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Abstract

We investigate heat transport through a one-dimensional open coupled scalar field theory,
depicted as a network of harmonic oscillators connected to thermal baths at the boundaries.
The non-Hermitian dynamical matrix of the network undergoes a stability-to-instability tran-
sition at the exceptional points as the coupling strength between the scalar fields increases.
The open network in the unstable regime, marked by the emergence of inverted oscillator
modes, does not acquire a steady state, and the heat conduction is then unbounded for gen-
eral bath couplings. In this work, we engineer a unique bath coupling where a single bath
is connected to two fields at each edge with the same strength. This configuration leads to a
finite steady-state heat conduction in the network, even in the unstable regime. We also study
general bath couplings, e.g., connecting two fields to two separate baths at each boundary,
which shows an exciting signature of approaching the unstable regime for massive fields. We
derive analytical expressions for high-temperature classical heat current through the network
for different bath couplings at the edges and compare them. Furthermore, we determine the
temperature dependence of low-temperature quantum heat current in different cases.

Keywords Heat transport - Coupled scalar field theory - Stability-to-instability transition -
Quantum Langevin equations

1 Introduction

The physics of non-Hermitian quantum systems [1] has received extensive research inter-
est in the last three decades. The first wave of research came through the parity-time (P7)
symmetric non-Hermitian Hamiltonians, which display real eigenenergies and exhibit excit-
ing comparisons to the dynamics of Hermitian Hamiltonians [2-9]. The topological features
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of non-Hermitian Hamiltonians with different discrete symmetries [10—18] have generated
a second wave of research interest. While the Hermitian Hamiltonian description is valid
for an isolated physical system, the non-Hermitian modeling is natural for most systems
when they are in contact with one or multiple environments, as in the canonical and grand-
canonical descriptions of equilibrium statistical mechanics. There is another interesting class
of Hermitian quadratic bosonic Hamiltonians [19, 20] for closed systems, whose dynam-
ics are governed by non-Hermitian Bogoliubov-de Gennes effective Hamiltonians [21-25].
The emergent non-Hermitian effective Hamiltonians can have a generalized P7 symmetry,
which is broken when diagonalisability is lost at exceptional points (EPs) in the parame-
ter space. These EPs mark stability-to-instability transitions between a dynamically stable
regime with the unbroken P7 symmetry and a dynamically unstable regime with the broken
PT symmetry.

We consider a coupled quantum scalar field theory in one space dimension that exemplifies
such a Hermitian quadratic bosonic Hamiltonian. Such field theories have been explored for
decades in understanding basic physical phenomena, such as the Higgs field, and introducing
novel concepts and techniques of quantum field theories [26, 27]. It is possible to engineer
prototypes of such field theories using mechanical, optical, and opto-mechanical networks
[28]. In the unstable regime of the coupled scalar field theory or network, it hosts inverted har-
monic oscillator [29] modes that have been examined for a diverse set of physical phenomena,
including the Hawking—Unruh effect and scattering in the lowest Landau level in quantum
Hall systems [30]. Here, we connect the two boundaries of the coupled scalar field theory
discretized on a lattice as an oscillator network to heat baths kept at different temperatures.
We investigate heat transport [31, 32] in this open network. Our motivation is to understand
how heat transport behaves around the EPs marking stability-to-instability transitions [33].
To study heat transport, we write quantum Langevin equations for the degrees of freedom
of the scalar field theory after integrating out the baths, and solve these equations using the
non-equilibrium Green’s functions [32, 34]. The steady-state heat transport emerges only in
the dynamically stable regime of the field theory for general system-bath coupling due to
the appearance of unbounded inverted oscillator modes in the unstable regime. Nevertheless,
as explained in our study, heat transport is insensitive to stability-to-instability transition
for some particular types of bath couplings, which is one of our main findings. We derive
analytical expressions for the heat current in the high-temperature linear response regime
and evaluate the temperature dependence of quantum heat current. The temperature depen-
dence is different for the massive and massless scalar fields and it also depends on the bath
coupling and the coupling between the scalar fields. We further compare steady-state heat
transport between different types of bath couplings at two boundaries and between separate
heat bath spectral properties. Heat current for general bath couplings, e.g., connecting two
fields to two separate baths at each boundary, shows an exciting signature of approaching the
unstable regime for massive scalar fields.

The rest of the paper is divided into six sections and four appendices. We introduce the
non-Hermitian description for the dynamical matrix of the coupled scalar field theory and
the stability-to-instability transition in Sect. 2. In Sect. 3, we introduce a lattice version of the
field theory and its spectral properties. The heat conduction through the lattice of oscillators,
connected differently to heat baths at the boundaries is discussed in Sect. 4. We include our
results for single and two baths at each edge in Sects. 5 and 6, respectively. We conclude with
a summary and outlook in Sect. 7. Details of our derivation of heat current for two different
bath couplings and different bath spectral properties are included in the four appendices at
the end.
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2 Dynamical Matrix and Stability-to-Instability Transition

We consider a coupled quantum scalar field theory of two real scalar fields ¢ (x) and ¢ (x)
with a minimal coupling represented by the Hamiltonian:

1
M= /dx [H% + 201 + TR + 2(:2)>
2,4

@+ 0d)] 4 [ dx @uon @) M

where the field variables satisfy the usual canonical commutation relations, [¢ (x), TTg(x")] =
ihdepd(x — x) for a, B = 1, 2. Here, » > 0 is a dimensionless coupling constant and m is
the mass of the fields. We write down the Heisenberg equations for ¢,, [1,, and then take
Fourier transformation to momentum space as d;a (g,.t) = 1/ V27) f dx e—19x/ h% (x,1)
and My (q, 1) = (1/5/27) [ dx e™"9*/" 4 (x, 1) for @ = 1, 2 to find

0 1 0
N 2.4 2.2 2.2
3¢ —m°c"—q“c 0 —Ag“c ol - R
9w _ 2 2 =
_Agzzcz 0 _mzc.;z_qzcz 0

where qg = (q~51 JI, ¢~>2, 1:[2)T. The matrix G governs the dynamics of these field variables. In
general, the dynamical matrix G is non-Hermitian,i.e. G # G'.Infact, we find, Gt = G1y,
where 7, = 15 ® 02; thus, G is a pseudo-Hermitian matrix. Here, 1; is a 2 x 2 identity matrix
and o;’s (fori = 1, 2, 3) are Pauli matrices.

The eigenvalues of G are £(c/h)+/c?m? + q%(1 & 1). For fixed values of g and m, the
eigenvalues of G switch from real to complex conjugate pairs as we change A beyond 1 +
(cm /q)2 =1+ (k¢ /k)z, where the Compton wave number kc = mc/h and momentum
q = hk. Then, the transition from real to complex eigenvalues of G results for wave number
k* > k% /(A—1). Thus, for sufficiently high frequencies, the condition A > 1 leads to an ultra-
violet instability. When the eigenvalues become zero for some parameters, the eigenvectors
also coincide. These values of parameters correspond to EPs in the parameter-space. The
generalized P7 symmetry of G explains these features of the eigenvalues. In fact, we find,
G* = 13G 13 for 13 = 15 ® 03, which is in general, true for any P7 symmetric matrix. Let
us consider,

[PT,G]l=0 = PG* =GP. 3)

Thus, G is P7 symmetric matrix when we identify the parity operator as P = t3.In general, a
non-Hermitian (Hamiltonian) matrix admits a real spectrum for some values of the parameter
even if the symmetry operator is not P7, but instead is an anti-unitary operator A satisfying
the condition A>" = 1 with r odd [6]. In fact, this is known as the generalized P7 -symmetry.
The unbroken regime of symmetry admits real spectrum while the spontaneous breaking of
the symmetry leads to complex eigenvalues. To understand the symmetry of G better, we
notice that a combination of 73 and complex conjugation operator « acts as the anti-unitary
operator A = w3k. Here, k acts as a time-reversal operator (7) for spin-less systems. The
spectrum of the Hermitian Hamiltonian in Eq. 1 also drastically changes its features across
the EPs.
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3 Coupled Scalar Field Theory on Lattice: Two-Component Harmonic
Chain

We discretize this field theory by placing it on a lattice enabling the calculation of non-
equilibrium heat transport using the lattice Green’s functions. We use the redefinition, y, , =
(cd? /W) pu(x = nd), pa.n = (h/c)/*Ty(x = nd) fora = 1,2 andn = 1,2,...N.
Here, d is the lattice spacing. Thus, the effective low-energy (since d introduces a UV cutoff)
description of this field theory in Eq. 1 is given by the Hamiltonian:

2 N 2
Pa,
H = Z |:Z (2:1’1 2 Yo n) + Z (Ya,n+1 — ya,tl)2:|
a=1 Ln=1
N
1KY (it = Y1) G2nt1 = Y2n)- )
n=0

Here, mg = h/dc, k, = (h/dc)(m*c*/h?) and k = (h/dc)(c/d)?. Physically, this
Hamiltonian represents a network made by a pair of interconnected chains of harmonic
oscillators (springs) representing two types of scalar fields. We have [yun, pgn] =
ihd, 80p. We may view this network as a two-component harmonic oscillator chain. In
other words, the same kind of oscillators are connected to their nearest neighbors by
spring constant k. The chains are coupled between each other through a coupling Ak.
Moreover, each oscillator is locally pinned by a harmonic potential of strength k,. We
impose fixed boundary conditions, yy0 = Yo¢,n+1 = O for the network. The Hamil-
tonian in Eq. 4 can be diagonalized by a series of transformations to normal modes:
Yan = «/2/(1"—4—1)25/:1 Ya,q' SIN [”nq//(N + 1)] v Ysjaqg = Org £ 92,(1/)/\/1 and

similar relations for py, ,. Thus, we get

2 =2 2
Pog M0y o Pag M08y
H = : . |, 5
Z|:2m0 2 S Ty T2 e ©)
where the frequencies g 47, Q4,4 of symmetrlc and anti-symmetric normal modes are,
Q?/a’q/ = (kp/mo) + (4k(1 £ A)/myg) sin [nq /(N + 1))] For A > A, = 1+

(kp/4k) csc? [ N/(2(N + 1)1, 24,4 can become imaginary implying the presence of
inverted oscillator modes along with regular oscillators. Thus, the network can admit imag-
inary frequencies beyond a critical A, which leads to an instability in the field theory. The
evolution of some observables, e.g., the out-of-time order correlators (OTOC), is unbounded
in time in the dynamically unstable regime for parameters with at least one inverted normal
mode [35-37]. In the absence of inverted normal modes, the time evolution of all observables
including the OTOC is bounded in the dynamically stable regime.

4 Heat Conduction

We connect two ends of the oscillator network to heat baths kept at different temperatures
Tr, Tr. We consider two different types of coupling between the network and the baths at
the boundaries. We first take both the oscillators (fields) at any boundary being connected
to a single bath with the same coupling strength (see Fig. 1). This leads to the equations of
motion (EOM) for the oscillators at the boundaries in the following form for any general
model of baths:
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Fig. 1 A cartoon of the oscillator network connected to a single bath at each boundary. Here, 77, and Tg
denote the left and right bath temperatures, respectively. The parameters k, kp and Ak, respectively, represent
the spring constant, local pinning strength, and coupling strength between the two types of oscillator chains.
The bath coupling with the network at the left and right boundary are y;, and yg, respectively

moye,1 = —kpYa,1 — k[(2Ya,1 —Ya,2) +AQRyp1 — yﬁ,z)]

t
+/ dt'SF(t = OV 2y,1(t) + e, ©)
—00
moyo,N = —kpyo,N — k[(2ya,1v — Ya.N-1) + A2yg.N — }’ﬂ,Nfl):I
t
+f di'SE(t — 1)V 2ys N () + 1R, )
—00

where ¢ # B, a, B = 1,2, and the symmetric modes y; () = (y1,,() + yz,,,(t))/ﬁ for
n=1,2,...N.Here, we assume the heat baths are connected to the network at infinite past.
The noise terms 71y, (t), ng(¢) from the left and right heat baths are related to the self energies
EZL, E}“ of the corresponding baths through the fluctuation-dissipation relations as given in
Eq. 20.

The heat current in the network can be evaluated by calculating the rate at which the heat
bath at any boundary does work on the network [34, 38]. Employing the continuity equation,
we find the heat current Ji(¢) at the left boundary as

t
RO = —3s1 (O 2ns ) + f AT (1 — 1)ysn (1)), ®

which solely depends on the symmetric modes of the network. Such form of heat current
appears due to the symmetric coupling of the heat baths with the network, which is also evident
from the EOM for the oscillators at the boundaries in Eqs. 6 and 7. Since the frequency
of the symmetric modes remains real-valued for all A, these modes are bounded for all
time. Therefore, Ji(¢) is insensitive to the stability-to-instability transition in the network for
symmetric connections to one heat bath at each boundary. We can find a steady state of Ji(¢)
both in the stable and unstable regime of the network.

Next, we consider that each oscillator (field) at any boundary is connected to an individual
heat bath with the same coupling strength (see Fig. 2). Both baths at any boundary are kept at
the same temperature. Such coupling leads to the EOM for the oscillators at the boundaries
in the following form for a general model of heat baths:

mo¥a,1 = —kpYa1 =k [2Ya,1 — Ya.2) + 22yp.1 — yp.2)]
t

+/ dt's ] (t = 1)ya 1 (1) + Na,L, ©)
o0
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Fig.2 A cartoon of the oscillator network connected to two baths at each boundary. Both baths on the left are
kept at temperature 77, and those at the right are at Tg, respectively. As explained in Fig. 1, the parameters k,
kp, and Ak represent spring constant, pinning strength, and coupling between the harmonic oscillator chains.
The bath coupling with the network at the left and right boundary are y;, and yg, respectively

Mmoo N = —kpYan —k[2yaN — Ya,N—1) + 2Q2yp.N — yp.N-1)]
t

+/ dt'S] ot = 1)y N (1) + Mo R, (10)
o0

where againa # B, o, B = 1, 2, and 14,1 (14, r) and E;L (Z:R) are noise and self-energy
of the two heat baths at the left (right) boundary. The heat current Jy(¢) for this case from
the continuity equation takes the following form at the left boundary:

t
M0 == Ju1) (na,L(t>+ / dr’z;L(r—t@ya,l(r’)), (11)

a=1,2 -

which shows that both boundary oscillators appear explicitly in the heat current. Thus, Ji(¢)
depends on both the symmetric and anti-symmetric modes. Consequently, Ji(¢) would not
reach a steady state for the network in the unstable regime, as the anti-symmetric modes
become unbounded over time. Nevertheless, Jij(#) acquires a steady-state value when the
network is in the stable regime, since both the symmetric and anti-symmetric modes are
bounded over time.

The qualitative difference in achieving steady-state heat conduction due to different ways
of coupling to varying numbers of thermal baths at the boundaries is one highlight of our
present study. The differences in the system-size scaling of heat conduction for different
types of boundary coupling with a fixed number of baths have been shown earlier in heat
transport through disordered harmonic lattices, which attracted much attention [39-41]. We
consider two different types of heat baths, namely, (a) baths modeled by semi-infinite ordered
harmonic chains (Rubin model of baths) [42], and (b) white noise baths [43]. The white noise
in a bath is uncorrelated at any two different times signaling Markovian dynamics. The color
noise in the Rubin model of bath are correlated for different times indicating non-Markovian
feature.

The EOM for the oscillators’ displacements in the bulk for « # B,«, 8 = 1,2 and
n=2,3,...N —1are:

mOj;oz,n = _kp)’ot,n - kl:(zy:x,n — Ya,n—1 — ya,n-H) + )L(z)’f},n — YB.n+1 — yﬂ,n—l)]- (12)

We solve these EOM in Egs. 6, 7, 9, 10, and 12 using Fourier transforms of y, ,(¢), ns (),
Na.p(), E;r(t), E;b(t) to frequency domain with b = L, R, e.g.,
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1 o0 .
S (@) = — f dt Yo (D™ (13)
27 J_oo

The self-energy f];' (w) = iy w for the white noise baths, and

. 2 2 2
) = (1 - ) 2 fV:"’ == (14)
0 0 0

for the Rubin baths, where 7, g, yL, and yg control the coupling of the respective bound-
ary oscillators with the left and right Ohmic and Rubin baths, respectively. This leads to
fl;h(a)) = 3/ () for @ = 1,2. Here, 2/kq is the finite band-width of the Rubin baths
in comparison to infinite band width for the white noise baths. We further introduce the
symmetric and anti-symmetric modes as y;/q,n (@) = (J1,n(@) £ Y2, (w))/ V2.

5 Single Bath at Each Boundary

For a single bath at each boundary of the network, the EOM in Eqs. 6 and 7 get decoupled
in terms of these symmetric and anti-symmetric modes as,

24 55,1(@) = k(1 + W) 2(0) = V2iiL (), (15)

2-Ya,1(@) = k(1 = )Ya2(w) = 0, (16)

2R+ F5. N (@) = k(1 + W) Fs v-1 (@) = V27R (), (a7

2-Ya,N(@) = k(1 = V) Ya,n-1(w) =0, (18)

where 24 = —mow? +kp +2k(1+ 1) — 2% (@), and z_ = —mow? +kp, + 2k(1 — 1) for

b =L, R.Here, ijp(w) = (1/27) ffooo dt np(t)e' " tis also possible to apply the symmetric
and anti-symmetric mode transformation first in the time-domain, and then perform the
Fourier transforms to these modes. The application of Fourier transforms is only allowed for
these modes when they are in steady state. Thus, the aforementioned Eqgs. 15 and 17 for the
symmetric modes are valid in both the stable and unstable regime as these modes with real
frequencies remain bounded at long time even in the unstable regime of the network. However,
the Egs. 16 and 18 are only correct for the network in the stable regime. We can formally write
the solution of the symmetric modes as Ys(w) = G (w)fis(w), where Y, and 1 are column
vectors of dimension N: ¥y = (5.1, ¥5.2, ... Js.8)7 and 7y = (v/27i2, 0, ...,0,v/27r)7,
and the retarded Green’s function Gj = Z;l/)ur with Ay = k(1 +A). Here, ZgisaN x N
symmetric tridiagonal matrix whose offdiagonal elements are —1 and diagonal elements
excluding the first and last ones are (—mow? + kp)/Ay + 2. The first and last diagonal
elements of Z; are zy 4 /A4 and zg4 /A4, respectively.
The steady-state heat current (J) after noise averaging over Ji(¢) in Eq. 8 reads

* dodho | 5= .

(Jr) :/ - Gy @i NI"TL(@)TrR(@)(fL — fR): 19)
—00

where I' () are the imaginary part of £ (), and f, = f(w, Tp) = 1/(e"/KsTr 1)

is the Bose distribution function for phonons of the left and right (b = L, R) heat baths

at temperature 7. In deriving the current formula, we employ the fluctuation-dissipation

relations in the frequency domain:

Im[2] (w)]h

(fiL(@)ijL (@) = (I + fL)d(w + ), (20)
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and a similar relation for the right heat bath. These fluctuation-dissipation relations are true
for both these white noise and Rubin baths with an appropriate self-energy contribution. We
can derive an explicit expression for the heat current from Eq. 19 in the linear response regime
with an applied temperature difference AT = Ty, — Tp < T = (T; + Tr)/2. Expanding
the phonon distributions f(w, Tp) about the mean temperature T, we get

4kp AT (o ho \? h
(Jr) = B / da)|:< @ > csch2< @ >
T —2ko ZkBT 2kBT

fo(w)fR<w>|[Gj<w)]l,N|2]. 1)

We can find an analytical expression for heat current in the high-temperature classical regime
by taking (fiw/2kpT)?csch?(fiw/2kpT) — 1. We get a relatively compact formula of the
steady-state classical heat current (Jfl ) by taking mo = 1,k, = 0,k(1 + 1) = ko, and
yr = yr = y for the Rubin baths:

4kg AT [Pk w2yt w?
it =220 [ doliGr @l (1- 1) 22)
b4 2k kg 4ko
The required Green’s function element can be found as I[G:F(w)]l, Nl = 1/(Ay|detZg)).

Applying the methods from Refs. [38, 44] for tridiagonal symmetric matrix as explained
in detail in Appendix A, we can find a simple form of |detZ;| in the large N limit with a
parametrization w? = 4kg sin®(g/2) to write

ey — kg AT 2k /”d cos(g/2)sin’ g
re= b4 0 qT—QCOS(Zq)
s(Y — Q) tan™! e
. kBAT\/R 1 — Z —2Q+54/2Q7

d =21 227y —29 + sv20T

where T = k3 — 2k3y? +4y*, Q = 2k3y? and T = T + Q. The system-size independent
thermal current is a signature of ballistic heat transport in the harmonic networks of oscillators.
The expression in Eq. 23 is valid for different values of A giving rise to stable and unstable
phases.

We also derive an analytical formula of the thermal current in the linear response regime at
high temperature for arbitrary mg, k), k, and A. We give its derivation in Appendix A. Next,
we discuss the features of (J) at low-temperature quantum regime. The 7-dependence of
(J1) can be extracted from the following expression by considering that only low-frequency
(or wavevector) modes contribute in heat current when 7 — 0. The quantum heat current

(23)

kg AT [T dw Amow?y?*
(i) = / dq’—’|[cj(q)h,m273 Y
b4 r dq k;
2 2
i ]
x(l _ Mow ) @ csch? @ , 24)
4ko 2kgT 2kpT

where »? = (kp +4k(1+2) sin? (g/2))/mo. We determine T -dependence of (J) by finding
the leading g-dependence of |[G (¢)]1, ~|? in the large N limit, and performing a scaling
analysis of Eq. 24. In the pinned (massive scalar fields) case when k), # 0, for Rubin baths,
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Fig. 3 Temperature dependence of the scaled heat current (Jp) /(chl) with a single bath at each boundary
for different pinning k), and bath coupling y. The inset shows features at low temperature for three different
parameter regimes (see text). The temperature is in units of (hy/k/mq)/kp

we find (Jp) ~ (e~ "0/®sD)y/T1/2 with wy = /k,/mg (see Appendix A). For unpinned
(massless scalar fields) case when k, = 0, (J1) ~ T3 when 2y2 # kohy and (J;) ~ T
when 2y% = koA, as shown in Appendix A. In Fig. 3, we plot the scaled heat current
(JI)/(JI"I) with temperature when (i) k,/k = 0.5,y /k = 0.2, (ii) k, = 0, y/k = 0.2 for
2y?% # kohy, and (iii) k, = 0, y /k = +/2.4 satisfying 2y = kory, with ko/k = 4, A = 0.2
and mg = h = kp = 1. The inset shows the low-temperature features of (Ji)/ (JICZ). In the
numerical analysis, we set AT = 0.001. The above predicted 7-dependencies of (J;) match
with the numerical results shown in Fig. 3, for these three different cases.

6 Two Baths at Each Boundary

The EOM in Egs. 9 and 10 for the boundary oscillators connected to two different baths with
the same coupling strength read in terms of the symmetric and anti-symmetric modes in the
frequency domain as:

L4 Ys,1(@) — k(1 4+ 1) ¥s 2(@) = 15, (@), (25)
2L-Ya 1 (@) — k(1 = 1) Va2 (@) = 7a, (@), (26)
R+ Vs, N (@) — k(1 + ) Js n-1(®) = 15,7 (@), @n
ZR—Ya N (@) = k(1 = 1) Ya,N-1(®) = Tla,r(®), (28)

where Zpe = —mow? + kp + 2k(1 £2) — (@), fisp(@) = (i15) + i2.5@))/V2,
and 74.5(w) = (1,p(@) — ﬁqu(a)))/\/i for b = L, R. Similar to the case of single bath at
each boundary, the application of Fourier transforms to frequency domain is only allowed
for these modes in the steady-state, which occurs for the network in the dynamically sta-
ble regime. The EOM for the bulk oscillators in Eq. 12 remain the same for this case.
We apply Fourier transformation after switching to these symmetric and anti-symmetric
modes. We can again formally write the solution of both the symmetric and anti-symmetric

modes as Y Ja(w) = C_;:F/a (@)75/a (@), Where Y, /a and 17/, are column vectors of dimen-
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sion N: )_/s/a = (ys/a,l» )~7.§/a,27 cen ys/a,N)T and 7570 = (ﬁs/a,L’ 0,...,0, ﬁs/a.R)T» and
the retarded Green’s functions G} = Z; /A1 and G} = Z;1/A_ with AL = k(1 £ 1).
Here, Z s,a are N x N symmetric tridiagonal matrices whose offdiagonal elements are —1
and diagonal elements excluding the first and last ones are (—mow? + k p)/ Ay, — + 2. The
first and last diagonal elements of Z; are 74 /A and Zg, /A, respectively, and those for
ZgareZp_/A_and Zp_/A_, respectively.

By performing the noise averaging of Jir in Eq. 11, we find the steady-state heat current
(Jm) in the stable regime of the network as:

[o9) fiw B B B B
(= [ do G @I P +IGE @1 P) % FL@Tr@)f ~ fo]. 29)

where we have applied the following fluctuation-dissipation relations for the noise averaging:

Im[Z] (w)]h

(o, (@)1, 1. (@) = 8a,p (1+ fL)é(+ o). (30)

We again work in the linear response regime for AT <« T to derive an analytical expression
of (Ji1). Expanding the phonon distributions f(w, T}) about the mean temperature 7', from
Eq. 29 we obtain

kg AT @1 _ @1- _
umzz U+MMMWWﬁ/dm®wm@

—Wi4+ —W]—

~ ~ fw \?2 2 hw
x[FL(w)FR(w) (W) csch <2kBT>], G1)

where w1+ = \/ (kp + 4k(1 £ 1)) /myo. Inthe high-temperature classical regime for the Rubin
baths, using Eq. 14, we derive from Eq. 31

13} w]_ 2.4 2
wgh =220 (/ " doliGF @i+ [ dw|[éj<w>h.1v|2) e (1 - o )
- 0

—o14 - 4ko

(32)

We find the analytical expression of [G:r/a (w)]1,n inthelarge N limit following Refs. [38,44],
and then perform the integrals in Eq. 32 to write long analytical formulas for the symmetric
and anti-symmetric mode contributions to (JICII) in Eq. B76 of Appendix B. In addition,
(Jﬁ'l) is independent of N indicating ballistic heat transport in the harmonic network for
such a bath coupling. We compare (JICII ) to (Jfl ) with increasing A in the stable regime
of the network for similar parameters of the network and the bath coupling strengths y in
Figs. 4, 5. In general, (Jﬁl ) is slightly larger than (Jfl ) for smaller As till a specific value of A
(denoted as A, ) depending on the value of y (see Fig. 5). Two baths at each edge facilitate the
thermalization of the network better than a single bath at each edge, thus resulting in higher
heat transport in the two baths case. We further observe from Eq. B75 that the anti-symmetric
mode contribution to (JI‘I'I ) vanishes at A = 1. This is due to the vanishing group velocity of
the anti-symmetric modes at A = 1.

For a given value of y, we determine the specific coupling strength X,, at which (JICIZ )
exhibits a non-analytic behavior when k, = 0. The value of 1, is obtained analytically by
solving the equation y3 + kkoy (A — 1) = 0, which follows from the condition £¢ = 1 (see
Eq. B78 in Appendix B), implying A, = 1 — (y2/kko). At Ay, the analytical expression for
the classical current (see Eq. B76 of Appendix B) diverges and (JICII) is properly defined in
the stable regime only upto A, as shown in Fig. 5. In other words, the anti-symmetric part of
(Jﬁl) is properly defined only in the regime O < A < A,. Thus, the bath coupling y reduces
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Fig.4 Comparison between the high-temperature classical heat currents (J, C[) (dashed lines) and (J, cl ) (solid
lines), (the y-axis represents the heat currents multiplied by the common factor 7 /(kg AT) in the log scale),
with an increasing coupling A between the fields for different bath coupling strengths y (= 0.8, 0.5, 0.2 for
upper to lower plots). The parameter y is in units of k. We setk, = 0.5k, kg = 4kandmg =k =h=kp =1
in the numerical analysis. Here, (Jﬁl ) can be defined properly only upto the critical coupling A, ~ 1+ (k) /4k),
which is the large-N limit of A

0.015-

0.005

0.000
0.0 0.5 1.0 1.5 2.0

A

Fig.5 Comparison between the high-temperature classical heat currents (JICl) (dashed lines) and (Jﬁl ) (solid
lines), (the y-axis represents the heat currents multiplied by the common factor 7/ (kg AT)), with an increasing
coupling A between the fields for fixed y = 0.2k and for both zero and nonzero k, values. We set either kp, = 0

(blue) or kj, = 0.5k (black) and kg = 4k, mg = k = h = kg = 1 in the numerical analysis. Here, (Jﬁ[ ) is
again defined properly upto a critical coupling strength A, = 1 — (y2 /kko) and A, ~ 1+ (kp /4k) forkp, =0
and kp # 0, respectively. Notice that the value of current is slightly large for k,, = 0 in both cases

the critical coupling strength of the open network by a factor y2/kkq compared to that of the
closed network A, = 1 (fork, = 0 and N — 00). For k,, # 0, (JICII) does not exhibit any
such non-analytic behavior. Nevertheless, (Jﬁl) falls around A, even when k;,, # 0 due to
decreasing contribution of the anti-symmetric modes to (Jﬁl) with increasing A.

We finally discuss the features of (Jy) at low temperature quantum regime. It can be
determined from (Ji1) in Eq. 31. We could not calculate the integration in Eq. 31 for an
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arbitrary temperature. Nevertheless, we can extract T-dependence of (Jir) by finding leading
w-dependence of |[GS+/ (@] N ? in the large N limit, and performing a scaling analysis of

Eq. 31. For Rubin baths, we again find in Appendix B, (Jif) ~ (e~"0/ksT)y/T1/2 with
wo = /k,/mg for pinned (massive scalar fields) case when k;, # 0, which is similar to that
for single bath at each boundary and for the white noise baths (see Appendix C). For unpinned
(massless scalar fields) case when k), = 0, (Jyr) ~ T if either )/2 = ko, or )/2 = koA_,and
(Ji) ~ T3 when y2 # kohy # koi_ as shown in Appendix B. The corresponding white
noise bath cases are discussed in Appendices C and D.

7 Summary and Outlook

We have explored heat conduction through a network of different types of oscillators repre-
senting a coupled scalar field theory driven by heat baths with different temperatures placed
at the boundaries. The dynamical matrix of the network is non-Hermitian and undergoes
a stability-to-instability transition at EPs as the coupling strength between the scalar fields
(or different types of oscillators) increases. The unstable regime of the dynamical matrix is
marked by the emergence of inverted oscillator modes in the network. Consequently, the open
network never obtains a steady state in this unstable regime, and the heat current is unbounded
for arbitrary bath coupling at the boundaries. In this work, we engineered a unique bath cou-
pling where a single bath is connected to two fields at each edge with the same strength,
leading to a finite steady-state heat conduction in the network for any arbitrary coupling
strength between the fields. This occurs as the symmetric modes carry the heat, and the heat
current is independent of the asymmetric modes, which becomes unbounded in the unstable
regime. We also studied the coupling of two fields to two separate baths at each boundary.
In this case, heat is carried by both the symmetric and anti-symmetric modes; thus, the heat
current is well-behaved only in the stable regime.

We compared heat conduction through the network for collective versus individual cou-
pling of fields to baths at the boundaries. Individual bath coupling of a boundary oscillator
is primarily used in studying heat conduction through ordered or disordered networks [41].
We have demonstrated an exciting distinction between different types of bath coupling, and
these differences can be significant in the presence of stronger coupling between the net-
work’s modes and the baths. In contrast to existing numerical studies in complex networks
with multiple modes [32, 41], our explicit analytical formulae in the thermodynamic limit
can further aid in understanding the role of various parameters in controlling heat transport
in networks with different bath coupling and bath models. One immediate extension of our
study could be to explore how heat conduction and the stability-to-instability transition vary
due to different types of disorder in the parameters of the network.

Further, we have assumed the fields or oscillator displacements are small for our quadratic
modeling of the system Hamiltonian. However, such an assumption breaks down in the
unstable regime when the displacement becomes unbounded, and we need to incorporate
nonlinear terms in the Hamiltonian [45]. The nonlinear interaction can regularize the heat
current in the unstable regime, even for general system-bath couplings [46].

The stability-to-instability transition at the EPs of the non-Hermitian dynamical matrix in
our present model is unrelated to a topological phase transition. Nevertheless, recent studies
with various quadratic Hermitian bosonic models, whose dynamical matrices resemble non-
Hermitian Hamiltonians, have revealed exciting topological phases and phase transitions
[21-25]. Investigating heat conduction in such quadratic Hermitian bosonic models could
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be applied to identify topological phases and phase transitions in the related non-Hermitian
Hamiltonians [47, 48]. Identifying topological phases and phase transitions in non-Hermitian
Hamiltonians is a key challenge of significant interest [15, 16, 18, 49, 50]. Studying heat
transport in this direction is significant and constitutes one of our future goals.

Appendix A Single Rubin Bath at Each Boundary

In this appendix, we consider that both types of oscillators at the left or the right end of the
network are connected to a single Rubin bath with the same coupling strength. Thus, the
couplings between the network and the baths are modeled by the Hamiltonian:

Hey = —yryra (i1 +y2,1) — YRYRAOI,N + Y2,N). (A1)

Here, y;, , and yr , represent the left and right bath variables, and y;, and yr are the coupling
strengths between the left and right ends of the system and the corresponding baths, respec-
tively. The Rubin baths are modeled as a chain of finite number () of harmonic oscillators
with mass mq and spring constant ko as given by the Hamiltonian:

A P AL ko(b.n — Yon+1)?
H — W n n , A2

with b = L, R. The total Hamiltonian for the network, two baths and their couplings is
Hr = H + Hp 4+ Hg + H.1. We write the equations of motion (EOM) for the network
variables as:

mOj}a,n = _kpya,n - kl:(zya,n — Ya,n—1 — yot,nJrl)
+ ACygn — Ygnt1 — )’ﬂ,n—l)] 4+ YLYL,180,1 + YRYR,16n,N» (A3)

fora #B,0,6=1,2,n=1,2,...N and y40 = Yo,n+1 = 0. The EOM for left and right
bath variables are

moyr,1 = —ko(2yrL,1 —yr.2) +yr (i1 +y2,1),
mo¥r1 = —ko(2yr,1 — Yr2) + YR(Y1,N + Y2,N)>
mo¥p,n = —ko(2¥b,n — Yon—1 — Yb,u+1), (A4)

for b = L,R,n = 2,3,---, Np. In order to solve the EOM for the bath variables,
we rewrite the bath Hamiltonians in Eq. A2 in terms of the normal modes Y ,, by
using the transformations, yp, = Zi\':”l UpnrYpr and ppp = Zi\':”l Up.nr Ppr, Where

Up.nr = (v2/(Np + D) sin [wnr /(Np + 1)]. Thus, we have

b, 1 2 2
Hy = Z 2m; + 3mo0, Y (A5)
for b = L, R, where
4k r
Q == g2 — ). A6
b.r . sin <2(Nb n 1)> (A6)
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In the last line, we assume N; = Ng. Using these normal modes, we rewrite the coupling
Hamiltonian in Eq. Al as:

Ny Ng
He = _[VL()’I,I + 3210 Y CLrYLr +YROLN +Y28) Y CR,rYR,r]- (A7)

r=1 r=1

Here, Cp = Up,1,. In terms of the aforementioned normal modes, we rewrite the EOM in
Eq. A3 as:

moya,n = _kp)’or,n - k[(ZYOt,n — Yan—1 — Yau+1) + )\(zyﬁ,n — YB.n+1 — )’/S,n—l):l

NL NR
+ v Z CrL YL rdn1 + YR Z Crr YR r6u,N. (A8)
r=1 r=1

The EOM for the normal modes of baths follow from the Hamiltonians in Eqs. A5 and A7:

mOIZL” = _mOQEYL,r +yCrL, (1,1 +¥y2,1),
moYr,r = —moS YR + YRCRr (V1N + y2,N). (A9)

We solve the above equations for the baths’ modes at time r > #y with some initial conditions
forb=L,R:

Yo, (t) = f(t — 10) Vb, (t0) + g (t — 1)) - (t0)

t
5ChrN/2
+ / df/[gj (r— t/)yT(: X (ys,1(t")8p,L + yx,N(t/)3b,R)], (A10)
10
where £ (1) = cos(2,1)0(1), g (t) = sin(Q,1)0(t)/ 2, and the symmetric modes y; , =
O +y2.0)/ /2. Here, 0(¢) is the Heaviside function. We can further write the EOM for the
network variables in Eq. A8 at the boundaries in terms of the symmetric and anti-symmetric

modes (Ya,n = (V1,0 — yl,n)/ﬁ) as:
NL
mOj;s,l = _kpyx,l —k [(zyx,l - ys,2) + A(zys,l - ys,Z)] + \fzyL Z CL,rYL,r,

r=1

Ng

moys,N = —kpys,n — k[(Zys,N = Ys,N—1) T AQ2ys.n — y.v,N—l):I +V2¥r Y CrrYr.r.
r=1

mo¥a,1 = —kpya1 —k[(2Va1 = Ya2) = 22Yya,1 — Ya.2)]

moYan = ~KpYan = K[ @Yan = Yaw-1) = 2@yan = Yan-1) (A1)

We notice that the EOM of the anti-symmetric modes do not depend on the bath variables.
Nevertheless, they still diverge in time in the inverted oscillator (unstable) regime. Plugging
the formal solutions of the left bath variables in Eq. A10 in the EOM for the symmetric modes
of the network, we get

t
mojs,1 = —kpys,l—k(2ys,1—ys,z+k(2ys,1—ys,z))+f dt'SF(t—1)2y,1(t) +2n1(0).

K (A12)
Here, we identify the operator 1y, (¢) as a noise from the left bath due to its dependence on the
initial condition of the bath variables, and er(t) as a self-energy arising from the coupling
of the network to the left bath:
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NL

@ =y Y Cr (= 0¥, + g7 - Vi, (), (A13)
r=1
Np 202
YeCr.,
B0 =)= St o). (Al4)
r=1

Similarly, using the noise and self-energy for the right bath, we obtain:
moys,N = —kpys,N — kl:(zys,N = Vs,N—1) + AQys,N — yx,Nfl):I
t
+ / dt’E;(t — )2y N (1) + V2R (1). (A15)
fo

The above equations along with those for the anti-symmetric modes in Eq. A11 are the EOM
in Egs. 6 and 7 in terms of the original system variables after letting #) — —oo. After Fourier
transformation to the frequency domain, the EOM in Eqs. A12, A15 and A1l transform into
Egs. 15, 16, 17, and 18.

The self-energy due to bath coupling can be computed as

/ Z Vb Cb ” sm(Q 1) it gy

lQ —iQt
= lim Z Vbc Mo el gy
e—0 - moS2, 2i

2 2 2\ 172
Lb[<1_m°“’ >+i VIno® (1—”’0“’ ) ] (A16)
ko 2ko Vko 4ko
for b = L, R. The properties of noises are determined by the equilibrium conditions of

the isolated baths. Thus, (,(¢)) = 0, and the noise correlation is given by the fluctuation-
dissipation relation as

()

s - ~ h
(b (@) (@) = Ty (w)*(l + f)8ppd(@ + ), (A7)
where f‘b(a)) = Im(E (w)), and the equilibrium phonon distribution functions f, =

flw, Tp) = 1/(eh“’/kBTb — 1), for b, b’ = L, R. Here, (...) denotes an expectation over
isolated baths’ equilibrium distribution.

A.1 Linearresponse heat current

We define the heat current at the left boundary of the network as the rate of work done by
the left bath on the network, which is given by the expression (see Eq. 8):

t
I = —[y'm(/ A7 (0 — 1) (11 + y2.1(1)) + ”L)

t
+ 9o (/ d'E; (= (@) + 3 @) )| (A18)
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We express the noise averaged heat current in terms of the symmetric modes in the frequency
domain as:

(i) = — f de / do e iof5, 1 @) (V2iL@) + 2855 @)Fa @) )

(A19)
Here,
Js.1(@) = [GF (@)1.1V27L + G (@)1 vV 2R, (A20)
where, G;" (w) is the inverse of the tri-diagonal matrix Z:
(24 —xy O e 0 |
_)\.+ 4 —)x+
z=| - . (A21)
: Ay 4 —Ag
i 0 - - _)“Jr IR+ |

Here, 25+ = —mow? +kp + 20y — 25 (@), 24 = —mow? +kp +2x4, and Ay = k(1 + 1)
for b = L, R. Thus, we find from Eq. A19:

W == [ do [ awe @ io x (16} @11 + 1G] @)L yik@)
(7iL@) + 25F @) (G @)L @) +[GF @)]1wiir(@) ) (A22)

The contribution of the right bath to (Ji) in Eq. A22 can be obtained using the fluctuation-
dissipation relation for the noise averaging (see Eq. A17) as:

R Oo 2F - ho
(i) = —/ dw [4|[Gs+(w)]1,1v| l“L(w)f'k(w);(l + fR)] . (A23)

—00
Similarly, we can find the contribution from the left bath to (Ji) in Eq. A22. We choose
'z (w) = T'gr(w) (which are nonzero only when |w| < 2+/kg) by setting y; = ygr = ¥ to
get

2k 2.4 2\
(Ji) = / do | 4G} (@)1 v P2, (1— moe )—“’(fL—fR) . (A24)
—2Jko kg 4ko kg

In the linear response regime, after expanding the Bose functions, we get the quantum heat
current (see Eq. 24)
) kp AT /2«/15 2m0w2y4
I =
T —2ko kS

mow? Ao \? s hw
1-— csch . (A25)
4ko 2kpT 2kgT

In the high-temperature limit, we obtain the classical heat current in Eq. 22. Next, we find
an analytical expression for this classical heat current in the thermodynamic limit.

do [4|[Gs+(w)]1,wl
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A.2 Thermodynamic Limit and an Analytic Expression for Classical Heat Current

To find an analytical expression for the classical current in Eq. 22, we need to manipulate
the properties of the matrix Z = A4 Z; in the large N limit. Given N number of lattice sites
in the network, Z; is an N x N tridiagonal matrix of the form given in Sect. 5, and we
define d = (—mow? + kp)/Ay +2and ey g = 25)2"1?/)\4_. We recall that the expression for
quantum heat current in Eq. A24 involves the matrix element [G{ 1, n, which is given by the
inverse of Z matrix: G7 = Z~! = Z! /). From this, we get:

1

GNP = 5———.
~ 2l det Z v

(A26)
The determinant of a tridiagonal matrix can be obtained through a recursion relation. If all
the diagonal entries are a, then the determinant of an N x N matrix is given by the recursion
relation:

det([Zs]n) = adet([Z]n—1) — det([Zs]n—2). (A27)

We may simplify the expression for the determinant by assuming a = 2 cos g. To simplify this

calculation, we further assume w? = 4k sin”(g /2), which restricts the following parameters

as:mg = 1, k, = 0and A = ko. With these simplifications, the determinant takes the form
(A(g) sin(Ng) + B(q) cos(Ng))

det[Zs]ly = An = sing . (A28)

Here,
A(q) = —(eL +€r) + (1 +€peg)cos(q), B(g) = (1 —€LeR) sin(q). (A29)
From this, we find that

2 2
A2 = (1A]° + |B] )(21;?;111(2Nq+¢)) (A30)

with r cos ¢ = (AB* + A*B)/(|A|> + |B|?), and r sin¢ = (|B|*> — |A1®)/(|A|*> + |B|?).
By substituting w? = 4kq sin®(g/2), we get the expression for the classical heat current:

i kpAT [T 277\
ity = 225 [ g [i163 @ x Viocos (2) <l> sinf(@)] (A31)
T Ja ko

2

For the Rubin baths, we can write the self-energy as i;(q) = (y?/ko)e'? [see Eq. Al6
along with w? = 4kg sin®(g/2)]. Thus, we can express

—4 2 4 4 —4 2 4 4
A(g) = ;/ cosg+| 1+ — Y cos 2q | cosq+i Y i q+ L sin2q | cosq |,
kg ko ko ko

(A32)

and
4y* oAyt
B(q) = |1— —-cos2q | sing —i—;-sin2qgsing. (A33)
ko ko
Employing the above expressions, we rewrite Eq. A31 as

b 4 21\ 2
(Jth = kBAT/ dq'ko cos (ﬁ) (2L> sin?(q)

7 Ja Bl \2/ ko
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kpAT16y* 7  rcos(%)sin* 1
= | 44| Dot - | s
mkyvko Jo (Al +1Bl5) (1 +rsin(2Ng + ¢))
In the large N limit, we can simplify the above integral using the identity [38],
T T
lim dq gl(q? _ / dg gl(q)2 _ (A35)
N—ooJo " 14+g(g)sin(Ng)  Jo (1= ga(q))
where, we identify by comparing the above equation with Eq. A34, g>(g) = r and
cos(q/2) sin*(q)
81 @)= ——5 55— (A36)
(A2 +1B)?)

Using r (see below of Eq. A30 for definitions) and the re-definitions of A = a; + iap and
B = by +iby, we have
2(a1by — azby)

|A|2 4 |B|?
Thus, in the large N limit, the integrand in Eq. A34 simplifies to
/” dq 81(q) Z/” dg cos(q/2) sin* ¢
0 (I —ggN? Jo 2(la1by — azby])”
We further derive using A(g) and B(gq) (see Eq. A29),

(1—ggn'* = (A37)

(A38)

8y2sin? ¢(Y — Qcos(29))
kS

T =k§—2kiy* +4y* and Q =243y% (A39)

2(a1by — axby) =

’

We thus write the classical heat current as
kg AT 2y%k3 [ cos(q/2)sin® g dgq
7 ko Jo YT —cos2q)

ks ATVEo /1 Y BV —»2
= X
- LYY Taee o

(I =

, (A40)

where we use the substitution x = cos g in the last line. We find Eq. 23 by performing the
above integral. Numerical integration of the integral in Eq. A34 (for large N limit) agrees
with the value that obtained directly by numerically inverting the matrix for sufficiently large
N.

A.3 General Case: Analytical Expression for Classical Current

We may now consider a more general case where we do not restrict the parameters as
mo = 1,k, = 0 and ko = Ay. We start with the same substitution @ = 2 cos g. However,
now w? # 4ko sin(q/2), since mg # 1, kp # 0and ko # A. We employ the expression of
¥+ (w) in Eq. A16, and the definitions of A and B in Eq. A29 to obtain

4y (ky + 4 sin(q/2)) (ko — kp — 41y sin(q/2))

2(aiby — axby) = !
0
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(4y* + kA% — 20472 (cos q)(2ko — kp — 44 sin®(q/2))) sing
X .

3
AL
(A41)
For a nonzero kj,, we express the linear response classical heat current as:
. kg AT [“1+ dmow?y* mow>
Gty = 225 [ doliGF @ x U (1 V)
T —o14 kO 4k

where i = /(k, + 4A1)/my. Substituting w? = (kp +4ry sinz(q/2))/mo in the above
expression, we get

kg AT [T dw 4m0w2y4 mow?
Jely = / d [ s NV 2 1 — ] A43
(Ji) - - q dq (G (@)1, n]” % kg Ik (A43)

where, |dw/dq| = (A4 sing)/(mow). Applying the expression for Ay in the large N limit
(as in Eq. A35), we re-express the above current as

ety _ kaST /n (sin® )y 223 J4ko — kp — 42 sin(g/2)
= q . :
! 0 Jmo(4y* k33— 2y2hy (cos q) (2ko — kp — 4hy sin?(g/2)))
(A44)
where we use Eq. A41 along with the form of Eq. A37. We substitute x = cos g to get
kgAT (U dxy* 31 —=x2/4kg —kp — 224 (1 — x)

Jy = ) A45
Vi =2 mo J_1 4yt + k323 — 2y2h4x (ko — kp — 224 (1 — X)) (A43)

The above definite integral can be expressed in terms of complete and incomplete elliptic
integrals of first (K and F), second (E) and third kind (IT). Thus, we obtain
kp AT

cly __ _ —
U = e et |2 + 4 = 40 E@. 0 + E©)

+40q — ko) (F (. 0) + K(£))
+(kp +2hq —2ko) (IN(E—, ¢, &) + TT(E4. ¢, &) + T1(5—, 0) + T1(§4. £))

y? (44 — kot +204) + K2 + dkphs — 423 ) + 24303 + 8y

+

VA3 4 A2k + kp + 202 + 166
X (M 6.0 — T 6.0 + TG O) — &4 )] (Ad6)
where

o= isinh-! [ [HRo—kp—dhi) o Ky =4k
k,—4ko )’ kp + 43y — dko’

2y2(k, — 4ko)
&y =

. (A47)
y2(—6ko + kp + 204) £ \/2m2+ +y4(=2ko + kp + 204)2 + 166
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A.4 Temperature Dependence of Low-Temperature (J;)

Here, we determine the temperature dependence of the low-temperature heat current (Jp).
The quantum current (Ji) in the linear response regime reads from Eq. A25 as:

4kp AT 24
() = 2 f dq“‘uc;ﬂq)] P it
b4 kg

mow? ho \? 5[ ho
x{1— csch , (A48)
4ko 2kpT 2kgT

where w? = (kp +4ry sin? (g/2))/myg. Since the low-frequency or low-wavevector modes
mostly contribute in heat conduction at low temperature, we determine the temperature
dependence of low-temperature (Jp) by studying the above integrand in the limit of small
w or g. We rewrite the integrand in Eq. A48 in the large N limit in terms of the system
parameters as:

R2AT ” y2A%sin?(q)y/4ko — mow? h
) = /‘ dq [ sin”(q)v 4ko — mow Wesch? (2 ® >]

kg /moT? Jy A — 2y2}\+ cos(q) (kg — mow?)
where, A = (4y* + kzk 7). We take the limit of small g for k;, # 0 to find:

FLZATE_:LBL% /7‘[ [ 2)\.2q2‘/4k0—k —)\.+q2
0

d
kg JmoT? LA = 2920 (1 — q2/2) ko — kp — Arq?)

k, Aiq®\ __Pd®
% (7!7 + +4 )e ZkBTmOa)()iI’ (A50)
mo mo

(Jr) ~

where we approximate w? ~ (kp + )L+q2)/m0 and csch? [Aw/(2kpT)] ~ 4~ Newo/(kpT)
¢~ hr+a?/@kpTmowo) By substituting x = (hk+q2)/(2k3 Tmowp), we obtain the leading-
order T -dependence of (Ji) for k;, # 0 as:

—ho,
e e . kp
(J1) ~ JT with wop = WT() (AS1)

For k, = 0, we notice that w oc g for small g. We substitute x = (hw)/(2kpT) in Eq. A49.
Moreover, the denominator of the integrand in Eq. A49 can be re-expressed in the small ¢
limit as

2y? —kort)® + Qkor+y” + 27723 )g>. (A52)
Thus, analytically, we get (Ji) ~ T, when 2y% = ko4 and (J;) ~ T3 when 2y2 # koi.
We verified these results numerically.

Appendix B Two Rubin Baths at Each Boundary

In this appendix, we consider the case where two types of oscillators at the left and right end
of the network are connected to two different Rubin baths. Thus, the network-bath coupling
is given by the Hamiltonian:

1 1 2 2 1 1 2 2
HLz——yL”yi)ly —VL“yi)ly —Vé)yﬁe)ly V,(e)yﬁg)lyzzv (B53)
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Here, y{/®

scripts (1) and (2)), and yp
(1)/ (2)
YR

represent two different types of left bath variables (differentiated by the super-
) / @ represent those for the right baths. Moreover, yL(])/ @ and

are the coupling strengths between the left and right ends of the network and the
corresponding baths, respectively. The total Hamiltonian for the network and four baths
including the coupling is Hr = H + Hél) + HEZ) + HI(QI) + H;ez) + H.». Here, H,:l)/(z) (for
b = L, R) are the Hamiltonians of two types of Rubin baths at each end, as defined in Eq. A2
of Appendix A. At first, we write down the EOM for the network variables in terms of the
normal modes of the bath variables (see Eq. AS) as:

mOj}a,n = _kpya n— k[(zya n — Ya,n—1 — Yo, n+1) + )L(z)’ﬂ n — YBn+1 — yﬂ,nfl):l

(1
+VL)ZCLr n18a1+yR)ZcRr nNaaN

<2>ZCM 5n, 18a2+y<2>zcm ) 8.N 6.2, (B54)

fora # fooaf = 1.2,n = 1,2,...N and yo0 = Yan+1 = 0. Here, y; /@ =
Zivil Ub,nrYb(,lr)/(z) and Cp, = Up1, for b = L, R (see Appendix A for details). Simi-
larly, we obtain the EOM for the bath variables:
mOYﬁi/(Z) _ 92 Y(l)/(2)+ (1)/(2)CL Yi/s
mOYI(;;/(z) 92 Y(l)/(2)+)/(1)/(2)CR YN
(B55)

Here, Qi , = Qz (4ko /mo) sin? [7rr /(2(Np + 1))] are the normal frequencies assuming
N = Ng. Consequently, the formal solutions at t > 1 are:

1)/ 1)/ 5 (1)/(2
v, @) = 1@ =)y P o) + g — 1)) Pto)
t y(l)/(2)cb
\r
+/ df/[g;r(f L o X(YI/Z,](f,)(Sb.L+y1/2,N(f,)5b,R)]»
fo

(B56)

where f,*(z) = cos(2,1)0(t), g;"(t) = sin(€2,1)60(t)/ 2. Substituting these formal solu-
tions in Eq. B54 for the boundary variables imply Eqgs. 9 and 10 after letting fp — —o0,
provided we identify the noises 71,2, (t) and self-energies ET/Z’ 1 (1) as:

NL
mac® =y Y C (e -y P + gf ¢ - 0¥ P w).  ®sT)

and
N (y(l)/(2)> C

1/2 L= Z

r=1

g @). (B58)
mo

Similar definitions hold for the noises 112,z (t) and self-energies ET/Z R (t) Of the right baths.

Now, we rewrite these equations (assuming same coupling strengths y, " = yb(z) which

implies Zfb = E;‘ b= E,j for b = L, R) in terms of the symmetric and anti-symmetric
variables as:
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mo¥s, 1 = _kpys.l —k[2y5,1 — ¥5,2 + A2ys,1 — ¥5.2)]
t
+ / dt'SE — 1)y + L, (B59)
to
moys N = —kpys N — k[Zys,N — Vs N—1 + AQRys,n — )’s,Nfl):I
t
+/ dU'SH — )y N () + 15k (B60)
to

Here, n5/a,0 = (71,0(t) £12,L(8))/ V2. Similarly, for the anti-symmetric variables, we get

mOya,l = _kpya,l —k[2ya,1 — Ya2 — A2ya,1 — Ya,2)]
t
+/ di"S{(t = 1)ya 1 (1) + Na, L, (B61)
0

moya,N = —KkpYaN — k[2Ya,N — Ya,N—1 — A2ya,N — ya,N—l)]
t
+f dt'25(t — ")y n (') + na g (B62)
0]

We notice that, letting 1) — —oo and taking a Fourier transformation to the frequency
domain, the above EOM in Egs. B59, B60, B61, and B62 transform into Eqs. 25, 27, 26, and
28, respectively.

B.1 Linear Response Heat Current

We define the heat current at the left boundary of the network as the rate of work done by
the baths, which is given by the expression in Eq. 11. It can be re-expressed in terms of
symmetric and anti-symmetric variables as

. . V5,1 + Ya,1 ! j—— o Ys.1+ Yan
Ju :_I:‘,l‘,L'f‘ B ,L+<7>/ drz; (@t —1t) | —/——=—
Vs, 105 Ya,1Ma \/E . L \/E

Vs,1 — Ya,1 ! I+ N[ Vs,1 = Ya,l
+<T>/_wdt zL(z—z)<T>]. (B63)

Now going into the Fourier modes in the frequency domain, we have the noise averaged heat
current:

o0 oo
== [ do [ doe @ 105, 1@ @) + 10E] )51 @)5 @)
—00 —00

+i® Ja,1(@)7a,. (@) + iwif(w/)fa,l(w)fa,1(w’)>- (B64)

From Egs. 25, 26, 27, and 28, we notice that

) . L+ 7 - iR+ 7
s1 =[G, ("‘Lﬁ"“> + Gy (”‘Rﬁ”> :
Far =[G (%) F Gy <M%> . (B65)
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Here, G, are the inverses of the matrices Z%/¢, defined as

s/a
[Zoe —22 O 0 ]
—A+  Z+  —Ax
AICH B . (B66)
: —A+  Zx  —Ax
Lo —hi  Zps |

where, Zp4 = —mow? +kp + 24y — B (@), 74 = —mow?® +kp + 24y and Ay = k(1 £ 1)
for b = L, R. Notice that here, A and A_ correspond to Z* and Z¢, respectively. Now using
the fluctuation-dissipation relation (see also Eq. (A17) in Appendix A),

IO

(Nap(@) g p (@) = (4 )81 8a,a8(w + o), (B67)

where a, a’ = 1, 2, for noise averaging to get the right-part of the heat current as

0 - - ~ ~ I
Uty == [ do[Q1GT @n PHIGE @lnP) < PL@F @) (14 o |- B68

Similarly, finding the contribution from the left baths implies the expression for the total
current as in Eq. 29. Now, we choose I'y (w) = T'g(w) (which are nonzero only when

|w| < 2+/ko) by setting yIfl)/(z) = y}el)/(z) =y to get

2/ko _ _ 2.4 2 #

) 5. MWy mow 10}
= [ o [0GF @y P IGE @) a (1— e )ﬂ(fL—fR)]-
(B69)

In the linear response regime, we have

kgAT [k _ ) 2.4 2
() == f do| (1G] @l +1GE @1vP) =T (1—’"0‘”)

b4 2k kg 4ko
o \2 5 hw
x csch ] (B70)
2T 2T

Next, we obtain an analytical expression for the classical current in the thermodynamic limit.

B.2 Thermodynamic Limit and an Analytic Expression for the classical Current

To find an analytical expression for the classical current, we manipulate the properties of
the matrices Z*/% = Ay - Zj Ja in the large N limit. Given N number of lattice sites in the
network, Z;/, matrices are N x N tridiagonal matrices of the form given in Sect. 6. Now,

we define a4+ = ((—mow2 +kp)/As)+2andey g = flzr g/ M+ for Zs and Z,, respectively.
Since these are tridiagonal matrices, we obtain

1
()2 det[ Zy/aln |

G Nl = (B71)
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We simplify the expression for determinant by assuming a1 = 2cosq. This implies
moa)sz/ 0 = kp +4rs sin?(g/2) for Zy and Z,, respectively. As explained in Appendix

A, we find the determinant of the matrices Z; Ja in the large N limit (see Eqs. A28, A29, and
A30). In this case, from_ the maErix elements of Z; and Z, along with Egs. A16 and A29, we
get (A4 correspond to Z; and Z,, respectively):

22/ (kp + 4t 5in2(q/2)) (ko — kp — 4 5in(q/2)
K
(7/4 + k305 — Axy?(cosq)(2ko — kp — 4rx sinz(q/Z))> sing

x . (B72)
2

2(a1by —apby) =

Here, the classical current can be expressed as in Eq. 32 in the linear response regime. We
use the expression for Ay (see Eq. A28) in the large N limit to re-express the symmetric and
anti-symmetric parts of the current as

kBAT/”dq 2@
A= g @)

Now, we use the form of Eqs. A37 and B72 to simplify the integrand in the expression for
classical current (where we define A4+ = y4 + k%ki) as:

(Jghysta = (B73)

¢/ (@) ~ (sin? q)yz)»i\/4ko — kp —4hssin*(q/2)

(- gé/“(q)Z)l/Z  2ymg (Ax — y2ha(cosq)(2ko — kp — 4ry sin®(q/2)))
(B74)

The substitution x = cos g simplifies the symmetric and anti-symmetric parts of the classical
current:

elysla — kpAT (1 dx y?23N/1—x2 /4ko —kp — 222 (1 — x)
W T onmo o1 As—y2aixQhko —kp — 2021 — X))

We may evaluate this integral in terms of elliptic integrals as in the previous case to obtain
(forO0< XA <)

(B75)

kg AT

4 /mo /kp — 4ko + 4As

(s — ko) (F(9°1%, ¢°1) + K (£¥/)
+(kp + 20z — 2k) (T, 97/, £/) + TG/, g2/, ¢/

HITEY 29 + ey, ;S/“>>
y2 (4k(2) — dko(kp +20s) + k2 + dkprs — 4@) +4k232 4 4yt

(Il = [—2(kp + 4hs — 4ko)(E(@*/%, ¢*/%) + E(¢*/))

+

JBYR3AL 4 v <2k + Ky +21)% + 8y
x (“(éi/“, @, ol —T(EY?, ¢t g0
HIEN £ - T el ) (B76)
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Here, X+ correspond to ( Jﬁl)‘v/ 4, respectively, and

and
eyl — 22k — 4ko) |
y2(—=6ko +kp +21y) £ \/SJ/zk%ki + y4(=2ko + kp 4+ 214)% + 8y6

(B78)

Thus, we have an analytical expression for classical current in the case of two different baths
at each boundary of the network.

B.3 Temperature Dependence of Low-Temperature (J;;)

Here, we analyse the temperature dependence of the quantum current (Ji1), obtained when
two different baths are coupled at each boundary of the system. From the above analysis, we
know that the symmetric part of the quantum current can be expressed as:

R2AT i [ Y22 sin?(q)/4ko — mow? 2csch2( haos >]

= SaksT2 o Jo LA, — y2hy (cosq) 2k — mow?) 2%sT
(B79)

Here, mow? = kp +4ry sin?(g/2). In the small g limit, this expression simplifies to:

AT " [ y2aiq? [4ko — kp — dyq?

(Jm)*

Y o=
VI = S gimg Jo VLR = (- 2@k — Ky — hrg)
2 T rpg?
x <k—" M )40?9[%]. (B8O)
mo mo

Following the similar arguments as in Appendix A, for k, # 0, from Eq. B80 we get the
leading-order T-dependence as:

—ﬁwo
I~ 2 ith wp = P (B31)
JT mo

Now, to understand the temperature dependence of the current when k;, = 0, we notice that
the denominator in the integrand in Eq. B79 for small ¢ limit takes the form:

(2 — kor:)? + (korsy? + y222)q% (B82)

Thus, analytically, we get (Ji1)* ~ T, when y2 = ko4 and (Ji)* ~ T2 when 2 # koi.
Similar results hold for anti-symmetric part of the quantum current (Ji1)¢. However, it is
only defined in the regular regime, where the anti-symmetric frequencies are real. Thus, for
kp = 0, the total quantum current (Jyr) ~ T if either y2 = koA or y2 = koAi_. On the
other hand, if y? # kohy # koA—, then (Jy) ~ T3. We are able to reproduce these results
numerically.
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AppendixC Two Ohmic Baths at Each Boundary

In this appendix, we consider the case where two types of oscillators at each end of the network
are connected to two different Ohmic baths. The Ohmic baths are modeled by white noise,
implying that the noises are uncorrelated at different times, leading to Markovian dynamics.
Thus, in this case, the self energy of the baths are given by the expression Zi/ r@) =iy} /R®

(we assume both baths have the same coupling yi’“) = yi’(z) = y[). We write down the EOM
for the network variables as:
moYa,1 = —kp(Ya,1) =k [(2ya,1 — Ya2) + 2Q2yp1 — ¥8.2)] — ¥ Va1 + Na,Ls
moYa.N = —kp(Ya,n) — k[2YaN — YaN-1)
+ A2ys.N — YBN-1)] — VRN + Na.R- (C83)
Here, « # B and o, 8 = 1,2, and 74,1 ,r represent the noises. Next, we rewrite these

EOM in terms of symmetric and anti-symmetric variables (ys/a,n = (1,0 £ ¥2,1)/ ﬁ). The
symmetric variables at the boundaries satisfy the EOM:

mOj;s,l = _kp(ys,l) - k[(zys,l = ¥5.2) + AQys1 — ys,Z)] - yg}."s,l +ns.L,
mo¥s.n = —kp(ys.n) — k[2ys.N — Ye.N-1)
+AQ2ys.N — Ys.N—1)] = YRVs.N + 15, (C84)
Similarly, the anti-symmetric variables at the boundaries satisfy the EOM:
moya1 = —kp(a,1) — k[2ya,1 — Ya2) = A2Ya1 — Ya2)| = Vi Va1 + Na,L,
moya,n = —kp(Ya,N) — k[(zya,N — Ya,N—1)
—A2Ya,N = Ya.N-1] = YRVa.N + Na,r- (C85)
The remaining symmetric and anti-symmetric variables yg/q , (forn =2, --- , N —1) satisfy
the EOM:

m[)ys/a,n = _kpys'/a,n - k[ (2})3'/(1,11 — Ys/a,n—1 — ys/a,n+1)
:l:)t(z)’s/a,n — Ys/an+1 — Ys/a,n—l)]~ (C86)

In terms of the Fourier modes in frequency domain, the EOM for the boundary variables
become:

2L+ Vs, 1(@) — k(1 + A)¥s 2(w) = 7,1,
ZR4+Ys, N (@) — k(1 + 1) Fs n—1 (@) = 7l5,R,
Z2L,~Ya,1(@) — k(1 = V)V 2(®) = 7,1,
ZR,~Ya,N(@) — k(1 — X)Ya,N—1(w) = Ta,R. (C87)

Here, z1/r + = (—=mo@” +kp+2k(1+1) —iy{ pw) and zp /g — = (=mow® +kp +2k(1 —
A) — iyE/Rw).

C.1 Linear Response Heat Current

We define the heat current as the rate of work done by the left baths on the network, which
takes the form:

I == [Pra=yfyia + ) + 521 (=yf ¥ +m.)]. (C88)

In terms of symmetric and anti-symmetric variables, the current becomes

Y = —ns.LYs1 — NaLVar +vEGTL + I20). (C89)
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Now going to the Fourier modes in frequency domain, we express the noise averaged heat
current as:

i) / do / de e i 5,1 (@), 1) + V01601 (©)F1 ()

+iw ya,l(w)na,L(w ) + yLoia) iw/ya,l(w)ya,l(w/))>~ (C90)
From the EOM in Eq. C87, we notice that

y G L £ L ; 1,8 + 72,R
Vssan =[G, <u> + G N§ (M)

V2 V2
. - n,L £, ~ n,rR £2.R
Fsjan =[Gy .1 <T) +16“In.n (T) . (9D
Here, G*/¢ are the inverses of the matrices Z**¢ defined as:
2+ —Ae O - 0 ]
—A+ Z+ —Ax
zola—| =T (C92)

: —At Z+ —Ax
0 o .. —hi ZR % |

where, zj, + = —mow?+k,+2rs—iy{wandzy = —mow*+kp+2Ais.Recall Ay = k(1£1)
and they correspond to Z* and Z¢, respectively. The noise average can be computed using
the fluctuation-dissipation relation for the Ohmic baths:

Vh

(fla,p(@)Tlar 1y (@) = “a+ T6)8p,17 80,08 (e + ). (C93)

Here,a,a’ = 1,2 and b = L, R. As explained in previous appendices, finding the left and
right parts of the current and combining them, we derive the expression for total current:

i) =/ do| (1G° @1 P +11G“@ln )
he?
xVPvR——(fL = fo)| = ) + U (C94)

In the linear response regime, this heat current takes the form:

kpAT

bty =" [ do[ WG @l + 167 @)

wyoyeet (9 * csen? (1 ] (C95)
LYRY \ Q4pT 2kpT ) I

Next, we find an analytical expression for the current in the thermodynamic limit for large
temperature.
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C.2 Thermodynamic Limit and Analytical Expression for Classical Heat Current

As explained in previous appendices, to find the analytical expression for classical current,
we need to manipulate large N properties of the matrix Z*/¢ = A Z*/_ Given N number of
lattice sites in the network, Z*/% are N x N tridiagonal matrices whose offdiagonal elements
are —1 and diagonal elements excluding the first and last one are (—mow?® + k Ay ) +2,
respectively. The first and last diagonal elements of 7% are z L.+/A+ and zg 4+ /Ay, respec-
tively, and those for Z¢ are z; _ /A_ and zg._ /A_, respectively. The expression for heat
current in Eq. C94 involves matrix elements [GS/ “]1,n, which is given by the inverse of
zs/a; Gsle = (z5/9)=1 = (Z°/%)=1 /1. Here, A4 appear in the expressions for G* and G¢,
respectively. Thus, we have
~s/a 1

et — (C96)
VST | det Z5/a

We simplify the determinant of the tridiagonal matrices 75/% in the large N limit to get an
analytical expression. Choosing y; = yp = y°, we find the expression for classical current
as

o kp AT
ey =22

f do(y* (G2 + 1G9y D) = (I + (3. (©97)

To follow a similar derivation as done in Appendix B, we define a1 = (( —mow?+k p)/A)+2
ande; g =1 a)yL” g/ A=+ for V4 s and Za, respectively. Now with the substitution a+ = 2 cos g,
in the large N limit (see Eq. A35), we re-express the symmetric and anti-symmetric parts of
the classical current in the form:

/a
a kAT (7 81" (@)
(JI\iV )S/a — f dq S/a N (C98)
T oJoo (=g (@H?
where, the integrand is given explicitly as:
g'@ vy sin’@) (©99)
(1- g;/a(q)z)l/2 mo Asja — 8s/a COS(Q).
Here,
k 20 0y2 20 0\2
PN CI L% 5 (2 SN ©100)
mo mo

Thus, the expression for the classical current is
(IO + + (i )y

- ”’ZOAT( ag - ar-+ *(Aa Ja2-d). (o

C.3 Temperature Dependence of Low-Temperature (J)/)

cl
()

Now, we analyse the temperature dependence of the low-temperature quantum heat current in
Eq. C94. In order to understand the role of pinning strength on the temperature dependence,
we analyse two different cases, one with k;, # 0 and the other with k, = 0.
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We notice that for N — o0, in the linear response regime, the symmetric part of the
quantum current is

()’

2 2 :
yOALR AT /” dg sin® q ? csch2< hw
0

= . C102
ArwmokpT? As — s cosq 2kBT> ( )

Here, w? = (k pH4rL sin? (g/2))/mo. As explained in the previous appendices, by taking the
small g limit to understand the temperature dependence of the quantum current for k,, # 0,
we find

092 12 bid 2 2 hay Rhgq?
()~ yoALR A];/ [ dqgq S (kl n Atq >4e*/;37?e*2k3ﬁ2)w0:|’
drmokpT= Jo LAy —&(1—q%/2) \mo ~ mo
(C103)

where wg = ,/kj,/mg. By substituting x = (hk+q2)/(2m0wok3 T), we obtain the leading-
order T'-dependence: (Jj})* ~ (e_h‘”O/(kBT))/«/T

For k;, = 0, we have Ay = )\3_ + ¢ and w? ~ A,g?%/mg in the small ¢ limit. Thus, we
find

) y")\ifﬂAT /” q> Aig? s hw
TS~ d h . C104
i moks T2 q[)\2++;s(q2/z) o S kgt ] cion

By substituting x = hw/(2kpT), and noticing that v o ¢, we get the leading order T-
dependence (Jy')* ~ T3. These observations agree with the results already known from the
heat transport of ordered harmonic lattices [38]. Similar temperature dependence holds for
the anti-symmetric part of the current (J;')¢ as well. However, this current is bounded only
in the regular regime.

C.4 Comparison of Classical Heat Current for Rubin Bath and Ohmic Bath

We compare the classical heat currents obtained for heat baths with different spectral
properties. To compare the analytical expressions for classical currents obtained through

1
Fig. 6 Comparison between the classical heat currents (JICI[) and (]I‘f’ i ) as a function of the bath spring
constant kg. The y-axis represents the heat currents multiplied by the common factor w/(kg AT). We set the
parameters A = 0.7, y = 0.5k, kp = 0 and my = k = h = kg = 1 in the numerical analysis
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Rubin baths to that of Ohmic baths, we notice that the coupling strengths y and y¢ should
satisfy the condition:

2
Vmoy

y’ = 3 (C105)
kO

This identity is obtained by comparing the self energies S+ (w) of both types of baths at
small frequencies. We notice that the values of current become almost equal as we increase
the value of ko as shown in Fig. 6. This behavior is expected, as Rubin baths with higher
bandwidths exhibit properties resembling Ohmic baths (See [51] for a detailed analysis).

Appendix D Single Ohmic Bath at Each Boundary

In this appendix, we consider the case where two types of oscillators at each end of the
network are connected to a single Ohmic bath. We write down the EOM for the network
variables as:

moYa,1 = —kpya,1 — k [2Va,1 — Ya2 + A Q2y81 — y8.2) | = ¥ Gt + ¥p,1) + 111,
moYa,N = —kpYa,N — k [2Ya,N — YaN—1 + A2Yp.N — YB.N-1)
— YR Ga.n + Yp.N) + NR- (D106)

Here, o # B and o, B = 1, 2, and 5 /g represent the noises of the left and right baths. We
rewrite these EOM in terms of symmetric and anti-symmetric variables (ys/a,n = (1,0 £
ya.n)/ V/2). The symmetric variables at the boundaries satisfy the EOM:

mOj}s,l = _kpys,l - k[zys,l —Ys2+ )‘-(zys,l - ys,2)] - ZVZ,).)S,I + \/EHL,
mo¥s.N = —kpys.N — k[2ys.n — Ys.N—1 + AQ2Ys.N — Ys.n—1)]
— 2yR¥eN + 21k (D107)

However, the anti-symmetric variables at the boundaries decouple from the dissipation terms
(proportional to y; and yg) as well as the noise terms (. and ng), and satisfy the EOM:

moya,1 = _kpya,l - k[zya,] = Ya2 — A2Ya,1 — ya,l)]»
moya,Nn = —kpya N — k[zya,N — Ya,N—1 — A2YyaN — ya,Nfl)]~ (D108)
The remaining symmetric and anti-symmetric variables y;/,,, (forn =2, ..., N — 1) satisfy

the EOM:

mOys/a,n = _kpys/a,n - k[z)’s/a,n — Ys/a,n—1 — Ys/a,n+1
:t)h(zys/a,n — Ys/a,n+1 — yx/a,nfl)} (D109)

Thus, we observe that the anti-symmetric modes get entirely decoupled from the bath vari-
ables for this type of coupling between the baths and the oscillator network. This implies that
the transport depends only on the symmetric modes, allowing for a steady state even beyond
the stable regime.

D.1 Linear Response Heat Current

We define the heat current as the rate of work done by the left bath on the network, which
takes the form:

B ==y G+ ) 00 + 21 (=yP G+ 30+ (D110)
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In terms of symmetric and anti-symmetric variables, the current becomes
B == [V 2y + ). (D111)

Thus, we can see that the current is independent of the anti-symmetric modes and it remains
bounded even in the unstable regime of the coupling.

As explained in the previous appendices, we can find the analytical expression for classical
heat current and temperature-dependence of the quantum current in this case too. For instance,
going to the Fourier modes we can express the current as

o0 I
() :/ do [4|[Gﬁ(w)]l,leny/EwZ?w(fL - fR):| : (D112)

—00
Here, Gj is the inverse of the tri-diagonal matrix Z:
(24 =Xy O - 0
—)u,_ 4+ —)\+
z=\| -~ (D113)

: e z4 —hy
0 e —)\,J,_ ZRJ,-_

Here, zp4 = —mow?® + kp + 24y — i2yfw, 24 = —mow* + kp + 2hy, and Ay = k(1 + 1)
for b = L, R. Thus, we obtain the analytical expression for the classical current as

¢ 29°%kg AT /22

where A = 22 + (kp + 244 /m*)4y? and ¢ = 814 y?/m assuming y = ygp = y.
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