
cosz(%‘)|. The extended fringe visibility is found to be
Ve = |cos(%°)cos(%l)| + | sin(%")sin(%l)L In this example,
too, the detector states pg) = Trp [,o(D’)D,] = Ip/2 after the
interaction are indistinguishable and they are incapable of
retrieving the which-way information.

We find that the generalized visibility reduces to the
extended visibility in this example also. In order to see this,
we first identify the operation of the spin interaction channel
Aml

6y — 6
A01(10)5(0]) = cos (%) 10) (0,

6 [
A01(|0)S<1|)=COS( ot 1>|0>s<1|,

6 0
Aor(11)s(0]) =cos( i 1) 11501,

6y —
Aor(IDs(1]) :cos<

After simplification of (6), we obtain the generalized visibility
Ve = |cos(%°)cos(%1)| + | sin(%") sin(%l)|, which agrees per-
fectly with the extended visibility.

It is pertinent to point out here that in both the first
and the third examples the trade-off between the which-way
information and the visibilities turn out to be identical [which
is evident by the parametrization |agy| = |cos(%°)| and |a; | =
| cos( 9—2‘)|]. While in the first example, the trade-off is realized
for different initial spin preparations (by varying the initial
spin parameters |ag|,|a11]), analogous trade-off is brought out
by varying the parameters of the interaction channel.

IV. CONCLUSIONS

In a recent work on the interference of a quanton in
a two-path interferometer, Banaszek et al. [5] showed that
control over the leakage of which-way information can be
achieved by appropriate initial preparation of the internal spin

PHYSICAL REVIEW A 89, 062116 (2014)

state of the quanton. In this article, we extended this analysis
and showed that, with the help of an entangled detector-ancilla
system, the amount of which-way information could get
enhanced beyond that discerned solely from the detector.
Our analysis generalizes the trade-off relation between the
which-way distinguishability and the fringe visibility, when
the detector is equipped with an ancillary degree of freedom.
We considered three different examples of interaction between
the quanton and the detector to demonstrate that the extended
which-way distinguishability Dg can assume nonzero values
even when the distinguishability D inferred only by the
detector vanishes. In the meanwhile, we also find that the
extended visibility Vg and the generalized visibility [5] Vg
agree identically with each other in these examples. These
illustrative examples analyzed here reveal that there are
instances where the detector fails to gain any information
on which-way distinguishability, but the corresponding gen-
eralized visibility does not attain its maximum value 1. In
fact, variation of the generalized visibility 0 < Vg < 1—even
when the which-way information transferred to the detector is
completely erased—draws striking attention. These examples
indeed bring forth the need for our extended analysis to explore
how leakage of which-way information is captured by the
entangled detector-ancilla system, but not by the detector
state alone. However, the agreement of the extended visibility
with generalized visibility in these specific examples appears
to be coincidental. It would be of interest to investigate
how both these fringe visibilities are related to each other
in general. Furthermore, we leave open the question, “is it
possible to represent the extended fringe visibility Vg in
terms of quantities that could be controlled at the stage of
preparation of quanton internal spin state, so that one can
prevent the which-way information leakout to the combined
detector-ancilla system?,” for further exploration.
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