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ABSTRACT
Having to have low thermal energy, the molecular gas in galaxies is expected to settle in a
thin disc near the mid-plane. However, contradicting this understanding, recent studies have
revealed considerably thick molecular discs in nearby spiral galaxies. To understand this
apparent discrepancy, we theoretically model the molecular discs in a sample of eight nearby
spiral galaxies and estimate their molecular scale heights (Half Width at Half Maxima). We
assume that the baryonic discs are in vertical hydrostatic equilibrium under their mutual gravity
in the external force field of the dark matter halo. We set up the joint Poisson’s–Boltzman
equation of hydrostatic equilibrium and numerically solve it to obtain the 3D molecular
gas distribution and determine the scale heights in our sample galaxies. We find that the scale
heights follow a universal exponential law with a scale length of 0.46 ± 0.01 r25. The molecular
scale heights in our sample galaxies are found to vary between 50 and 200 pc depending on the
galaxy and radius. Using the density solutions, we build dynamical models of the molecular
discs and produce molecular column density maps. These model maps are found to match to
the observed ones reasonably well. We further incline the dynamical models to an inclination
of 90◦ to estimate the expected observed thickness of the molecular discs. Interestingly it is
found that at edge-on orientation, our sample galaxies under hydrostatic assumption can easily
produce a few kpc thick observable molecular disc.

Key words: molecular data – ISM: molecules – galaxies: kinematics and dynamics –
galaxies: spiral – galaxies: structure.

1 IN T RO D U C T I O N

The molecular gas in galaxies plays a crucial role in transforming the
gas into stars. As the molecular gas is the immediate precursor to the
star formation, this component of the interstellar medium (ISM) has
a potentially significant influence on galaxy formation and evolution
(Myers et al. 1986; Shu, Adams & Lizano 1987; Scoville & Good
1989). Not only that, but dynamically also this component is critical.
For example, in the inner part of spiral galaxies, the molecular gas
dominates the ISM and influence the dynamics at the central region
(Leroy et al. 2009; Richards et al. 2018). However, in spite of its
enormous importance, accurate 3D distributions of molecular gas in
galaxies are not well understood (Cohen, Dame & Thaddeus 1986;
Hunter et al. 1997; Dame, Hartmann & Thaddeus 2001; Sawada
et al. 2004). The lack of spatial resolution and sensitivity limits the
detection of molecular clouds even in the nearby galaxies (see e.g.
Schruba et al. 2017, and references therein). Whereas, with a larger
beam, the line-of-sight integration effects severely restrict one to
extract the vertical distribution of the molecular gas even for an
edge-on galaxy.

� E-mail: narendra@ncra.tifr.res.in

Traditionally, it is thought that the molecular component is a
dynamically cold component that settles in a thin disc near the
mid-plane with small vertical thickness (see e.g. Nakanishi &
Sofue 2006). Consequently, the vertical velocity dispersion of the
molecular gas is also expected to be small (∼ a few km s−1).
However, many recent observational studies indicate the existence
of a diffuse low-density molecular gas in galaxies that can extend
to a much larger height from the mid-plane (Garcia-Burillo et al.
1992; Caldú-Primo et al. 2013; Pety et al. 2013; Mogotsi et al.
2016). This component is thought to be well mixed with the
atomic gas and might be a part of the same dynamical component.
However, currently, we lack a theoretical understanding of the
origin and sustenance of this component, which makes it interesting
to investigate the distribution of the molecular gas in galaxies,
especially in the vertical direction.

Observing out of the plane molecular gas distribution is chal-
lenging in external galaxies due to line-of-sight integration effects.
A detailed study of the 3D distribution of the molecular gas is
only possible observationally for the Milky Way (Grabelsky et al.
1987, 1988; Bronfman et al. 1988; Nakanishi & Sofue 2006;
Rosolowsky & Leroy 2006; Rice et al. 2016). For example, using
the observations made by the Columbia University 1.2 m telescope
at Cerro Tololo, Grabelsky et al. (1987) reported out of the plane
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distribution of the molecular gas outside the solar circle for the first
time. Wouterloot et al. (1990) used IRAS point source catalogue
and 12CO observations to estimate the distribution of the molecular
gas in the outer parts of the Galaxy. Later, using the data from the
Columbia 12CO (J = 1 → 0) survey (Dame et al. 2001), Nakanishi &
Sofue (2006) produced a 3D map of the molecular gas for the entire
Milky Way. They found that the molecular scale height in the Galaxy
varies between ∼50 and 200 pc as one moves from the centre to
a radius of ∼ 10 kpc. However, many of these studies are severely
hindered by distance ambiguities and high opacity of the molecular
clouds (Sanders, Solomon & Scoville 1984; Grabelsky et al. 1987;
Scoville et al. 1987; Bronfman et al. 1988)

To acquire a broader picture of the molecular gas distribution
in galaxies, one needs to extend the sample beyond the Milky
Way. However, for external galaxies, it is extremely hard to resolve
out individual clouds due to the limited spatial resolutions of
the present-day telescopes. It is only very recently that high-
resolution studies could be possible for a handful of very nearby
galaxies with the advanced interferometers like the Atacama Large
Millimetre Array (Schruba et al. 2017). Hence, observationally, it
is difficult to estimate the 3D distribution of the molecular gas
directly and consecutively measure the thickness of the molecular
discs. Nonetheless, observations of the molecular discs in edge-on
galaxies found a much higher thickness of the molecular discs than
what is presumed before. Not only that, recent observations of the
molecular gas velocity dispersions (which is an indirect measure of
the thickness of a molecular disc) in nearby spiral galaxies reconfirm
the existence of a thick molecular disc in external galaxies (Garcia-
Burillo et al. 1992; Pety et al. 2013; Mogotsi et al. 2016).

To theoretically understand the thickness of the molecular discs
and compute the 3D distribution of the molecular gas, we assume the
baryonic discs in a galaxy to be in vertical hydrostatic equilibrium
under their mutual gravity in the external force field of the dark
matter halo. With this assumption, we set up and numerically solve
the joint Poisson’s–Boltzman equation to theoretically estimate the
distribution of the molecular gas in galaxies. We used this approach
in our earlier paper (Patra 2018) to solve the hydrostatic equilibrium
equation and estimate the molecular gas distribution in the galaxy
NGC 7331. We found that in NGC 7331, our modelled molecular
disc very well matches with the observation. This motivates us to
use this theoretical approach to solve the hydrostatic equilibrium
equation to estimate the distribution of molecular gas in a larger
sample of external galaxies. As mentioned earlier, the determination
of the molecular gas distribution observationally or theoretically is
attempted only for a handful of galaxies; in this paper, we try to
estimate the distribution of molecular gas and hence the thickness
of the molecular discs in a sample of eight nearby spiral galaxies.

2 SA MPLE

We select our sample galaxies from the HERA CO-Line Extra-
galactic Survey (HERACLE; Leroy et al. 2009) in which 18 nearby
galaxies were observed in CO using the 30-m IRAM telescope. To
solve the hydrostatic equilibrium equation, we are required with the
deprojected surface densities of different baryonic components (e.g.
stars, H I and H2), observed rotation curves and the mass models
of the galaxies. The molecular surface density profiles are obtained
from the HERACLE survey whereas The H I Nearby Galaxy Survey
(THINGS; Walter et al. 2008) data provide with the atomic gas
surface densities, rotation curves, and the mass models. A total
of 18 galaxies were observed as part of the HERACLE survey,
out of which four galaxies were not detected in CO (Holmberg-I,

Table 1. Sample galaxies.

Name Dist Incl PA r25

(Mpc) (◦) (◦) (arcmin)

NGC 925 9.2 66 287 5.3
NGC 2841 14.1 74 154 5.3
NGC 2976 3.6 65 335 3.6
NGC 3198 13.8 72 215 3.2
NGC 3521 10.7 73 340 4.2
NGC 5055 10.1 59 102 5.9
NGC 6946 5.9 33 243 5.7
NGC 7331 14.7 76 168 4.6

Holmberg-II, IC 2574, and DDO 154). We considered the rest 14
galaxies as potential sample galaxies for our analysis. However, out
of these 14 galaxies, rotation curves could not be derived for four
galaxies (NGC 628, NGC 3148, NGC 3351, and NGC 4214) due
to their low inclinations, i � 40◦. Hence, we exclude these four
galaxies for further consideration. However, for one galaxy in the
parent sample, NGC 6946, a reliable rotation curve could be derived
in spite of it having an inclination, i ∼ 33◦ as it had a significant
number of resolution elements across its major axis (for more details
see de Blok et al. 2008). Hence, we include NGC 6946 in our sample.
This leaves us with a sample of 10 potential galaxies having all
the surface densities and rotation curves. Further, for two galaxies
(NGC 2903 and NGC 4736) mass modelling could not be done due
to complex kinematic signatures in their H I data. For example, in
NGC 2903, due to the presence of a bar, a significant non-linear
motion is induced leading to a non-reliable mass modelling of the
galaxy (see e.g. de Blok et al. 2008). The rotation curve of NGC
4736, on the other hand, is found to be very complex with the
presence of strong non-linear motions (Trachternach et al. 2008).
This, in turn, makes it nearly impossible to determine the dark
matter distribution in this galaxy using just the observed rotation
curve alone (de Blok et al. 2008). We exclude these two galaxies
further from our potential sample galaxies. These considerations
finally leave us with eight nearby spiral galaxies for which we can
solve the hydrostatic equilibrium equation. In Table 1 we list the
general properties of our sample galaxies. In column (1) we list
the names of the galaxies whereas columns (2) and (3) present the
distance to the galaxies and the inclination, respectively. In columns
(4) and (5) we list the position angle of the optical disc and the r25

radius, respectively. The data presented in Table 1 are taken from
Walter et al. (2008).

3 MODELLI NG THE GALACTI C DI SC

3.1 The equation of hydrostatic equilibrium

To estimate the molecular distribution in our sample galaxies, we
assume a galaxy to be a three-component system consisting of a
stellar disc, an atomic disc, and a molecular disc settled under
mutual gravity under the gravitational influence of the dark matter
halo. Each of these discs is in vertical hydrostatic equilibrium
under the balance between the gravity and the pressure. The gravity
is the total gravity produced by all the components whereas the
balancing pressure would be of individual components decided by
their velocity dispersion. To simplify our model for mathematical
convenience, we assume that all the discs are coplanar, coaxial,
and concentric. Not only that, but the dark matter halo would also
be symmetric, and the centres of the dark matter halo and the discs
coincide with each other. Under these assumptions, for an elemental
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volume inside the galactic disc, the Poisson’s equation of hydrostatic
equilibrium in cylindrical coordinate can be written as

1

R

∂

∂R

(
R

∂�total

∂R

)
+ ∂2�total

∂z2
= 4πG

(
3∑

i=1

ρi + ρh

)
, (1)

where �total is the total gravitational potential due to all the baryonic
discs and the dark matter halo. ρ i runs for the stellar, atomic, and
the molecular mass densities, whereas ρh denotes the mass density
of the dark matter halo. Here we consider the dark matter halo to
be of fixed structure (not live) determined by the observed rotation
curve. For our sample galaxies, the dark matter halo parameters are
extracted using THINGS survey data by de Blok et al. (2008). de
Blok et al. (2008) used both the NFW profile and the isothermal
profile to describe the dark matter haloes. An NFW profile (Navarro,
Frenk & White 1997) can be given as

ρh(R) = ρ0

R
Rs

(
1 + R

Rs

)2 , (2)

whereas an isothermal profile can be given as

ρh(R) = ρ0

1 +
(

R
Rs

)2 , (3)

where ρ0 is the characteristic density and Rs is the scale radius.
These two parameters (ρ0 and Rs) completely describe a spherically
symmetric dark matter halo.

The baryons in the galactic discs can be assumed to be an ideal gas
for which the pressure gradient would be balanced by the gradient
in the gravitational potential under hydrostatic equilibrium.

∂

∂z

(
ρi〈σ 2

z 〉
i

) + ρi

∂�total

∂z
= 0, (4)

where 〈σ z〉i is the vertical velocity dispersion of the ith component.
Using equations (1) and (4) we get,

〈σ 2
z 〉

i

∂

∂z

(
1

ρi

∂ρi

∂z

)
= −4πG

(
ρs + ρHI + ρH2 + ρh

)
(5)

+ 1

R

∂

∂R

(
R

∂�total

∂R

)
,

where ρs, ρHI, and ρH2 are the mass densities of stars, atomic gasses,
and the molecular gases, respectively.

The above equation can be further simplified by using the fact
(for more details see Banerjee, Matthews & Jog 2010)(

R
∂�total

∂R

)
R,z

= (v2
rot)R,z

, (6)

where (vrot)R, z is the rotation velocity. If one neglects the variation
of the rotation velocity in the z direction then the (vrot)R, z can be
replaced by the observed rotation curve, vrot.

Thus equation (5) reduces to

〈σ 2
z 〉

i

∂

∂z

(
1

ρi
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)
= −4πG

(
ρs + ρHI + ρH2 + ρh

)
(7)

+ 1

R

∂

∂R

(
v2
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)
.

Equation (7) is the final hydrostatic equilibrium equation that
represents three second-order ordinary partial differential equation
in the variables ρs, ρHI, and ρH2 that are coupled to each other
through the first term on the RHS. Solving this equation would
provide a detailed 3D density distribution of the baryonic discs.

3.2 Input parameters

Solving equation (7) analytically is not possible, and hence, we
solve it using numerical techniques. There are a number of essential
inputs that are necessary to solve the equation. Below we discuss
these inputs in details.

3.2.1 Surface densities

In hydrostatic equilibrium, gravity balances the pressure in the
vertical direction. The primary source of the gravity is the observed
baryons in the galactic discs apart from the dark matter halo. Hence,
the surface densities of the baryonic components are one of the
primary inputs to equation (7). For our sample galaxies, the surface
densities of the molecular gas are obtained using the HERACLE
survey data. We adopt the molecular surface density profiles of our
sample galaxies from Schruba et al. (2011). Schruba et al. (2011)
averaged the CO data in tilted rings of width 15 arcsec (taken from
the THINGS survey; see de Blok et al. 2008, for more details)
by shifting the spectra to a common velocity and stack them. The
surface density profiles of the molecular gas are then calculated
by fitting these stacked spectra. As the stacked spectra have much
higher SNR, the surface density profiles obtained by this method are
much more sensitive than what would be obtained using a moment
zero map (for example, what is presented in Leroy et al. 2009).
It can be noted that the molecular surface density profiles thus
generated extend to a larger radius than what would be seen in a
regular moment map. The surface density profiles of the atomic
gas are obtained by averaging the total H I intensity distribution in
the same tilted rings (Schruba et al. 2011). A correction factor of
1.4 is applied to the surface density profiles of the atomic gas to
account for the presence of the cosmological Helium. We adopt the
stellar surface density profiles for our sample galaxies as calculated
by Leroy et al. (2008) using 3.6 μm data from the SINGS survey
(Kennicutt et al. 2003). In Fig. 1 we plot the different surface density
profiles of our sample galaxies. It can be seen from the figure that the
stellar and the atomic discs extend to a much larger radius than the
molecular discs. Also, the stellar disc dominates the surface density
in the inner parts of the galaxies, whereas, the atomic gas becomes
comparable or dominant at the outer parts. These surface density
profiles are used as an input to solve the hydrostatic equilibrium
equation.

3.2.2 Vertical velocity dispersion

The next important input required to solve equation (7) is the vertical
velocity dispersions of individual disc components. It is a key input
as it alone provides the necessary pressure to balance the gravity and
can significantly influence the vertical scale heights of the baryonic
discs.

We calculate the stellar velocity dispersion analytically by as-
suming the stellar disc to be an isothermal system in hydrostatic
equilibrium (see Appendix B.3 of Leroy et al. 2008, for more
details). However, recent studies of stellar velocity dispersion using
IFU data suggest that the velocity dispersion obtained assuming an
isothermal stellar disc is always an overestimate of the true velocity
dispersion within the disc scale length, and an underestimate outside
the disc scale length (see Mogotsi & Romeo 2018, for more details).
Nonetheless, Banerjee et al. (2011) showed that the vertical velocity
dispersion of the stellar component does not significantly influence
the scale heights of the gaseous discs that are of our prime interest.
Hence, we use the analytical formula as given by Leroy et al. (2008)
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84 N. N. Patra

Figure 1. The surface density profiles of our sample galaxies. Different panels plot the surface density profiles for different galaxies as mentioned in the top
right-hand corner of the respective panels. In each plot, the black asterisks represent the stellar surface density profiles whereas the red filled circles with error
bars show the H I surface density profiles and the blue squares represent the H2 surface density profiles. The H2 surface density profiles are taken from the
HERACLE survey (Leroy et al. 2009) whereas the stellar and the H I surface density profiles were taken from Leroy et al. (2008).

to calculate the vertical velocity dispersions of the stellar discs in
our sample galaxies.

Unlike the stellar velocity dispersion that is very hard to measure
observationally, the gas velocity dispersions are relatively easy to
realize through spectroscopic observations. The velocity dispersion
of the atomic gas in galaxies can be studied extensively using HI −
21cm spectroscopic observations. Earlier low-resolution H I studies
revealed a velocity dispersion of 6–13 km s−1 in the atomic discs.
However, consecutive interferometric resolved studies measured the
gas velocity dispersion with more precision. For example, Tamburro
et al. (2009) used high-resolution H I data of THINGS galaxies
to find a mean velocity dispersion of ∼ 10 km s−1 in their atomic
discs. However, these studies are based on individual spectrum that
very often lacks sensitivity. On a global scale, however, spectral
stacking produces H I spectra with much higher sensitivity and
is able to detect faint broad wings that are not detectable in the
high-resolution individual spectra (see e.g. Stilp et al. 2013). These
stacked spectra resulted in somewhat higher velocity dispersions
of H I gas than what was found earlier. Caldú-Primo et al. (2013)
stacked the CO and the H I spectra in a sample of spiral galaxies
(using the same parent sample what we have used here) to find a
σ HI/σ co = 1.0 ± 0.2 with a median σ HI of 11.9 ± 3.9 km s−1. Later,
Mogotsi et al. (2016) used the same set of galaxies to study the
individual bright spectra and found a σ HI/σ co = 1.4 ± 0.2 with a
median σ HI = 11.7 ± 2.3 km s−1and σ co = 7.3 ± 1.7 km s−1. Given
these results, it is reasonable to assume a velocity dispersion of
∼12 km s−1 for the atomic gas. However, in the molecular disc, the
dominant component has a velocity dispersion of ∼7 km s−1 that is
observed in both the individual spectrum and stacking analysis. The
other diffuse component that is only seen in the stacked spectra has
a much higher velocity dispersion of ∼12 km s−1. For our analysis
here, we consider the molecular disc to be a single-component
system with a velocity dispersion of 7 km s−1 and investigate if this
simple molecular disc can explain the observed thickness of the
molecular discs in external galaxies.

3.2.3 Rotation curve

The rotation curve is another important input to the hydrostatic
equation. The last term on the RHS of equation (7) requires
the observed rotation curve to be known. This term provides a
centripetal force that effectively works like a pressure against
gravity. For our sample galaxies, we use rotation curves as derived
from the high-resolution H I data from the THINGS survey (de Blok
et al. 2008). We plot the rotation curves of our sample galaxies in
Fig. 2. As a second-order derivative is what is used in equation (7),
we parametrize the rotation curves using a commonly used Brandt
profile (Brandt 1960) to avoid any possible divergence. The profile
can be given as

vrot(R) = Vmax (R/Rmax)(
1/3 + 2/3

(
R

Rmax

)n)3/2n
, (8)

where the Vmax is the maximum rotational velocity, Rmax is the radius
at which this maximum velocity occurs. n is the power-law index
that signifies how fast the rotation curve increases as a function of
radius.

We fit all the rotation curves of our sample galaxies with this
Brandt profile. The black dashed lines in all the panels of Fig. 2
shows the fit to the data. As it can be seen, for all the galaxies,
the Brandt profile describes the rotation curves reasonably well.
The fitted parameters are listed in Table 2. To solve the hydrostatic
equation we use these parametric values to represent the rotation
curves.

3.2.4 Dark matter halo parameters

The next input parameter required to solve equation (7) is the dark
matter halo, which provides a considerable amount of gravity to the
hydrostatic equation. For our sample galaxies, we adopt the mass
models produced by de Blok et al. (2008). de Blok et al. (2008)
investigated the mass model of each galaxy extensively using both
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Molecular scale height in spiral galaxies 85

Figure 2. The rotation curves of our sample galaxies as extracted from the THINGS data (de Blok et al. 2008). For parametrization, we fit the rotation curves
with a Brandt profile. The red circles with error bars represent the rotation curves whereas the black dashed lines represent the fit to the data. The best-fitting
parameters are given in Table 2.

Table 2. Best-fitting parameters of the rotation curves.

Name Vmax Rmax n
(km s−1) (kpc)

NGC 925 118.0 ± 1.4 16.4 ± 0.9 1.80 ± 0.10
NGC 2841 320.9 ± 0.5 5.7 ± 0.2 0.36 ± 0.02
NGC 2976 103.5 ± 13.6 6.9 ± 3.0 1.05 ± 0.28
NGC 3198 158.1 ± 0.7 16.4 ± 0.3 0.82 ± 0.03
NGC 3521 238.6 ± 1.7 7.2 ± 0.2 1.19 ± 0.07
NGC 5055 209.1 ± 0.6 8.5 ± 0.2 0.36 ± 0.01
NGC 6946 199.7 ± 0.5 12.0 ± 0.6 0.69 ± 0.05
NGC 7331 257.8 ± 1.7 3.5 ± 1.3 0.12 ± 0.04

Table 3. Dark matter halo parameters.

Name DM halo Rc ρ0

(kpc) (× 10−3 M�pc−3)

NGC 925 ISO 9.67 5.90
NGC 2841 NFW 20.55 12.40
NGC 2976 ISO 5.09 35.50
NGC 3198 ISO 2.71 47.50
NGC 3521 ISO 1.32 370.20
NGC 5055 ISO 11.73 4.80
NGC 6946 ISO 3.62 45.70
NGC 7331 NFW 60.20 1.05

the NFW and the ISO profiles. However, none of these profiles
could consistently describe all the galaxies better than the other
one. Some galaxies found to be described better by an NFW profile
whereas some galaxies are better suited for an ISO profile. Here,
in our analysis, for any galaxy, we choose a model from de Blok
et al. (2008) that describes the data better (see table 3–6 of de Blok
et al. 2008, for more details). In Table 3 we present the chosen dark
matter halo types and their parameters for our sample galaxies. In
columns (1) and (2) we list the name and the halo type we use,
respectively. Column (3) lists the central characteristic density of
the dark matter halo whereas the characteristic radius is given in
column (4).

3.3 Solving the hydrostatic equation

With the inputs mentioned above, equation (7) can be solved
numerically. Equation (7) represents three second-order ordinary
partial differential equations that are coupled through the first term
in the RHS. We solve these equations simultaneously using eight
order Runge–Kutta method as implemented in python package
scipy. As these equations are second-order differential equations,
one needs at least two initial conditions to solve it. The two
conditions we employ here are

(ρi)z=0 = ρi,0 and

(
dρi

dz

)
z=0

= 0. (9)

The second condition comes from the requirement of a static
equilibrium, which demands no unbalanced force at the mid-plane
and hence a density extrema at this point (see e.g. Spitzer 1942). On
the other hand, the first condition in the above equation demands
prior knowledge of the mid-plane density which is not known. This
can be tackled using the knowledge of the observed surface density.

We adopt a similar numerical procedure to solve the hydrostatic
equation as used by many previous authors (Banerjee & Jog 2008;
Patra et al. 2014; Patra 2018). We iteratively solve the individual
equations to get the correct mid-plane density ρ i, 0 that will produce
the observed surface density. To solve individual disc components,
for example, stars, we first assume a trial mid-plane density ρs, 0

and solve equation (7) to get a density solution ρs(z). This solution
is then integrated along z to obtain the trial surface density, �s =
2
∫

ρs dz. This trial �s is then compared to the observed stellar
surface density to update the next trail ρs, 0. In this way, we
iteratively approach to a ρs, 0 such that it produces a �s which
matches the observed value with 0.1 per cent accuracy. Using this
approach, we found that the surface densities for all our sample
galaxies at all radii converge within a few tens of iterations.

As equation (7) represents three coupled equation, they should
be solved in principle simultaneously. However, numerically it is
not possible to solve it in a go. Instead, we solve the equation first
for individual components and then introduce the solution of one
component in the gravity term while solving the other components.
For example, in the first iteration, we solve for the stars alone
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86 N. N. Patra

Figure 3. Example solutions of equation (7) for the galaxy NGC 2841 at
a radius of 11 kpc. The solid red line represents the mass density of stellar
disc, whereas the blue dashed and the black dashed-dotted lines represent
the atomic and the molecular mass densities, respectively.

and obtain the density solution ρs, 1(z). While solving for this, we
assume the density of H I and H2 to be zero, i.e. no coupling of
the gravitational force. Next, we solve for H I as an individual
component. But this time, we no longer consider the density of
the stars to be zero but we use ρs(z) = ρs, 1(z). However, for H2,
we still consider ρH2(z) = 0. Thus we produce the solution for H I,
ρHI, 1(z) which have coupled the gravity of the stars only. Next, we
solve for H2 similarly considering the presence of both stars and H I

by putting ρs(z) = ρs, 1(z), and ρHI(z) = ρHI, 1(z) in equation (7) to
obtain ρH2, 1(z). This marks the end of the first iteration. At the end
of the first iteration, we have a slightly better coupled-solutions than
expected otherwise for an individual case. In the second iteration
onwards, solving for each disc component will have the coupling
from the other components. We continue this iterative process until
the solutions of every component converge to an accuracy better
than 0.1 per cent. We note that for all our sample galaxies, the
solutions quickly converges within a few iterations.

Solving the hydrostatic equation is a computationally intensive
step. It takes approximately couple of minutes to solve equation (7)
in a standard workstation for a single radial point. However, as the
vertical hydrostatic condition at any radius is not dependent on the
same at any other radius, equation (7) can be solved in parallel at
different radii. Hence, we implement the solver using an MPI based
parallel code for faster computation.

4 R E SULTS A N D DISCUSSION

Using the method mentioned above, we solve the hydrostatic
equilibrium equation for our sample galaxies. In Fig. 3 we show
an example solution of equation (7) for the galaxy NGC 2841 at a
radius of 11 kpc. As it can be seen from the figure, the stellar disc
has a much higher thickness than the gaseous discs. The atomic
disc is found to be thicker than the molecular disc as well (this is
true for all radii). We note that for a single-component isothermal
disc, the solutions follow a sech2 law (see Bahcall 1984a,b, for
detailed calculations); however, in the presence of coupling, the
solution deviates from a sech2 law and tends to follow a Gaussian-
like profile.

We note that the assumption of the hydrostatic equilibrium is
crucial to our analysis and any violation of this assumption would
lead to a wrong interpretation of the results. Observationally, it
has been found that the highly energetic activities with observed
outflows and enhanced star formations are generally confined well
within the central 1 kpc region of a spiral galaxy (Irwin & Sofue
1996; Bolatto et al. 2013). Within this region, the assumption
of a hydrostatic equilibrium might not hold good. Hence, while
solving equation (7) for our sample galaxies, we exclude a region
of central 1 kpc. It should be noted that at places in small regions, the
hydrostatic condition might not hold good due to various reasons,
but, as we are using azimuthally averaged quantities, it is expected
that these small fluctuations would have a negligible effect on the
global stability. For NGC 2841, CO was not detected within a central
region of radius 2.6 kpc and hence, for this galaxy, we only solve
equation (7) outside this region.

As the solutions of the hydrostatic equation (i.e. ρs, ρHI, and ρH2

as a function of R and z) provide a detailed 3D distribution of the
different disc components, it can be used to estimate the atomic and
molecular scale heights in our sample galaxies. The scale height is
defined as the Half Width at Half Maxima (HWHM) of the vertical
density distribution in the baryonic discs. This scale height is an
indicative measure of the thickness of the atomic or the molecular
disc. Using the solutions for the atomic and the molecular gas discs
for our sample galaxies, we calculate the HWHM of the vertical
density distribution as a function of radius. Thus, estimated atomic
and molecular scale heights are plotted in Fig. 4. It can be seen
from the figure that the scale heights of the molecular discs vary
between 20 and 100 pc in the central region (R ∼ few kpc) and
∼150–200 pc at the outer regions (R ∼ 10–15 kpc). The atomic
scale heights are found to be higher than the molecular scale height
by a factor of ∼2 at all radii. The molecular scale height found for
our sample galaxies are consistent with that of the Milky Way (see
e.g. Nakanishi & Sofue 2006). In spite of being having very different
surface density profiles and dark matter distribution, the molecular
scale heights of our sample galaxies show a very similar trend. For
example, for almost all the galaxies, molecular scale heights start
∼50 pc at the central region and increases to ∼150–200 pc at the
outer regions.

As mentioned earlier in Section 3.2.2, constant gas velocity
dispersions of σ CO = 7 km s−1and σ HI = 12 km s−1are used to solve
the hydrostatic equilibrium equation. However, the gas velocity
dispersions are found to vary from galaxy to galaxy and within a
galaxy (Tamburro et al. 2009; Caldú-Primo et al. 2013; Mogotsi
et al. 2016) which might influence the estimated scale heights
considerably. To investigate this in more details, we solve equa-
tion (7) for a representative galaxy, NGC 2841 assuming different
atomic and molecular velocity dispersions and estimate the scale
heights. In Fig. 5 we show the dependence of the gas scale heights
on the assumed velocity dispersions. The left-hand panel depicts
the variation of the atomic and the molecular scale heights for a
set of assumed σ CO. Whereas, the middle panel shows the same
but for a set of assumed σ HI. It is found that σ CO significantly
influences the molecular scale height. A few km s−1 change in the
σ CO can introduce an ∼40–50 per cent change in the molecular scale
height. However, its effect on the atomic scale height is negligible.
Similarly, the σ HI is found to influence the atomic scale height
considerably though it does not affect the molecular scale height
meaningfully.

As for our sample galaxies, both the NFW and the ISO dark matter
haloes can explain the observed rotation curve reasonably within the
measurement uncertainties; no particular profile is observationally
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Molecular scale height in spiral galaxies 87

Figure 4. The molecular and atomic scale heights of our sample galaxies. The blue dashed lines indicate the atomic scale heights whereas the solid red lines
represent the molecular scale height. Each panel shows the scale heights for different sample galaxies as quoted at the top left-hand corners of the respective
panels. We fit the molecular scale heights with an exponential profile as shown by the dashed lines in the individual panels. The scale lengths of the fitted
exponents are quoted in the bottom right-hand corner of each panel in kpc.

Figure 5. The effect of assumed gas velocity dispersions and dark matter halo profiles on the molecular/atomic scale heights in NGC 2841. The left-hand
panel depicts the dependence of the gas scale heights on the assumed σCO (for a constant σHI = 12 km s−1). The middle panel shows the dependence of the
gas scale heights on σHI (for a constant σCO = 7 km s−1). In both the panels the solid lines represent the molecular scale heights whereas the dashed lines
indicate the atomic scale heights. Different colours represent differently assumed velocity dispersions as mentioned in the legends of the respective panels. As
can be seen from these panels, the scale height of a particular gas disc considerably depends on its vertical velocity dispersion. However, it does not depend
critically on the velocity dispersion of the other disc. In the right-hand panel, we show the gas scale heights in NGC 2841 for different assumed dark matter
halo profiles. The solid lines represent the estimated gas scale heights for an NFW halo (which is used in Fig. 4, top row second panel) whereas the broken
lines represent the same for an ISO halo. As can be seen, the gas scale heights moderately depend on the assumed dark matter halo profiles (�15–20 per cent)
only at the central regions. At outer radii, both the dark matter halo profiles produce very similar scale heights. See the text for more details.

much preferred to describe the dark matter haloes in these galaxies
over the other. Hence, it is worth exploring the effect of the chosen
dark matter halo profile on the estimated gas scale heights. To do
that, we solve equation (7) for NGC 2841 considering both the
NFW and the ISO dark matter halo profiles (from table 5 of de Blok
et al. 2008) and estimate the scale heights. In the right-hand panel
of Fig. 5 we plot the resulting atomic and molecular scale heights.
As it can be seen from the figure, a different dark matter halo profile
(ISO) for NGC 2841 produces a maximum difference of ∼15–20
per cent in the molecular scale height at inner radii. This difference
gradually narrows down as one moves towards outer radii. As the
structural difference between the dark matter haloes is maximum at

the centre (core or cusp), the scale heights due to these two haloes
differ the most in the central region.

Next, to examine the nature of the flaring in the molecular
discs of our sample galaxies, we fit the scale heights with an
exponential profile of the form hscl(R) = h0exp (R/R0), where h0

is the characteristic scale height and R0 is the exponential scale
length. In each panel of Fig. 4, the exponential fits to the scale
heights are shown by the black dashed lines. As can be seen from
the figure, for all our sample galaxies an exponential profile well
describe the molecular scale height except for NGC 2976. For this
galaxy, we only solve the hydrostatic equation from 1 to 1.75 kpc
which is a much smaller region as compared to our other sample
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88 N. N. Patra

Figure 6. Normalized scale height (HWHM) profiles for our sample
galaxies. The solid lines represent the HWHM profiles for our sample
galaxies normalized to the value 1 at a radius of 0.3 r25, the 25th magnitude
B-band isophote. The red squares with error bars represent the mean
normalized scale height at radial bins of 0.1 r25. The error bars represent
1−σ scatter on the data. The red dashed line represents an exponential fit
to the mean normalized scale height. We find that the scale height follows a
tight exponential function with a scale length of 0.46 ± 0.01 r25.

galaxies and might not be good enough to capture the full variation
of a larger region. The scale lengths of the exponential fits (R0) are
quoted at the bottom right-hand corners of the respective panels in
the units of kpc.

To investigate how universal is this exponential flaring within our
sample galaxies, we normalize all the scale heights for our galaxies
and plot as a function of radius. Adopting a similar approach as
used by Schruba et al. (2011), we normalize all the scale heights to
have a value 1 at a radius of 0.3 r25, where r25 is the optical radius of
a galaxy calculated by fitting the 25th magnitude B-band isophote.
In Fig. 6 we plot these normalized scale heights (solid lines) as a
function of radius (in the units of r25). It is very interesting to see
from the figure that, all our sample galaxies follow a fairly tight
exponential law when plotted against radius in an absolute unit of
r25. To obtain a universal law, we calculate the mean scale heights
for our sample galaxies by averaging all the points within a radial
bin of 0.1 r25 (red squares). The error bars on the squares represent
1−σ scatter on the scale heights within a radial bin. We fit this mean
normalized scale height with an exponential function of the form
hscl, n = h0, nexp (R/lscl) and find an exponential scale length, lscl =
(0.46 ± 0.01) r25.

It is well known that the surface densities of the molecular gas
in galaxies decline exponentially (Schruba et al. 2011). The scale
length of this exponential decline (when normalized to 1 at 0.3 r25)
is found to be lCO = 0.20 ± 0.01 r25 which is much less than the
scale length of the molecular scale heights what we get here. The
molecular surface density is expected to determine the molecular
scale height directly in the absence of any external influence, such
as the other baryonic discs or dark matter halo. In that case, the
molecular scale height is expected to flare at the same rate as the
molecular surface density declines. Subsequently, the scale length
of the molecular surface density and the molecular scale height
profile (HWHM) are expected to be the same. To test this, we

Figure 7. The behaviour of the molecular scale height in the absence of
any external influence in NGC 3198. The solid red and the black dashed
lines represent the molecular gas surface density profile (�H2 ), and it’s fit
to an exponential profile, respectively (marked by the left axis). The solid
magenta and the dashed-dotted blue lines represent the estimated molecular
scale height (HWHM) and its fit to a rising exponential function, respectively
(marked by the right axis). The scale lengths of the exponential fits to the
�H2 (lCO) and the HWHM profile (lscl) are found to be ∼4.05 and ∼4.06 kpc
(as quoted in the top left), are almost the same.

modify equation (7) to exclude the stellar disc, the atomic disc, and
the dark matter halo; and solve the resulting hydrostatic equation for
a representative galaxy, NGC 3198. In Fig. 7 we plot the molecular
surface density profile (solid red line) and the estimated molecular
scale height (solid magenta line) as a function of radius. To estimate
the scale lengths of these profiles, we fit both the curves with
appropriate exponential functions (rising and falling). It should be
emphasized here that the exponential fit to the molecular surface
density profile is what we use as the input surface density to the
hydrostatic equation. The molecular scale height profile is found to
have a scale length of ∼4.06 kpc which is almost the same as the
scale length of the molecular disc which is ∼4.05 kpc. However, for
our sample galaxies, the scale length of the molecular scale height is
found to be approximately a factor of 2 greater than the scale length
of the exponential surface density profile (see Fig. 6). This result
strongly indicates that the coupling with the other disc components
and with the dark matter halo significantly influence the molecular
scale height.

Next, we use the solutions of the hydrostatic equilibrium equation
and the observed rotation curves to build a dynamical model of the
molecular discs for our sample galaxies. We then incline these
dynamical models to the observed inclinations and project it to
the sky-plane to produce a column density map. These maps then
convolved with the telescope beam (13 arcsec × 13 arcsec) to
produce simulated maps that are equivalent to the observed ones. In
Figs 8 and 9 we compare these simulated maps with the observed
maps. In the left-hand columns of the figures, we plot the modelled
column density maps in contour on top of the observed maps in
colour scale. As we do not solve the hydrostatic equation for the
central regions of our sample galaxies, the central region should
be excluded for any comparison. Further, the convolution with the
telescope beam at the edge of the central region would corrupt an
area equivalent to the beam size. We hence exclude a region that we
do not solve from the centre plus the beam size. The vertical dashed
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Molecular scale height in spiral galaxies 89

Figure 8. Left-hand column: comparison of the modelled column density maps with the observed ones. The black contours represent the modelled molecular
discs whereas the colour scales represent the molecular discs as observed in the HERACLE survey. The contour levels are NGC 925: (0.7, 0.8, 0.9, ...), NGC
2841: (1., 1.3, 1.6, ...), NGC 2976: (1.2, 1.4, 1.6, ...), NGC 3198: (1., 1.25, 1.5, ...), NGC 3521: (1.5, 4.7, 7.9, ...) in the units of K km s−1. Middle column:
shows the molecular column density maps of our sample galaxies when viewed edge-on. Right-hand column: shows the HWHM profiles of the edge-on column
density distribution as a function of radius.
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90 N. N. Patra

Figure 9. Same as Fig. 8. The contour levels in the left-hand column are NGC 5055: (1., 2.9, 4.8, ...), NGC 6946: (0.5, 1.8, 3.0, ...) in the units of K kms−1.

lines in each panel of the left-hand column represent this excluded
region. As can be seen from the figure, the contours (modelled)
match to the observed map reasonably well. However, for two
galaxies NGC 925 and NGC 2976, the model seems to deviate
from the observation. This is due to azimuthal asymmetry in their
column density distribution that is one of our implicit assumptions.
We would like to emphasize here that, the molecular surface density
profiles of our sample galaxies are calculated through spectral
stacking method (Schruba et al. 2011). This produces surface
density profiles that are much more sensitive than what will be
observed in the moment zero maps. Because of this, the surface
density profiles of our sample galaxies extend to a much larger
radius as given in Schruba et al. (2011) than what can be found
in Leroy et al. (2009). This also implies that our model molecular
discs are expected to extend to a larger radius as opposed to what is
apparent in the HERACLE survey maps. However, one advantage
of our model molecular discs would then be that it can provide
with a better estimation of the molecular discs for future sensitive
observations.

As described in Section 1, the existence of thick molecular discs
as observed through multiple observations are puzzling, and a lack
of understanding persist regarding their origin and sustenance. As

the molecular scale height is not a directly observable quantity in
external galaxies, most of the strongest shreds of evidence come
from indirect observation of the molecular gas velocity dispersion.
To explore this further, we use our sample galaxies to examine how
thick molecular discs they would produce while observed edge-
on. This will also illuminate if a simple hydrostatic equilibrium
condition can at all produce a thick molecular disc as observationally
found. To do that, we use the dynamical models of the molecular
discs of our sample galaxies and incline them to an inclination of
90◦ and generate model molecular edge-on column density maps.
In the second columns of Figs 8 and 9 we show the edge-on view
of the molecular discs of our sample galaxies. To understand the
edge-on thickness of our sample galaxies quantitatively, we extract
the vertical column density profiles of the edge-on molecular discs
and calculate the HWHM of it. This HWHM is an indicator of how
thick a molecular disc is. In the right-hand column of Figs 8 and 9
we plot the edge-on HWHM profiles for our sample galaxies.

As it can be seen from the figure, these HWHM profiles vary
between ∼200 and 400 pc at the central regions and can flare up
to ∼400−500 pc at the outer parts. This, in turn, indicates that at
least our sample galaxies do produce a few kpc thick molecular
disc when observed edge-on. Hence, it is very interesting that a
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Molecular scale height in spiral galaxies 91

thick molecular disc originates naturally under the assumption of a
simple hydrostatic equilibrium.

5 SU M M A RY A N D F U T U R E WO R K

In summary, we have selected a sample of eight galaxies from the
HERACLE survey for which the surface density profiles of different
baryonic discs, rotation curves, and the mass models are available
in the literature. Assuming a prevailing hydrostatic equilibrium in
the baryonic discs under their mutual gravity and the external force
field of the dark matter halo, we set up the joint Poisson’s–Boltzman
equation of hydrostatic equilibrium. Using an eight-order Runge–
Kutta method, we solve the hydrostatic equation numerically for all
our sample galaxies.

The solutions of the hydrostatic equation are found to follow
a sech2 law in the absence of any coupling. However, it tends to
behave more like a Gaussian than a sech2 function in the presence
of coupling. The solutions provide a 3D distribution of the mass
densities of different baryonic discs that we use to estimate the
scale heights of the molecular and the atomic gas in our sample
galaxies. We find that, in spite of having a wide range of surface
density profiles, rotation curves and the dark matter halo structures,
the molecular scale heights in our sample galaxies show very similar
behaviour. It varies between ∼20 and 100 pc at the central regions
whereas it flares up to ∼150−200 pc at the outer regions. The
molecular scale heights found in our sample galaxies (typical spiral
galaxies) are consistent with what is observed in the Milky Way.
However, we also find that this molecular scale height considerably
depends on the assumed σ CO. A change of approximately few
km s−1 in σ CO can lead to as much as ∼50 per cent change in
the molecular scale height. However, the σ HI found to have no
meaningful effect on the molecular scale height.

We fit the molecular scale heights of our sample galaxies with
an exponential profile and find that the molecular scale heights in
our sample galaxies can be described very well by it. We further
normalize the scale heights to investigate if the molecular scale
heights follow a universal law or not. The normalized scale heights
in our sample galaxies are found to follow a tight exponential law
with very low scatter. The scale length of the exponential law is
found to be (0.46 ± 0.01) r25. This scale length is found to be
∼2 times larger than the typical scale length of the molecular discs
which indicates that, other disc environments play an important role
in deciding the molecular scale height in galaxies.

We further use the density solutions and the rotation curves of
the galaxies to build dynamical models of the molecular discs and
consecutively produce model molecular column density maps. A
comparison of these model maps with the real observations shows a
reasonable agreement between the two. However, for two galaxies
we find a considerable disagreement in the molecular column
density maps because of their azimuthal asymmetry in the column
density distribution and lack of sensitivity in the HERACLE data.

We further use the dynamical models of the molecular discs
and incline them to an inclination of 90◦ to examine the observed
thickness of the molecular discs at an edge-on orientation. To
quantitatively estimate the thickness of the molecular discs, we
extract vertical molecular column density profiles and use them
to estimate the HWHM profiles of the edge-on molecular discs.
We find that for all our sample galaxies, the HWHM profiles vary
between ∼300 and 500 pc except for NGC 2976 for which we only
solve out to a radius of ∼2 kpc and its HWHM reaches ∼200 pc
which is roughly consistent with other galaxies at similar radii. This
kind of HWHM values at edge-on orientation in our sample galaxies

indicate that it is not difficult to produce a few kpc thick molecular
disc in spiral galaxies just by assuming a prevailing hydrostatic
equilibrium.

However, as discussed earlier, in this study, we assumed our
sample galaxies to have a single-component molecular disc with a
single molecular velocity dispersion of 7 km s−1. But as found in
previous studies, there is a strong indication that the molecular discs
in galaxies might have an extra low-density diffuse component that
has a much higher scale height as reflected from their observed
velocity dispersions. In these circumstances, one needs to add an
extra thick molecular disc to the model of the galactic discs and
subsequently modify the Poisson’s–Boltzman equation. Not only
that, as most of the previous studies concluded the existence of this
diffuse molecular disc from spectral analysis, to understand it better
from a theoretical perspective one needs to build spectral cubes and
compare them to the observation that we plan to do next.
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manana R., Leroy A. K., 2016, AJ, 151, 15
Myers P. C., Dame T. M., Thaddeus P., Cohen R. S., Silverberg R. F., Dwek

E., Hauser M. G., 1986, ApJ, 301, 398
Nakanishi H., Sofue Y., 2006, PASJ, 58, 847
Navarro J. F., Frenk C. S., White S. D. M., 1997, ApJ, 490, 493
Patra N. N., 2018, MNRAS, 478, 4931

MNRAS 484, 81–92 (2019)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article-abstract/484/1/81/5257859 by R
am

an R
esearch Institute user on 08 April 2019

http://dx.doi.org/10.1086/161600
http://dx.doi.org/10.1086/161601
http://dx.doi.org/10.1086/591223
http://dx.doi.org/10.1016/j.newast.2009.05.015
http://dx.doi.org/10.1111/j.1365-2966.2011.18745.x
http://dx.doi.org/10.1038/nature12351
http://dx.doi.org/10.1086/146833
http://dx.doi.org/10.1086/165892
http://dx.doi.org/10.1088/0004-6256/146/6/150
http://dx.doi.org/10.1086/191101
http://dx.doi.org/10.1086/318388
http://dx.doi.org/10.1088/0004-6256/136/6/2648
http://dx.doi.org/10.1086/165118
http://dx.doi.org/10.1086/166548
http://dx.doi.org/10.1086/304012
http://dx.doi.org/10.1086/177360
http://dx.doi.org/10.1086/376941
http://dx.doi.org/10.1088/0004-6256/137/6/4670
http://dx.doi.org/10.1088/0004-6256/136/6/2782
http://adsabs.harvard.edu/abs/2018arXiv180410119M
http://dx.doi.org/10.3847/0004-6256/151/1/15
http://dx.doi.org/10.1086/163909
http://dx.doi.org/10.1093/pasj/58.5.847
http://dx.doi.org/10.1093/mnras/sty1512


92 N. N. Patra

Patra N. N., Banerjee A., Chengalur J. N., Begum A., 2014, MNRAS, 445,
1424

Pety J. et al., 2013, ApJ, 779, 43
Rice T. S., Goodman A. A., Bergin E. A., Beaumont C., Dame T. M., 2016,

ApJ, 822, 52
Richards E. E. et al., 2018, MNRAS, 476, 5127
Rosolowsky E., Leroy A., 2006, PASP, 118, 590
Sanders D. B., Solomon P. M., Scoville N. Z., 1984, ApJ, 276, 182
Sawada T., Hasegawa T., Handa T., Cohen R. J., 2004, MNRAS, 349, 1167
Schruba A. et al., 2011, AJ, 142, 37
Schruba A. et al., 2017, ApJ, 835, 278
Scoville N. Z., Good J. C., 1989, ApJ, 339, 149
Scoville N. Z., Yun M. S., Clemens D. P., Sanders D. B., Waller W. H., 1987,

ApJS, 63, 821
Shu F. H., Adams F. C., Lizano S., 1987, ARA&A, 25, 23

Spitzer L., Jr, 1942, ApJ, 95, 329
Stilp A. M., Dalcanton J. J., Skillman E., Warren S. R., Ott J., Koribalski

B., 2013, ApJ, 773, 88
Tamburro D., Rix H.-W., Leroy A. K., Mac Low M.-M., Walter F., Kennicutt

R. C., Brinks E., de Blok W. J. G., 2009, AJ, 137, 4424
Trachternach C., de Blok W. J. G., Walter F., Brinks E., Kennicutt R. C.,

2008, AJ, 136, 2720

Walter F., Brinks E., de Blok W. J. G., Bigiel F., Kennicutt R. C., Jr, Thornley
M. D., Leroy A., 2008, AJ, 136, 2563

Wouterloot J. G. A., Brand J., Burton W. B., Kwee K. K., 1990, A&A, 230,
21

This paper has been typeset from a TEX/LATEX file prepared by the author.

MNRAS 484, 81–92 (2019)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article-abstract/484/1/81/5257859 by R
am

an R
esearch Institute user on 08 April 2019

http://dx.doi.org/10.1093/mnras/stu1729
http://dx.doi.org/10.1088/0004-637X/779/1/43
http://dx.doi.org/10.3847/0004-637X/822/1/52
http://dx.doi.org/10.1093/mnras/sty514
http://dx.doi.org/10.1086/502982
http://dx.doi.org/10.1086/161602
http://dx.doi.org/10.1111/j.1365-2966.2004.07603.x
http://dx.doi.org/10.1088/0004-6256/142/2/37
http://dx.doi.org/10.3847/1538-4357/835/2/278
http://dx.doi.org/10.1086/167283
http://dx.doi.org/10.1086/191185
http://dx.doi.org/10.1146/annurev.aa.25.090187.000323
http://dx.doi.org/10.1086/144407
http://dx.doi.org/10.1088/0004-637X/773/2/88
http://dx.doi.org/10.1088/0004-6256/137/5/4424
http://dx.doi.org/10.1088/0004-6256/136/6/2720
http://dx.doi.org/10.1088/0004-6256/136/6/2563

